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SOME PROPERTIES OF TOEPLITZ OPERATORS
WITH SYMBOL µ
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Abstract. For a complex regular Borel measure µ on Ω which is
a subset of Ck, where k is a positive integer we define the Toeplitz
operator Tµ on a reproducing analytic space which comtains poly-
nomials. Using every symmetric polynomial is a polynomial of ele-
mentary polynomials, we show that if Tµ has finite rank then µ is
a finite linear combination of point masses.

1. Introduction

Let Ω be a subset of Ck and let µ be a complex regular Borel measure
on Ω. Suppose H is a seperable reproducing analytic space on Ω which
contains polynomials.

If Tµf(z)=
∫

Ω
f(w)Kz(w)dµ(w) has finite rank, where Kz is the repro-

ducing kernel of H, then µ must be singular with suppµ={z1, · · · , zM},
that is, µ is a finite linear combination of point masses. Toeplitz oper-
ators are an important role in the physics and engeneering area. First
Toeplitz operators were defined on the Hardy space H2 by Tϕf=P (ϕf),
where ϕ is in L∞(∂D) and P is the Szegö projection. Similarly Toeplitz
operators on the Bergman space L2

a are defined by Tϕ(f)=P (uf), where
P is the Bergman projection from L2(dA) to L2

a([3]).
Since H∞ is dense in L2

a, we can densely define Toeplitz operators
with symbols that are measures. Moreover, we can extend the notion of
Toeplitz operators to those with symbol measures ([1],[2],[5]). Luecking’s
paper ([1]) is devoted to characterization of a complex regular Borel
measure µ on the unit disk whenever the Toeplitz operator Tµ has finite
rank.
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In this paper, we introduce the symmetrization and the antisym-
metrization of functions defined on a subset of Ck and we prove that
every symmetric polynomial is a polynomial of elementary polynomials.

Section 3 is deal with the following theorem.

Theorem 1.1. Suppose µ is a complex regular Borel measure on
Ω ⊂ Ck and H is a separable reproducing analytic space on Ω which
contains all polynomials. Then Tµ has finite rank if and only if suppµ
is a finite set.

2. Polynomials

Let k and N be fixed positive integers and let Ω be a subset of Ck.
In the following, we will assume that f : ΩN → C is a function of N-
variables. For z ∈ Ω, let z=(z1, · · · , zk) and let e0=1, e1(z1, · · · , zN ) =
z1+· · ·+zN = (z1

1+z1
2+· · ·+z1

N , · · · , zk
1 +zk

2 +· · ·+zk
N ), e2(z1, · · · , zN ) =∑

i<j

zizj = (
∑

i<j

z1
i z1

j ,
∑

i<j

z2
i z2

j , · · · ,
∑

i<j

zk
i zk

j ), e3(z1, · · · , zN )=(
∑

i<j<l

z1
i z1

j z1
l ,

· · · ,
∑

i<j<l

zk
i zk

j zk
l ), · · · and eN (z1, z2, · · · , zN ) = (z1

1 · · · z1
N ,z2

1 · · · z2
N , · · · ,

zk
1 · · · zk

N ). Then
N∏

j=1

(t − zj) = tN − e1t
N−1 + e2t

N−2 + · · · + (−1)NeN

= (tN − (z1
1 + · · ·+ z1

N )tN−1 + · · ·+ (−1)Nz1
1 · · · z1

N ,· · · ,tN − (zk
1 + · · ·+

zk
N )tN−1+· · ·+(−1)Nzk

1 · · · zk
N ) and ei’s are elementary polynomials. For

example, let f(z1, z2) = z
(2,2,··· ,2)
1 + z

(2,··· ,2)
2 . Then f(z1, z2)(=z2

1 + z2
2)

= (z1 + z2)
2 − 2z1z2 = e2

1 − 2e2 and hence f is a polynomial of elemen-
tary polynomials. Let SN denote the set of all bijection from N to N ,
where N = {1, 2, · · · , N}. For σ ∈ SN , we define εσ=+1 for an even
permutation and -1 for an odd permutation.

