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NUMBER OF THE NONTRIVIAL SOLUTIONS OF THE
NONLINEAR BIHARMONIC PROBLEM

TACKSUN JUNG AND Q-HEUNG CHOI*

ABSTRACT. We investigate the number of the nontrivial solutions
of the nonlinear biharmonic equation with Dirichlet boundary con-
dition. We give a theorem that there exist at least three nontrivial
solutions for the nonlinear biharmonic problem. We prove this re-
sult by the finite dimensional reduction method and the shape of
the graph of the corresponding functional on the finite reduction
subspace.

1. Introduction

Let €2 be a smooth bounded region in R™ with smooth boundary 02,
A? denote the biharmonic operator and ¢ € R. Let g : R — R be a
differentiable function such that ¢(0) = 0, and ¢ € R. In this paper we
investigate the number of the weak solutions of the following nonlinear
biharmonic equation with Dirichlet boundary condition

(1.1) Ay + cAu = g(u) in €,
u =0, Au=0 on 0f2.
The eigenvalue problem
A’u + cAu = Au in €,
u =0, Au =0 on 0f),
has infinitely many eigenvalues Ay = A\,(Ar—c), £ > 1 and corresponding

eigenfunctions ¢y, k > 1, the suitably normalized with respect to L?(£2)
inner product, of where each eigenvalue A\ is repeated as often as its
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multiplicity, where A\, & > 1, are the infinitely many eigenvalues and
or, k > 1, are the corresponding eigenfunctions, suitably normalized
with respect to L?(2) inner product of the eigenvalue problem

Au+ =0 in

u=0 on 0f2.

We recall that Ay < Ay < ... — 400, and that ¢;(x) > 0 for z € Q. We
assume that A\, < ¢ < A\y11. We also assume that g € C'(R, R) satisfies
the following conditions:

(gl) There exist v < 3 such that

a<g'(u) <p.

(g2) Let Aji1, Ajyo, Ajyy, m > 1, be all eigenvalues with in [«, §](without
loss of generality, we may assume that «, § are not the eigenvalues A;,
i > 1). Suppose that there exist v and C such that A4, < < 3 and

1
G(u) > §7||u||2 - C, Vu € R,

where G(€) = [ g(t)dt.

(g3) 9(0) = 0.
(g4) There exists eigenvalue A; € [Aj41, A 4y,) such that

A < g'(0) < Ay
Choi and Jung [2] show that the problem

A%u+cAu=0bu" +s in €,

(12) u =0, Au=0 on 0f,

has at least two nontrivial solutions when (¢ < A, Ay < b < Ay and
s <0)or (A <c<MAy,b<A;and s > 0). They obtained these results
by use of the variational reduction method. They [3] also proved that
when ¢ < A\, A; < b < Ay and s < 0, (1.2) has at least three nontrivial
solutions by use of the degree theory. Tarantello [5] also studied (1.1).
She show that if ¢ < A; and b > Ay, then (1.1) has a negative solution.
She obtained this result by the degree theory. Micheletti and Pistoia
[4] also proved that if ¢ < A; and b > A, then (1.1) has at least four
solutions by the variational linking theorem and Leray-S chauder degree
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theory. In this paper we are looking for the weak solutions of (1.1), that
is,

/A2u-0+cAu~v—g(u)U:O, Vv € H,
Q
where H is introduced in section 2. Our main result is the following.

THEOREM 1.1. Assume that g satisfies the conditions (g1)-(g4). Then
(1.1) has at least three nontrivial solutions.

The outline of the proof is as follows: In section 2 we introduce the
Hilbert space H and show that the corresponding functional I(u) of
(1.1) is in C*(H, R), Fréchet differentiable and satisfies the Palais-Smale
condition. In section 3, we prove Theorem 1.1. For the proof of Theorem
1.1 we use the finite dimensional reduction method to reduce the theory
on the infinite dimensional space to the one on the finite dimensional
subspace. So we obtain the critical points results of the functional on
the infinite space H from the critical points results of the corresponding
functional I(v) on the finite dimensional reduction subspace.

2. Finite dimensional reduction method

We assume that A\, < ¢ < A\gy1, ¢ € R. Any element « in L*(Q2) can

be written as
w=> hypp with Y h} < oo.

