Korean J. Math. 18 (2010), No. 1, pp. 87-96

REDUCTION METHOD APPLIED TO THE
NONLINEAR BIHARMONIC PROBLEM

TACKSUN JUNG AND Q-HEUNG CHOT*

ABSTRACT. We consider the semilinear biharmonic equation with
Dirichlet boundary condition. We give a theorem that there exist at
least three nontrivial solutions for the semilinear biharmonic bound-
ary value problem. We show this result by using the critical point
theory, the finite dimensional reduction method and the shape of
the graph of the corresponding functional on the finite reduction
subspace.

1. Introduction

Let Q be a bounded domain in R"™ with smooth boundary 0€). Let
A be the elliptic operator and A? be the biharmonic operator. In this
paper we investigate the number of the weak solutions of the following
semilinear biharmonic equation with Dirichlet boundary condition
Au+cAu=bu+1)T—b  inQ, (1.1)
u =0, Au =10 on 012,
where ut = max{u.0} and b, ¢ € R. Choi and Jung [3] show that the
problem
A%u+cAu=0bu" +s in €, , (1.2)
u =0, Au=0 on 02,
has at least two nontrivial solutions when (¢ < Aj, Ai(A\ —¢) < b <
MM —¢) and s < 0) or (A} < ¢ < Ay, b < A(A —¢) and s > 0).
They obtained these results by use of the variational reduction method.
They [5] also proved that when ¢ < Ay, A\j(A —¢) < b < Ay(A2 — ¢) and
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s < 0, (1.2) has at least three nontrivial solutions by use of the degree
theory. Tarantello [9] also studied (1.1). She show that if ¢ < A; and
b > A\i(A1 — ¢), then (1.1) has a negative solution. She obtained this
result by the degree theory. Micheletti and Pistoia [7] also proved that
if ¢ < Ay and b > Ag(Ag —c), then (1.1) has at least four solutions by the
variational linking theorem and Leray-S chauder degree theory. In this
paper we are looking for the weak solutions of (1.1) when

)\k <c< )\k+1 and )\k+m<)\k+m - C) <b< )\k+m+1 (>\k+m+1 — C).
The eigenvalue problem

A%u + cAu = Au in €,

u =0, Au=20 on 0f),

has infinitely many eigenvalues Ax(Ar_.), & > 1 and corresponding eigen-
functions ¢, k > 1, the suitably normalized with respect to L?(Q2) inner
product, of where each eigenvalue )y is repeated as often as its multiplic-
ity, where A\, k > 1, are the infinitely many eigenvalues and ¢y, k > 1,
are the corresponding eigenfunctions, suitably normalized with respect
to L2(2) inner product of the eigenvalue problem

Au+ A u=0 in Q,

u=~0 on 0.

We recall that A\j (A —¢) < Ag(Ag —¢) < ... — 400, and that ¢;(x) >0
for x € Q.
Our main result is the following.

THEOREM 1.1. Assume that A\, < ¢ < Agy1 and Mgpm(Agrm—c) < b <
Merma1(Akrma1 — ¢). Then (1.1) has at least three nontrivial solutions.

The outline of the proof is as follows: In section 2, we show that the
corresponding functional I(u) € C'(H, R), Fréchet differentiable and
satisfies the Palais-Smale condition. In section 3, we prove Theorem 1.1.
For the proof of Theorem 1.1 we use the finite dimensional reduction
method and investigate the (P.S.) condition and the critical points of
the corresponding functional I(v) on the finite reduction subspace.
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2. Reduction method

Let L?*(Q) be a square integrable function space defined on . Any
element u in L?(Q) can be written as

w=> hipr with Y h} < oo.

We define a subspace H of L*(Q) as follows
H={uec L] > M —c)| < oo}

Then this is a complete normed space with a norm

Jull = 137 o — )15

Since Ay — +oo and c is fixed, we have

(i) A*u+ cAu € H implies u € H.