Definition 2.1. Suppose p is a polynomial function on ΩN .
Then we say that
(1) p is symmetric if for any σ ∈ SN , σp = p, where σp(z1, · · · , zN ) =
p(zσ(1), · · · , zσ(N)) = p((z1

σ(1), · · · , z1
σ(N)),· · · , (z1

σ(N), · · · , zk
σ(N))).

(2) p is antisymmetric if for each σ ∈ SN , σp = εσp.

We note that e1 and e2 are symmetric polynomials. Suppose f is a
polynomial function of z1, z2, · · · , zN . We define the symmetrization and



Some properties of Toeplitz operators with symbol µ 473

the antisymmetrization of f , that is, Sf(z1, · · · , zN ) =
1

|SN |
∑

σ∈SN

σf(z1,

· · · , zN ) and Af(z1, · · · , zN ) =
1

|SN |
∑

σ∈SN

εσσf(z1, · · · , zN ). Then f is

a symmetric polynimial if and only if Sf = f and f is antisymmetric if
and only if Af = f . Moreover, ASf = 0 = SAf .

Proposition 2.2. Let f(z) = zα1
1 zα2

2 · · · zαn
N , where each multi-index

αi is a k-tuple of nonnegative integers (α1
i , · · · , αk

i ).
(1) If αs = αt for some s 6= t then Af = 0.
(2) (a) If σ is an even permutation then Aσf = f .

(b) If σ is an odd permutation then Aσf = −f .

Proof. (1) Let σ = (s, t). Then σf = f and hence
∑

σ∈SN

εσσf = 0.

Thus Af = 0.
(2) If follows from the fact that for any τ ∈ SN ,

εττσf(z1, · · · , zN ) =
{

εγγf(z1, · · · , zN ) if σ is even and γ = τσ
−εγγf(z1, · · · , zN ) if σ is odd and γ = τσ.

Corollary 2.3. If σf = g for some σ ∈ SN then

Ag =
{

Af , σ is even
−Af , σ is odd.

Let V =

∣∣∣∣∣∣∣∣∣

1 z1 z2
1 . . . zN−1

1

1 z2 z2
2 . . . zN−1

2
...

...
...

. . .
...

1 zN z2
N . . . zN−1

N

∣∣∣∣∣∣∣∣∣
. Then V is the Vandermonde

determinant and by induction, V =
∏

i<j

(zj − zi)=
∏

i<j

k∏

l=1

(zl
j − zl

i). For

J=(α1, α2, . . . , αN ), where whenever s < t, αi
s < αi

t for all i = 1, 2, . . . , k,

define VJ =

∣∣∣∣∣∣∣∣∣

zα1
1 zα2

1 . . . zαN
1

zα1
2 zα2

2 . . . zαN
2

...
...

. . .
...

zα1
N zα2

N . . . zαN
N

∣∣∣∣∣∣∣∣∣
. Let J1=(0, 1, 2, · · · , N − 1). Then

VJ1 = V and V is the minimal-degree polynomial vanishing on
⋃

i 6=j

{(z1,

· · · , zN ) : zs
i = zs

j for some s ∈ {1, 2, · · · , k}}. Let p(z)=a0 + a1z + · · ·+
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anzn. Then p(z)−p(z0)=(z−z0)(a1+a1(z+z0) + · · ·+an(zn−1+zn−2z0+
· · ·+ zn−1

0 ))=((z1 − z1
0)(a1 + a2(z1 + z1

0) + · · ·+ an((z1)n−1 + (z1)n−2
z1
0

+· · · + (z1
0)

n−1)), · · · , (zk − zk
0 )(a1 + a2(zk + zk

0 ) + · · · + an((zk)n−1 +
(zk)n−2

zk
0 + · · ·+ (zk

0 )n−1)). Since the degree of a1 + a2(z + z0) + · · ·+
an(zn−1 + · · ·+ zn−1

0 ) is n−1, p(z)−p(z0) = (z− z0)Q(z) for some Q(z)
with deg(Q(z)) = n− 1 and hence if a polynomial p vanishes at a ∈ Ck

then z − a divides p.

