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STRONGLY C-CONVEX FUNCTIONS AND ALMOST
C-CONVEX FUNCTIONS ON PRECONVEXITY SPACES

WoN KEUN MIN*

ABSTRACT. In this paper, we introduce the concepts of strongly c-
convex( strongly c-concave) function, almost c-convex function on
preconvex spaces. We investigate the relationships between such
concepts and several types of preconvex sets.

1. Introduction

In [1], Guay introduced the concept of preconvexity spaces defined by
a binary relation on the power set P(X) of a set X and investigated some
properties. He showed that a preconvexity on a set yields a convexity
space in the same manner as a proximity [3] yields a topological space.

The purpose of this paper is to introduce the concepts of strongly
c-convex function and almost c-convex function on preconvex spaces.
We show that every strongly c-convex function is c-convex and every
c-convex function is almost c-convex. In particular, we investigate the
relationships between such concepts and several types of preconvex sets.

DEFINITION 1.1 ([1]). Let X be a nonempty set. A binary relation
o on P(X) is called a preconvexity on X if the relation satisfies the
following properties; we write xo A for {z}oA:

(1) If A C B, then Ao B.

(2) If AoB and B = {), then A = 0.

(3) If AoB and boC for all b € B, then AcC.

(4) If AocB and = € A, then zoB.

The pair (X, o) is called a preconvexity space.
In a preconvexity space (X,0), G(A) = {x € X : zo A} is called the
convezity hull of a subset A. A is called convez [1] if G(A) = A.
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I,(A)={z € A: 24(X—A)} (simply, I(A)) is called the co-convezity
hull [2] of a subset A. A is called a co-convez set if [(A) = A.

THEOREM 1.2 ([2]). Let (X,0) be a preconvexity space and A C X.
Then A is a co-convex set iff A° is a convex set.

THEOREM 1.3 ([1, 2]). For a preconvexity space (X, o),
(1) AoB iff A C G(B).

(2) Ao B iff G(A)oG(B).

(3)G0)=0; I(X) =X.

(4) I(A) CACG(A) forall AC X.

(5) If A C B, then G(A) C G(B) and I(A) C I(B).

(6) G(G(A)) = G(A) and I(I(A)) = I(A) for A C X.
(7)I(A) =X -G(X-A); GA) =X-1(X—-A).

2. Main results

DEFINITION 2.1. Let (X,0) and (Y, ) be two preconvexity spaces.
A function f : (X,0) — (Y, u) is said to be strongly c-conver if AcB
implies f(A)ul,(f(B)).

REMARK 2.2. Let (X,0) and (Y, ) be two preconvexity spaces. A
function f : X — Y is said to be c-convex [1] if Ao B implies f(A)uf(B).
Obviously we know that every strongly c-convex function is c-convex.

LEMMA 2.3 ([3]). Let (X,0) be a preconvexity space. For all A C X,
G(A)cA.

THEOREM 2.4. Let f : X — Y be a function on two preconvexity
spaces (X, o) and (Y, ). Then the following things are equivalent:

(1) f is strongly c-convex.

(2) f(Gs(A)) C Gu(1.(f(A))) for all A C X.

(3) Go(f~1(B)) C f~YG,(I,(B))) foral BC Y.

(4) f~Y(1.(Gu(B))) C I,(fY(B)) forall BC Y.

Proof. (1) = (2) For each A C X, since G(A)ocA and f is strongly
c-convex, we have that f(G(A))ul.(f(A)). Thus from Theorem 1.3(1),
it follows f(Gs(A)) C GL(1.(f(A))).

(2) = ()LetAanorABCX ThenACG() G, (B).
From (2), it follows f(A) C f(Go(A)) C f(G4(B)) C Gu(1u(f(B)))- So
F(4) € Gy(1,(4(B). By Theorem 13(1), we have f(A)u, (1(B))

(2) = (3) Ror BC Y, by (2), f(Go(f~(B))) C Gp(L(F(F1(B)))
Go(1u(B)). Thus G (f(B)) [~ (Gy(I,(B))).
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(3) = (2) For A C X, Go(A) C Go(f71(f(A))) C fTHGu(Tu(f(A))))-
This implies f(A4) C G,(1.(f(B))).

(3) = (4) For BCY, by (3), Go(f (Y =B)) C f~H(Gu(Iu(Y—B))).
From Theorem 2.2, it follows G (X — f~1(B)) C f~1(Y —1,(G.(B))) =
X = [7HIu(Gu(B))).

Thus f~(L,(Gu(B))) € X = Go(X — f7H(B)) = L,(f~(B)).

(4) = (3) It is similar to the proof of (3) = (4) O

Let (X,0) be a preconvexity space and A C X. A is said to be
p-preconvez [4] (resp., a-preconvex) [6] if A C I,(Gs(A)) (resp., A C
I,(Gy(15(A))). And A is said to be cop-preconvex (resp., coa-preconver)
if the complement of A is a p-preconvex (resp., a-preconvex) set.

LEMMA 2.5. Let (X,0) be a preconvexity space and A C X.
(1) A is cop-preconvex iff G,(1,(A)) C A [4].
(2) A is coa-preconvex iff G,(1,(G,(A))) C A [6].

THEOREM 2.6. Let f : X — Y be a function on two preconvexity
spaces (X, o) and (Y, ju). If f is strongly c-convex, then f~!(B) is convex
for every cop-preconvex set B in Y.