(ii) [lull = C|lu||L2(q), for some C > 0.

(iii) [Jul|z2(q) = 0 if and only if |||u]|| = 0,

which is proved in [2].

We are looking for the weak solutions of (1.1). The weak solutions of
(1.1) coincide with the critical points of the associated functional

I€CYH,R),

I(u) = /[E\Au|2 - E\Vu\z - é\(u +1)"|? — buldz, (2.1)
02 2 2

By the following Lemma 2.1, [ € C*(H,R) and [ is Fréchet differen-
tiable in H:

LEMMA 2.1. Assume that A\, < ¢ < Agy1 and Aeym(Agrm — €) < b <
Metma1(Ag+ma1 —¢). Then I(u) is continuous and Frechét differentiable
in H and

DI(u)(h) = /QAU “Ah—cVu-Vh—(bu+1)* —bh  (2.2)

for h €¢ H.
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Proof. Let u, v € H. Let us set G(u) = 2[(u+ 1)*|> — bu. First we
will prove that I(u) is continuous. We consider

Iu+v) - I(w)
_ /Q[%]A(u + o)t = 9w+ v = Glu+ )
- [ [5lau = §I9uf - 6w

_ / - (A2 + cAv) + %v (A2 + cAv) — (Glu+v) — GW)].
Q
Let u="> hypop, v=>_ ﬁkgzﬁk. Then we have

| [ @0 c)da] = |32 [ M= ] < Jul o]
Q Q

|/v.(A%+cAv)dx| - |Z/Ak<Ak—c>ﬁ§| < vl
Q Q

On the other hand, by Mean Value Theorem, we have

/Q (Glu+ ) — G(u)]

- /Q[g|(u+y+ I g](u—i— )F]? = b(u + v) + bu]dx

= /(b(u +tv+ 1)t — b)vdz
Q

< b(|I(u A4t + 1) 2) — Dlvll 2
< b([lu+tv + 12 — Dol z2(0)

< blju + tv| 2@ vl 20

< bllu+ v z2@)llv]lr2(0)

< bflu+olf[[v]] = O([[v]]),
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where 0 < ¢t < 1. With the above results, we see that I(u) is continuous
at u. To prove I(u) is Fréchet differentiable at u € H, we consider

|I(u+wv)—I(u) — DI(u)v|

1
= | / EU(AQ’U + cAv) — G(u+v) + G(u) — g(u)v|
Q
1
< §HUH2 + ol[vl[([[wl] + [lv]]) + bllull][v]|

1
< (Glloll + o2 flufl + ol vl = o(lvl)).
Thus I(u) is Fréchet differentiable at u € H. O

Now we shall reduce the theory on the infinite dimensional space to
the theory on the finite dimensional subspace. Let V' be a m dimensional
subspace of H which is the closure of span of the eigenfunctions whose
corresponding eigenvalues are A < Ay (Agrm — ¢) and W be the or-
thogonal complement of V in H. Let P : H — V denote the orthogonal
projection of H onto V and I — P : H — W denote that of H onto
W. Then every element v € H is expressed by u = v + w, v = Pu,
w = (I — P)u. Then (1.1) is equivalent to the two systems with two
unknowns v and w:

A%+ cAv=Pbv+w+1)t —b)  inQ, (2.3)
A*w+cAw= (I - P)(bv+w+1)T—=b)  inQ, (2.4)

v=0, Av =0 on 0,

w =0, Aw =0 on 0f).
We recall that if I is a function of class C! and uy is a critical point of I,

then uq is called of mountain pass type if for every open neighborhood U
of I™H(—o00, I(up))NU # B and I~*(—o0, I(up))NU is not pass connected.