Lemma 2.4. Suppose f is an antisymmetric polynomial. Then there
is a symmetric polynomial g such that f = V g.

Proof. Since f is antisymmetric, f(z1, z2, z3, · · · , zN ) = −f(z2, z1, z3,
· · · , zN ) and hence f(a, a, z3, · · · , zN ) = 0 for all a ∈ C. Let p(z) =
f(z, a, z3, · · · , zN ). Since z−a divides p(z), z2−z1 divides f(z1, z2, z3, · · · ,

zN ). Since z2 − z1 =
k∏

s=1

(zs
2 − zs

1), V divides f . Let g(z1, z2, · · · , zN ) =

f(z1, · · · , zN )
V

. Take any permutation σ in SN . Since σg =
σf

σV
=

εσf

εσV

=
f

V
= g, g is symmetric. This completes the proof.

Let J = (α1, α2, · · · , αN ), where for s < t, αi
s < αi

t for all i =
1, 2, · · · , k. Let g(z1, z2, · · · , zN ) = zα1

1 zα2
2 · · · zαN

N be a monomial. We
note that the range of A is the vector space of all antisymmetric poly-
nomials and hence the images of all monomials span the range of A.

By Lemma 2.4, A(g(z1, · · · , zN )) =
VJ

N !
. This implies that each anti-

symmetric polynomial is a linear combination of V ′
Js, that is, for any

antisymmetric polynomial f , f =
∑

J

CJVJ .

Lemma 2.5. Each symmetric polynomial f(z1, z2, · · · , zN ) can be
written a polynomial of elementary polynomials e1, · · · , eN .

Proof. We note that the statement is trivially true for N = 1. Let
C[z1, z2, · · · , zN ] denote the set of all polynomials of N -variables. We de-
fine Q : C[z1, z2, · · · , zN ] → C[z1, z2, · · · , zN ] by Q(p(z1, z2, · · · , zN )) =
p(z1, · · · , zN−1, 0). Suppose f is a symmetric polynomial of z1, z2, · · · , zN .
Put g(z1, z2, · · · , zN−1) = Q(f(z1, z2, · · · , zN )). Then Q(f(z1, z2, · · · ,
zN )) is also a symmetric polynomial of z1, z2, · · · , zN−1. By induc-
tion hypothesis, there exists a polynomial p(z1, z2, · · · , zN−1) such that
g(z1, z2, · · · , zN−1) = p(e1(z1, · · · , zN−1), e2(z1, · · · , zN−1), · · · , eN−1(z1,



Some properties of Toeplitz operators with symbol µ 475

· · · , zN−1)). Define F (z1, z2, · · · , zN ) = p(e1(z1, · · · , zN−1), · · · , eN−1(z1,
· · · , zN−1)) = g(z1, z2, · · · , zN−1) = Q(f(z1, z2, · · · , zN )), Q(f(z1, z2, · · · ,
zN )−F (z1, z2, · · · , zN )) = 0. Put G(z1, z2, · · · , zN ) = f(z1, z2, · · · , zN )−
F (z1, z2, · · · , zN ). Since Q(G(z1, z2, · · · , zN )) = G(z1, z2, · · · , zN−1, 0)
= 0, zN divides G. Since G is a symmetric polynomial, z1z2 · · · zN (=
eN (z1, z2, · · · , zN )) divies G and hence f(z1, z2, · · · , zN )−p(e1(z1, z2, · · · ,
zN ), · · · , eN−1(z1, z2, · · · , zN )) = eN (z1, z2, · · · , zN )f1(z1, z2, · · · , zN ) for
some polynomial f1. Since degf1 ≤ degf−N , by induction on the degree
of f , we obtain f1(z1, z2, · · · , zN ) = p1(e1(z1, z2, · · · , zN ), · · · , eN (z1, z2,
· · · , zN )) for some polynomial p1(z1, z2, · · · , zN ). Since p(e1(z1, z2, · · · ,
zN ), · · · , eN−1(z1, z2, · · · , zN ))+ eN (z1, z2, · · · , zN )p1(e0, e1(z1, z2, · · · ,
zN ), · · · , eN (z1, z2, · · · , zN )) is a polynomial of elementary polynomials,
we get the result.