We define a subspace H of L*(Q2) as follows
H={ue Q)] ) |Ax < oo}

Then this is a complete normed space with a norm

lull = > [AklR3)=.

Since Ay — +oo and c is fixed, we have
(i) A%u + cAu € H implies u € H.
(ii) [Jul| > Cllul|r2(q), for some C' > 0.
(iii) [Ju||r2(q) = 0 if and only if |jul| = 0,
which is proved in [1].
From the conditions on g, we have the following lemma:
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LEMMA 2.1. Assume that g satisfies the conditions (g1)-(g4). Then
the solutions in L*()) of

APu+ cAu = g(u) in L*(Q)
belong to H.

Proof. Let g(u) = >_ hx¢p € L*(). Then

(A% 4 cA) => W )\k — )hk¢k

Hence we have

1
A%+ cA)” 2 Me(Me = €)|———5he < C Y by
I Wl = 3 e~ gt <OY
for some C' > 0, which means that
(A% + cA) " g(u)]| < Cllullz2o)

]

With the aid of Lemma 2.1 it is enough that we investigate the exis-
tence of solutions of (1.1) in the subspace H of L*(2). Let us define the
functional in H x R,

) = [ Sl8uP = §Vu — G

where G(& fo t)dt. Then I(u) is well defined. By the following
Lemma 2 2 I(u) € C’(H, R), Fréchet differentiable in H, so the solu-
tions of (1.1) coincide with the critical points of I(u).

LEMMA 2.2. Assume that g(u) satisfies the conditions g(1)-g(4). Then
I(u) is continuous and Fréchet differentiable in H and

(2.1) DI(u)(h) = /QAu Ah— eVu- Vh - g(u)h
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Proof. Let u € H. First we will prove that I(u) is continuous. We
consider

[I(u+v) —I(u)]
_ /Q[%\A(U—FU)P — SV (u+0)P — Glu+v)]

- [ 3180k = §IVuPGlu)
= /Q[u (A% + cAv) + %v (A% 4 cAv) — G(u +v) — G(u)].
Let u =3 hydp, v =3 hxop. Then we have
[ @ cdodal = 13 [ Mubelul < el

]/v (A% + cdv)dx| = ’ZA]jLi’ < |lv]|*.
Q
On the other hand, by Mean Value Theorem and (g1), we have

Glutn) =6 = [ s — [ gls)as

1 1
= IO+ = g (0
max{|al, |3]}o|(ju] + |v])
Cmax{|al, [B]}|vl ([l + [lv]])-
With the above results, we see that I(u) is continuous at u. To prove
I(u) is Fréchet differentiable at u € H, we consider

[I(u+wv) — I(u)— DI(u)v|
— ‘/Q%U(AZ’U + cAv) — G(u+v) + G(u) — g(u)v|

IA A

IN

1
Sl + Cyllvli(llull + [1oll) + Mlfvl]

IA

Clloll ol + lull + floll + 1)
0

By the following Lemma 2.3 (finite dimensional reduction method),
we can get the critical results of the functional on the infinite dimensional
space H from that of the functional on the finite dimensional one.
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Let V be m dimensional subspace of H spanned by ¢;i1,...,0j4m
whose eigenvalues are Aj,..., Aj,. Let W be the orthogonal comple-
ment of V' in H. Let P : H — V be the orthogonal projection of H onto
Vand [ — P: H — W denote that of H onto W. Then every element
u € L*() is expressed by u = v + 2, v € Pu, z = (I — P)u. Then (1.1)
is equivalent to the two systems in the two unknowns v and z:

Ay + cAv = P(g(v + 2)) in €,
A%z +cAz=(I—P)gv+z) inQQ,
v =0, Av =0 on 0,

z=0, Az=0 on 0f).

Let W, be a subspace of W spanned by eigenvalues Ay, ..., A; and W,
be a subspace of W spanned by eigenvalues A;; ¢ > j+m+1. Letv € V
be fixed and consider the function A : W7 x Wy — R defined by

h(wy,wy) = I(v+ wy + ws).

