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CIRCULAR UNITS OF ABELIAN FIELDS WITH A
PRIME POWER CONDUCTOR

JAE MoonN KiMm AND JADO Ryu*

ABSTRACT. For an abelian extension K of Q, let Cy (K) be the
group of Washington units of K, and Cs(K) the group of Sinnott
units of K. A lot of results about Cg(K) have been found while
very few is known about Cy (K). This is mainly because elements
in Cgs(K) are more explicitly defined than those in Cy (K). The
aim of this paper is to find a basis of Cyy (K) and use it to compare
Cw(K) and Cs(K) when K is a subfield of Q((pe), where p is a
prime.

1. Introduction

For each positive integer n not congruent to 2 mod 4, we fix a primitive

nth root of 1 in C by (, = e’ so that ¢t = (n whenever m|n. The
field Q(¢,) is a Galois extension of Q with Gal(Q(¢,)/Q) ~ ZY, the
multiplicative group consisting of the units of the ring Z,. So [Q({,) :
Q] = ¢(n), where ¢ is the Euler ¢ function.

We denote the unit group of the ring of integers of a number field
K by E(K). It is well known that E(K) is a finitely generated abelian
group whose free part is of rank r; + ro — 1, where r; is the number of
real embeddings of K and ry is that of pairs of complex embeddings of
K. And the torsion subgroup W (K) of E(K) consists of roots of unity
in K and is a finite cyclic group. Thus

B(Q(C) = W(Q(¢)) @ 229
Note that W(Q(¢,)) is a cyclic group generated by —(,.
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This structure theorem for F(Q((,)), however, does not provide with
a basis for the unit group. In fact, even in the simplest case when n = p
is a prime, not any basis is known. Fortunately, the unit group has a
special subgroup with explicitly described generators which is called the
group of cyclotomic units. To be precise, let V,, be the multiplicative
subgroup of Q((,)” generated by {£(,,1 — (%1 < a < n —1}. The
group of cyclotomic units of Q((,) is then defined by C(Q(¢,)) = Vi, N
E(Q(¢n)). The elements in C(Q((,)) are called cyclotomic units. The
most important property of the group of cyclotomic units is the following
index formula:

[B(Q(Ga)) : C(Q(G))] = 2°hs;
for some nonnegative integer b ([3]). Here A is the class number of
Q)" = QG+ ()
For abelian extensions, the situation is quite different. In [4], for an

abelian extension K, Sinnott defines C's(K), the group circular units of
K by

Os(K) = E(K)ﬂ<—1, No(eo/xnoen (1—C%) [m.a € Z,m > 1,m1 a> .

In that paper, he computes the index [F(K) : Cs(K)], showing how the
class number of K is remarkably involved in the index.

Another subgroup of the unit group of an abelian extension K is
mentioned by Washington in [5], which we denote by Cw (K). It is
simply defined by

Cw(K) = C(Q(Cn))Gal(Q(Cn)/K)7

where n is the conductor of K. But in this case it is not easy to compute
the index [E(K) : Cyw (K)] since the generators of Cyy (K') are not explicit
enough. It is clear that Cy (K) contains Cg(K). However, the index
[Cw(K) : Cs(K)] has not been successfully determined except for a few
special cases ([1],[2]).

The aim of this paper to compare Cyy (K) with Cs(K) when the con-
ductor of K is a prime power(Theorem 2.5, Theorem 2.8). The method
given in this paper seems to be useful in generalizing our results to
abelian fields with arbitrary conductors. We will achieve our goal by
finding a basis of Cy/ (K)(Theorem 2.4).

We finish this section with the index formula discovered by Sinnott

([4)-



Circular units of abelian fields with a prime power conductor 163

THEOREM 1.1. Let K be a subfield of Q((pe). then

oEQ=1p o if K s real
hg+ if K is imaginary’

[E(K) : Cs(K)] :{

where KT is the maximal real subfield of K.

2. Main result

We begin this section with an obvious property of a free abelian group.

LEMMA 2.1. Let M be a free abelian group with a basis {x1, 2, , Zp}.
Then {xy,z9, -+ ,xi—1, 2, iz1, -+ , T} also serves as a basis of M,
where x; = x; + Z#i m;x; for some integers m;.