Suppose (z1, z2, · · · , zN ) and (w1, w2, · · · , wN ) are in ΩN . Then (e1(z1,
z2, · · · , zN ), · · · , eN (z1, z2, · · · , zN )) = (e1(w1, w2, · · · , wN ), · · · , eN (w1,

w2, · · · , wN )) if and only if
N∏

i=1

(λ− zj) =
N∏

i=1

(λ− wj) for all λ ∈ C

if and only if λN−e1(z1, z2, · · · , zN )λN−1+· · ·+(−1)NeN (z1, z2, · · · , zN )
= λN − e1(w1, w2, · · · , wN )λN−1 + · · · + (−1)NeN (w1, w2, · · · , wN ) for
all λ ∈ C.
Since SN acts on (Ck)N as σ(z1, z2, · · · , zN ) = (zσ(1), zσ(2), · · · , zσ(N))
for all σ ∈ SN , it induces an equvalence relation on (Ck)N , that is,
(z1, z2, · · · , zN ) ∼ (w1, w2, · · · , wN ) if and only if
σ(z1, z2, · · · , zN ) = (w1, w2, · · · , wN ) for some σ ∈ SN if and only if
(e1(z1, z2, · · · , zN ), · · · , eN (z1, z2, · · · , zN )) = (e1(w1, w2, · · · , wN ), · · · ,

eN (w1, w2, · · · , wN )). Thus {e1, e2, · · · , eN} does not seperate ΩN . Since
ΩN

/
∼

is a compact Hausdorff space, span{f(e1, · · · , eN )g(e1, · · · , eN ) :

f, g ∈ C[z1, z2, · · · , zN ]} seperates points of ΩN
/
∼
. Let E = span{f(e1,

e2, · · · , eN )g(e1, e2, · · · , eN ) : f, g ∈ C[z1, z2, · · · , zN ]}.
By Stone-Weierstrass theorem, E is dense in C[e1, e2, · · · , eN ], where
C[e1, · · · , eN ] is the set of continuous functions.

3. Toeplitz operators

Suppose H is a separable reproducing analytic space on Ω which
contains polynomials. Let Kz(w) be a reproducing kernel of H, that is,
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for each f ∈ H,
∫

Ω
f(w)Kz(w)dV (w) = f(z), where dV is the Lebesque

volume measure. For an orthnormal basis {en(z)} of H and f ∈ H,

f(z) =
∞∑

n=1

< f, en > en(z) and hence Kz(w) =
∞∑

n=1

en(z)en(w). Thus

Kz(w) = Kw(z). Let C[z] denote the set of polynomials. Given a
complex reqular Borel measure µ on Ω, we define a Toeplitz operator Tµ

with symbol µ by Tµf(z) =
∫

Ω
f(w)Kz(w)dµ(w), f ∈ C[z]. Suppose f

and g are in C[z]. Then

< Tµf, g > =
∫

Ω
Tµf(z)g(z)dV (z)

=
∫

Ω

∫

Ω
f(w)Kz(w)dµ(w)g(z)dV (z)

=
∫

Ω
f(w)

∫

Ω
g(z)Kw(z)dAzdµ(w)

=
∫

Ω
f(w)g(w)dµ(w).

Since the closure of span {wk, wn}k,n≥0 = C(D), Tµ = 0 if and only if
µ = 0.

Lemma 3.1. Suppose Tµ has finte rank N−1. If f ∈ C[z1, z2, · · · , zN ]

and g is an antisymmetric polynomial then

∫

ΩN

f(z1, z2, · · · , zN )×
×g(z1, z2, · · · , zN )dµ(z1)dµ(z2) · · · dµ(zN ) = 0.