The function A has continuous partial Fréchet derivatives D1h and Dsyh
with respect to its first and second variables given by

(2.2) Dih(wy,we)(y;) = DI(v+ wy + wsa)(y;)

for y; € W;, i = 1,2. We recall that if I is a function of class C! and
is a critical point of I, then wug is called of mountain pass type if for every
open neighborhood U of I7!(—o0, I(ug))NU # O and I~ (—o0, I(ug))NU
is not pass connected.

LEMMA 2.3. Assume that g satisfies the conditions (g1)-(g4).Then
(i) there exists my < 0 such that if w; and y; are in Wy and wy € W,
then

(Dyh(wi, wa) — Dih(yy, wa)) (w1 — y1) < mallwy — ||,

(ii) there exists my > 0 such that if wy and y, are in Wy and wy, € Wy,
then

(D2h(wy, wz) — Dah(wy, yo))(wa = y2) = mollws — ys?
(iii) there exists a unique solution z € W of the equation

(2.3) A2+ cAz = (I — P)(g(v+ 2)) in W.
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If we put z = 6(v), then 0 is continuous on V and satisfies a uniform
Lipschitz condition in v with respect to the L* norm(also norm || - ||).
Moreover

DI(v+0(v))(w)=0 for all w € W.

(iv)IfI -V — Ris defined by I(v) = I(v+6(v)), then I has a continuous
Fréchet derivative DI with respect to v, and

(2.4) DI(v)(h) = DI(v+0(v))(h)  forallv,h € V.

(v) If vy € V is a critical point of I if and only if vy 4 6(vo) is a critical
point of 1.
(vi) Let S C V and ¥ C H be open bounded regions such that

{v+0w);veSt=Xn{v+6(v);veV}]
If DI(v) # 0 for v € S, then
d(DI,S,0) = d(DI,%,0),

where d denote the Leray-Schauder degree.
(vii) If ug = vo + 0(vy) is a critical point of mountain pass type of I,
then vq is a critical point of mountain pass type of I.

Proof. (i) According to the variation all characterization of the eigen-
values {A;}32; we have

(2.4.a) [ < Ajllwi ][22
for all w; € W; and
(2.5) [[ws|? > Aj+m+1||w1|’%2(9)
for all wy € Wy, If wy and y; are in Wy and wy € Wy, then
(D1h(wr, wa) — Dih(yr, w2))(wi — 1)
= [ 1At =) = eV (= )P = (glo+ w1+ o)
—g(v +y1 + w2))(wr — y1)da.

Since (g(&) — g(&1)) (& — &) > a(&e — &) and (2.4.a), we see that if w;
and y; are in W, and wy € Ws, then

(Dyh(wy, wa) — Dih(yy, ws)) (w1 — y1) < mallwy — ||
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where m; =1 — £ <0.

(ii) Similarly, using the fact that (g(&) — g(&1))(& — &) < B(& — &)?
and (2.5) we see that if wy and y, are in Wy and w; € Wy, then

(Dah(wr, ws) — Dah(wy, y2))(wa — y2) > maljws — o
s

Ajtmatr
(iii) Let 6 = O‘TJ“B If g1(€) = g(§) — &, the equation (2.3) is equivalent
to

(2.6) 2= (A% +cA -8 - P)(gi(v+2))

Since (A% 4 ¢cA — 6)7}(I — P) is self adjoint, compact and linear map
from (I — P)L?(2) into itself, the eigenvalues of (A% +cA —§)~!(I — P)
are (A; —6)™', 1 < jorl > j+ m+ 1. Therefore its Ly norm is
(min{ 1Ay — 1, |1 — 81} Since |91 (6) —g1(61)| < masc{Ja—dl, | 3—
S|}é — & = 2HPe, — ¢, it follows that the right-hand side of (2.6)
defines, for fixed v € V, a Lipschitz mapping of (I — P)L*(Q) into itself
with Lipschitz constant r < 1. Therefore, by the contraction mapping
principle, for given v € V| there exists a unique z = (I — P)L?*(2) which
satisfies (2.6). If 6(v) denote the unique z € (I — P)L?(Q) which solves
(2.3), then 6 is continuous and satisfies a uniform Lipschitz condition in
v with respect to the L? norm(also norm ||||). In fact, if z; = 6(v;) and
29 = 0(vy), then

where my =1 —

21— 2|2
(A% + cA = 8)7H (I = P)(g1(v1 + 21) — g1(v2 + 22))[| 12

S 7“”(?)1 + 21) — (1}2 + 32)HL2(Q)
< r(llor = vall2) + 121 — 22ll2() < rllvr — 2| + 7|l — 22|
Hence
.
(27) ||21—ZQ|| SC‘|U1—U2”7 O: ]_—7“.