LEMMA 2.2. (Finite Dimensional Reduction Lemma) Let A\, < ¢ <
Air1. Assume that Mgy (Apem — €) < b < Mgt (Mgrme1 —¢), k > 1,
m > 1. Then we have that
(i) there exists m > 0 such that

(DI(v+w)—DI(v+w,),w—w;) > m|lw—w|? for allv € V,w,w; € W.
(ii) there exists a unique solution w € W of the form
A*w+cAw — (I — P)(b(v +w+ 1) —b) =0 in W, (2.5)
w =0, Aw =10 on 0f).
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If we put w = 6(v), then 0 is continuous on V and satisfies a uniform
Lipschitz condition in v with respect to the L* norm(also norm || - ||).
Moreover

VI(v+60(w))(w)=0 for all w € W. (2.6)
(i) If I : V' — R is defined by I(v) = I(v+6(v)), then I has a continuous
Fréchet derivative VI with respect to v, and

VI(w)(h) =VI(w+6w)(h)  forallv,heV.

(iii) If vy € V is a critical point of I if and only if vy + 0(vy) is a critical
point of I.

(iv) If ug = v+ 0(vp) is a critical point of mountain pass type of I, then
vy Is a critical point of mountain pass type of I.

Proof. (\)If v €V, w,w; € W, then
(DI(v+w) — DI(v+w)))(w — wy) = /UA(w — ) — ]V (w — wn)
Q
—(bv+w+1)" =bv+w +1)")(w —w)]
According to the variational characterization of the eigenvalues {\;(\; —

¢)}5°, we have [[w]|? > Mermt1 (Mepmsr — €)|w] 2. Since (b(v + w +
DY —b(v+w +1)7)(w —wp) < blw —wy)?, it follows that

(DI(v+w) — DI(v+w))(w—w)
> Jw — wi|]* = bl|w — wi[|72 0
= mllw — wi*

with m =1 — b > 0. Thus (i) is satisfied.

Metmt1(Aktmy1—c)

(ii) The equation (2.5) is equivalent to

w = (A? + cA — g)_l(l —P)bv+w+1)T —b— g(v +w)) (2.7)

Since (A% 4+ ¢A — £)71(I — P) is self adjoint, compact and linear map
from (I — P)L?(Q2) into itself, the eigenvalues of (A% + cA — 2)=1(I —
P) are (\(N —¢) — 2)7', I > k+ m+ 1. Therefore its L, norm is

()\k+m+1 (Ak+m+1 - C) - g)il. Since

{b(v+w+1)+—b—g(v+w)}—{b(v’+w’+1)—b+g(v’+w’)}

< - Dl twt D) - 0+l +1)
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it follows that the right-hand side of (2.7) defines, for fixed v € V, a
Lipschitz mapping of (I — P)L*(2) into itself with Lipschitz constant r =

1 . o Q . .
FYSTTC YRR (b—3) < 1. Therefore, by the contraction mapping

principle, for given v € V, there exists a unique w = (I — P)L?(2) which
satisfies (2.5). If §(v) denote the unique w € (I — P)L*(€2) which solves
(2.5), then @ is continuous and satisfies a uniform Lipschitz condition in
v with respect to the L? norm(also norm || - ). In fact, if w; = 6(vy)
and wy = 0(vy), then

w1 — wa|
:HUV+CA—gXI—wa@y+wr+D+—b—g@q+wﬁ}
—{Mw+w@+&)—b+gu@+wgw

< (A% +cA — g)([ — P)({b(vy +wy +1)T —b— g(vl +wq)}

b
—{b(vy +ws +1) — b+ 5(1}2 + ws) }H|
= 7||(v1 + w1) — (v2 + wo)|
< r(llor — val| + Jwy —ws|]) < rl[Jvr — v | + r[llwy — wol]].

Hence
r

- (2.8)

Let u=v+w,veVand w=_0w). Ifwe (I —P)L*(Q) N H, then
from (2.5) we see that

lwr = woll| < Clfor —welll, €=

/[Aw Az —cVw-Vz— (I —P)(bv+w+1)"z—bz)]dr = 0.