Proof. Let B be a cop-preconvex set in Y, since f is strongly c-convex,
by Lemma 2.5, Go(f~1(B)) C f~YGu(1.,(B))) C f~Y(B). It implies
f~1(B) is convex. O

THEOREM 2.7. Let f : X — Y be a function on two preconvexity
spaces (X, o) and (Y, ). If f is strongly c-convex, then f~1(B) is convex
for every coa-preconvex set B in Y.

Proof. Let B be a coa-preconvex set in Y. Then by Lemma 2.5,

Go(f1(B)) € f7H(Gu(Iu(B))) C [ HGu(Iu(Gu(B)))) C f~H(B).
Hence f~1(B) is convex. O

DEFINITION 2.8. Let (X,0) and (Y, ) be two preconvexity spaces.
A function f : X — Y is said to be strongly c-concave if for C;D CY
whenever CuD, f~1(C)ol,(f~4(D)).

REMARK 2.9. Let (X,0) and (Y, ) be two preconvexity spaces. A
function f : X — Y is said to be c-concave [3] if for C, D C'Y whenever
CuD, f~1(C)of~%(D). Obviously it is that every strongly c-concave
function is c-concave.

THEOREM 2.10. Let f: X — Y be a function on two preconvexities
(X,0) and (Y, ). Then the following things are equivalent:
(1) f is strongly c-concave.
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(2) F~HGu(A)) C Gy ( A L(A))) forall AC Y.
(3) I,(Go(f~1(A))) C f~1(I,(A)) forall AC Y.

Proof. (1) = (2) Let f be strongly c-concave and A C Y. Since
G, (A)pA and f is strongly c-concave, f~1(G,(A))ol,(f1(A)). Thus
by Theorem 1.3, f~1(G,(A4)) C Go(I,(f71(4))).

(2) = (1) If CuD for C,D C Y, then C C G,(D). By hypothesis,
) C FHGu(D)) € G, (f-1(D))). So f(C)ol,(-(D)).

(2) = (3) For A C Y, from Theorem 1.3 and the condition (2), it
follows X — f~1(I,(A)) C fHGL(Y — A)) C Go(I,(f7L(Y — A))) =
X — L(Golf 1 (A))). S0 I, (Golf1(A))) € fH(Tu(A)).

Similarly, it is obtained that (3) = (2). O

DEFINITION 2.11. Let (X, o) be a preconvexity space and A C X.
A is called a regular-preconver set (briefly, r-preconvex set) if A =
I,(G5(A)). And A is called a coregular-preconvex set (briefly, cor-
preconvex set) if the complement of A is a r-preconvex set.

DEFINITION 2.12. Let (X, 0) and (Y, i) be two preconvexity spaces.
A function f : X — Y is said to be almost c-convez if f~1(A) is convex
for every cor-preconvex set A of X.

THEOREM 2.13. Let f : X — Y be a function on two preconvexity
spaces (X, o) and (Y, ). Then the following things are equivalent:

(1) f is almost c-convex.

(2) Go(f~HGL(I.(F)))) C f7L(F) for every convex set F C Y.

(3) Go(fHGL(I.(Gu(B))))) C fHGu(B)) for every BCY.

Proof. (1) = (2) For a convex subset F' of Y, then G, (1,(G,(I.(F))))
= G, (I, (F)), that is, G, (I,(F)) is cor-preconvex. By ( ) and G (IH(F)))
C F. Golf (Gu(Lu(F)) = (Gl (F)) < JH(F).

(2) = (3) Obvious.

(3) = (1) Let A be cor-preconvex in Y. Since G,(1,(Gu(A)) = A
and G, (A) = A, by (3), we have G,(f~1(B)) C f~4(B), and f~1(B) is
convex. Hence f is almost c-convex. ]

Easily we have the following;:

THEOREM 2.14. Let f : X — Y be a function on two preconvexity
spaces (X,o0) and (Y, ). Then the following things are equivalent:

(1) f is almost c-convex.

(2) f~1(A) is co-convex for every r-preconvex set A of X.

(3) f~1(U) C L(f~Y1,(GL(U)))) for every co-convex set U C Y.
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THEOREM 2.15. Let f : X — Y be a function on two preconvexity
spaces (X, o) and (Y, p). Then if f is strongly c-convex, then it is almost
Cc-convex.

Proof. Let A be cor-preconvex in Y. Then G,(I,(A)) = A. From
Theorem 2.4 (3), it follows G, (f71(A)) C f~HG.(1.(A))) = f71(A).
It implies f~1(A) is convex, and hence f is almost c-convex. O

Let (X, o) be a preconvexity space and A C X. A is said to be semi-
preconvez [5] (resp., B-preconvez) [7] if Aol,(A) (resp., Aol (Gs(A))).

REMARK 2.16. For a function f : X — Y on two preconvexity spaces
(X,0) and (Y, p), from Theorem 2.4 and Theorem 2.10, the following
things are obtained:

(1) If f is strongly c-convex, then for every convex set A of X, f(A)
is semi-preconvex ([-preconvex) set B in Y.

(2) If f is strongly c-concave, then for every convex set B of Y,
f~1(B) is semi-preconvex (3-preconvex) set B in Y.

(3) If f is strongly c-convex, then for every cor-preconvex set B of
Y, f~Y(B) is convex.
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