Now we consider the cyclotomic field Q((pe). Let p® = ¢, ©(q) = ¢
and ¢, = (. Then Q((,)" is a cyclic extension of Q of degree 2. Let
o be a generator of Gal(Q((,)"/Q). An extension of o to Q(¢,) is also

denoted by o. For each integer i, put v(i) = %C(I*Ui)/Q. Note that
v(0) = 1, and that

o* (u(i)) = o* (—11:20140-0”/2)

_ 1—_(""““<(Uk,gi+k)/2

1— ¢
1= 1-¢ 1
= <TCC(1 )/2> X ( T C"k Q‘(lok)/Z)
v(i+ k)

v(k)
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Since 1 — ¢, * = —(,*(1 — (%), we have

n

v 1— _Ui _ _0.7;
o) = 2287 pma=oy2

e
—('(1 - <Gi)<-—(1—ai)/2
—( 1 —=¢)
_ 1- Cai (1—0)/2
__FITQ

= u(i),

where v(7) is the complex conjugation of v(i). Hence v(7) is an element
of Cw(Q(¢,)"). The next theorem says that these elements generate

Cw (Q(¢)T) -

THEOREM 2.2. The set {v(1)|1 <i< £} forms a basis of the free
part of Cy (Q(¢,)"). That is

Cw(Q(G)) = (+olL i s 2).
Proof. See [5]. O

Now we find a basis of Cs(K) and Cy (K), where K is a subfield of
Q(¢)". Put [K: Q] =7, and [Q(¢,)" : K] =t¢. So tr = 1¢. For each i,
1 <i <7, let vi(i) = Noge,)+/xv (i), where N, )+/x is the norm from
Q(¢y) ™ to K.

In this case, the generators of C's(K) given is section 1 can be written
more explicitly. Namely,

1— i
s() = (Mo (1= )L i< ).

1=¢
. 1_<—a 1_Ca 1_4—70, 1_<-a 2 —a
Since 1\1(@(@1)/(@(@)+ <1—CZ> - 1—(2 ’ 1_C‘31 - (1—CZ> C!} ; We have
Noe/x (%) = vk (i)®. Hence we have the following theorem.

THEOREM 2.3. The set {vk(i)?|1 <i < r} forms a basis of the free
part of Cg(K). That is

Cs(K) = (fug(@)* 1 <i<r).
The next theorem describes a basis of Cy/ (K) .
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THEOREM 2.4. The set {UK(i)‘l <i< r} forms a basis of the free
part of Cy (K. That is

awa:@wﬂw
Proof. Since Gal(Q(¢,)*/K) is generated by o”, we have
(i) = [ o™ @)

0<m<t
B H v(i + mr)

v(mr)

1§i§r>

= (i) H M

|t v(mr)

Then, by Lemma 2.1 and Theorem 2.2, we have
O (Q(G)F) = <ivK(i)‘1 <i< r> ® <v(i)‘r <i< §> .

Let D = <j:UK(i)‘1 <i< r>. Being a norm from Q({,)" to K, vk (i)

must be fixed by Gal(Q({,)"/K), and thus an element in Cy (K'). Hence
D < Cw(K) < Cw(Q(¢,)") and D is direct summand of Cy (Q({,) ™).
Also note that D is of finite index in Cy (K) since rankzD =r — 1 =

rankzCy (K'). Therefore D = Cy (K) = <j:vK(i) 1<i< r>. O

THEOREM 2.5. Let K be a real subfield of Q((,e) with [K : Q] = r.
Then

(1) [Cw(K) : Cs(K)] =27

(2) [E(K) : Cw(K)] = hg.

Proof. From Theorem 2.3 and 2.4, we get (1). (2) follows from the
index formula given in the Theorem 1.1. O]

To study Washington units for imaginary subfields of Q((,), we need
the unit index. For an imaginary abelian field K (with an arbitrary
conductor), we define Qg(K) by Qr(K) = [E(K) : W(K)E(K™)] as
usual. The index Qg(K) is called the unit index of K, and it is known
that Qg(K) = 1 or 2. Similarly, we define Q¢ (K) by Qc(K) = [Cw(K) :
W(K)Cw (K7)].

LEMMA 2.6. Let K be an imaginary abelian field. Then Q¢|Qg.
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Proof. Note that the kernel of composition
Cw(K) — E(K) — E(K)/W(K)E(K™)
is W(K)Cw (K™). Hence Qc|Qg. O

COROLLARY 2.7. If K is an imaginary subfield of Q((,), then
Cw(K)=W(K)Cw(K™).

Proof. Since Qg(K) is 1 in this case, so is Q¢ (K). The result follows
from this. O

THEOREM 2.8. Let K be an imaginary subfield of Q((,). Then
(1) [E(K) : Cw(K)] = hg+
(2) [Cw(K) : Cs(K)] = L.

Proof. Since E(K) = W(K)E(K™) and Cy(K) = W(K)Cw(K™),
we have [F(K) : Cw(K)] = [E(K™") : Cw(K*1)] = hg+ by Theorem 2.5.
And (2) follows from the index formula in the Theorem 1.1. O
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