Letu=v+2,v€V and z =0(v). Ifw e (I — P)L*(Q) N H, then from
(2.3) we see that

/Q[Az -Aw —¢cVz-Vw — (I — P)(g(v+ 2z)w)]dx = 0.

Since

/Az-Aw:O and/Vv-Vw:0,
Q Q
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we have

(2.8) DI(v+6(v))(w) =0.

(iv) Since the functional I has a continuous Fréchet derivative DI, I
has a continuous Fréchet derivative DI with respect to v.

(v) Suppose that there exists v, € V such that DI(vy) = 0. From
DI(v)(h) = DI(v+ 6(v))(h) for all v,h € V, DI(vg + 0(vo))(h) = 0 for
all h € V. Since DI(v+0(v))(w) for all w € W and H is the direct sum
of V and W, it follows that DI(vy + 60(vg)) = 0. Thus vy + 0(vg) is a
solution of (1.1). Conversely if u is a solution of (1.1) and v = Pu, then
DI(v) =0.

(vi) The proof of part (vi) follows by arguing as in Lemma 2.6 of [11].
(vii) Suppose vy is not of mountain pass type of I. Let S be an open
neighborhood of v in V such that I~ (—o0, I(vg)) NS is empty or path
connected. If I7'(—o0,I(vg)) NS is empty, by part (i) we see that
{fv+w:veViweW}rnIt(—oo,I(up)) is also empty. Thus v is not
of mountain pass type for I. If I='(—oo, I(vy)) N S is path connected,
Letting T'={v+w : v € V,||lw — 0(v)|| < 1} and using again (i) it is
seen that T'N I~ (—o00,I(ug)) is also path connected. O

3. Proof of Theorem 1.1

We shall show that I(v) satisfies the (P.S.) condition.

~ LEMMA 3.1. Assume that g satisfies the conditions (g1)-(g4). Then
I(v) satisfies the Palais-Smale condition.

Proof. Let us set u(v) = v +w(v), v € V, w(v) € W. Then we have

I(v) = /Q[%|AU + Aw(v)|? — §|VU + Vw(v)*ds

- /Q G(v + w(v))dz.
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Moreover we have

I(v) = I(v+w))=I(ulv))
— 13180 = §19u) - [ Gluw)da

Q

_ / N / Glu(v))ds

1 2_ ¢ 2_ Linui 4 Siwop
[ 518 = VU@ = Slavf + 57l

|
/Q (G (u(v)) — G(v)]dz}.

The terms in the bracket are equal to

— / |G (sw(v) — v)w(v)dx]ds + % / (Au(v) + cAu(v))w(v)dz

= Q/O G (sw(v) + v)w(v)w(v)sdsdx

1

) /Q(AQw(v) + cAw(v))w(v)dz

Thus we have

T(w) < / Lav - E|vode
02 2

- /Q G(v)dx

1
< S{Aem =B lP + C10] — oo as lv]| — oo

Thus —1(v) is bounded from below and, so satisfies the (P.S.) condition.

PROOF OF THEOREM 1.1
By Lemma 3.1, I(v) is bounded above, satisfies the (P.S.) condition and

I(v) — —o0 as ||v]| — oo. We claim that 0 is neither a minimum nor
degenerate. In fact, we note that 0 = 0+ 0(0), #(0) = 0. Since I + 6 is
continuous, I is identity map, there exists a small neighborhood B of 0

such that if v € B, then, by (g4),

%/Q(A21)+cAv)vdx— %/QG(U)dI+O(HU||2) < f(v)
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1 A
< 5/(A%—l—cAv)vdm— 5/ G(v)dx + o(||lv||*),
0

Q
where (A, A) C (A, Air1). Thus I(v) has at least three nontrivial weak
solutions.
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