Since
/Aw-Az:O and/Vv-szO,
Q Q

DI(v+6(v))(w) =0. (2.9)
(iif) Since the functional I has a continuous Fréchet derivative DI, I
has a continuous Fréchet derivative DI with respect to v.
(iv) Suppose that there exists vy € V such that DI(vy) = 0. From
DI(v)(h) = DI(v+ 6(v))(h) for all v,h € V, DI(vg+ 0(vy))(h) = 0 for
all h € V. Since DI(v+6(v))(w) for all w € W and H is the direct sum

we have
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of V and W, it follows that DI(vy + 6#(vg)) = 0. Thus vy + 0(vp) is a
solution of (1.1). Conversely if u is a solution of (1.1) and v = Pu, then
DI(v) =0.

(iv) Suppose vy is not of mountain pass type of I. Let S be an open
neighborhood of vy in V such that I~ (—o0, I(vg)) NS is empty or path
connected. If I7'(—oco,I(vg)) NS is empty, by part (i) we see that
{v+w:veV,iweW}nNIt(—oo,I(ug)) is also empty. Thus ug is not
of mountain pass type for I. If I='(—oo, I(vy)) N S is path connected,
Letting T'={v+w : v € V,||lw — 0(v)|| < 1} and using again (i) it is
seen that T'N I~'(—oo, I(ug)) is also path connected. O

3. Palais-Smale condition and proof of theorem 1.1

We shall show that I(v) satisfies the (P.S.) condition.

LEMMA 3.1. Assume thag A < ¢ < Meg1 and Mg (Ajem —¢) < b <
Metma1(Ag+ma1 — ¢). Then I(v) satisfies the Palais-Smale condition.

Proof. Let us set u(v) = v +w(v), v € V, w(v) € W. Then we have

I(v) = /Q[%|Av + Aw(v)|? — §|VU + Vw(v)*ldz

— /Q g](v +w(v) 4+ 1)* 2 dz + /Q b(v + w)dz.
Let us set G(u(v)) = [,[b(u(v) +1)" — bldz. Then we have
I(v) = I(v+w(v) = I(u(v))
— [ GlAu@PSVawP - [ Gute)ds
Q2 2 Q

- /Q[%|Av|2 - g|VU|2]dx - b/QG(U)dZE
[ S8 = §ITu(0) = Sl + §IVof
b

1
o
/ Glu(v)) — G)dr}.
Q
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The terms in the bracket are equal to

—b/ |G’ (sw(v) — v)w(v)dx]ds + %/(AQu(v) + cAu(v))w(v)dx

Q

= b/Q /01 G" (sw(v) + v)w(v)w(v)sdsdz
1

—3 /Q(A2w(v) + cAw(v))w(v)dz

by the condition Agim(Agrm —¢) < b < Aprma1(Agrme1 — ¢). Thus we
have

~ 1
) < / LAk - & vude
0’2 2

—b/G(v)dx
) Q

5 Pktm Aem =€) = B}[v]* = bllo]| — —o0 as [Jv]] — oc.
Thus —I(v) is bounded from below and, so satisfies the (P.S.) condition.
[

LEMMA 3.2. Under the same assumption as Theorem 1.1, 0 is neither
a minimum nor degenerate.

Proof. We note that 0 = 0+ 60(0), (0) = 0. Since I + 6 is continuous,
I is identity map, there exists a small neighborhood B of 0 such that if
v € B, then

%/Q(AQU—I—cAv)vdx— %/Q(}’(v)da:%—o(HvHQ) < I(v)

< 1/(A20+0Av)vdx— é/G(v)dx—i—o(||v||2),
2 Ja 2 Jo

where (A]\) C (Ak+m<)\k+m - C), )\k+m+1 (>\k+m+1 — C))
0

Proof of theorem 1.1 By Lemma 3.1, I(v) is bounded above, satisfies
the (P.S.) condition and I(v) — —oc as ||v|| — oo. By Lemma 3.3,
0 is neither a minimum nor degenerate. Thus I(v) has at least three
nontrivial weak solutions.
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