Proof. Suppose RangeTµ = span{F1, F2, · · · , FN−1}. Then for any

fj ∈ C[z], there is (cj1, cj2, · · · , cj(N−1)) such that Tµfj =
N−1∑

i=1

cjiFi.

Suppose 0 = c1Tµf1+· · ·+cNTµfN =
N∑

j=1

cj(
N−1∑

i=1

cjiFi) =
N−1∑

i=1

(
N∑

j=1

cjcji)Fi.

Since {F1, F2, · · · , FN−1} is linearly independent,
N∑

j=1

cjcji = 0 for i =

1, 2, · · · , N − 1. Since the number of equation is less than the num-
ber of unknown, there exists (c1, c2, · · · , cN ) 6= (0, 0, · · · , 0) such that
c1Tµf1 + c2Tµf2 + · · · + cNTµfN = 0. Pick up other N functions
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g1, g2, · · · , gN in C[z]. Since
N∑

j=1

cjTµfj = 0, 0 =<
N∑

j=1

cjTµfj , gi >

for i = 1, 2, · · · , N and hence we get a system of linear equations :



c1 < Tµf1, g1 > +c2 < Tµf2, g1 > + · · · +cN < TµfN , g1 > = 0
c1 < Tµf1, g2 > +c2 < Tµf2, g2 > + · · · +cN < TµfN , g2 > = 0

...
c1 < Tµf1, gN > +c2 < Tµf2, gN > + · · · +cN < TµfN , gN > = 0

Let A =

∣∣∣∣∣∣∣

< Tµf1, g1 > < Tµf2, g1 > · · · < TµfN , g1 >
...

< Tµf1, gN > < Tµf2, gN > · · · < TµfN , gN >

∣∣∣∣∣∣∣
and let Aij

be the cofactor of A. Since the system has a non-trivial solution, 0 = A
= < Tµf1, g1 > A11+ < Tµf1, g2 > A21 + · · ·+ < Tµf1, gN > AN1

=
(∫

Ω
f1(z1)g1(z1)dµ

)
A11+· · ·+

(∫

Ω
f1(z1)gN (z1)dµ

)
AN1

=
∫

Ω
f1(z1)[g1(z1)A11+g1(z1)A21 + · · ·+gN (z1)AN1]dµ(z1)

=
∫

Ω
f1(z1)

∣∣∣∣∣∣∣∣∣

g1(z1) < Tµf2, g1 > · · · < TµfN , g1 >

g2(z1) < Tµf2, g2 > · · · < TµfN , g2 >
...

gN (z1) < Tµf2, gN > · · · < TµfN , gN >

∣∣∣∣∣∣∣∣∣
dµ(z1)

=
∫

Ω

∫

Ω
f1(z1) · · · fN (zN )

∣∣∣∣∣∣∣∣∣

g1(z1) g1(z2) · · · g1(zN )
g2(z1) g2(z2) · · · g2(zN )

...
gN (z1) gN (z2) · · · gN (zN )

∣∣∣∣∣∣∣∣∣
dµ(z1) · · · dµ(zN ),

where the sixth equality comes from the induction.

I.e., 0 =
∫

Ω

∫

Ω

N∏

j=1

fj(zj)

∣∣∣∣∣∣∣∣∣

g1(z1) g1(z2) · · · g1(zN )
g2(z1) g2(z2) · · · g2(zN )

...
gN (z1) gN (z2) · · · gN (zN )

∣∣∣∣∣∣∣∣∣
dµ(z1) · · · dµ(zN ).

For J = (α1, α2, · · · , αN ), where whenever s < t, αi
s < αi

t for all

i = 1, 2, · · · , k, let gi(zj) = zαi
j . Then 0 =

∫

ΩN

f(z)VJ(z)dµN (z). Take
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any antysymmetric polynomial g. Since each antisymmetric polynomial
is a linear combination of V ′

Js, g =
∑

CJVJ for some CJ and hence∫

ΩN

f(z)g(z)dµN (z) =
∑

CJ

∫

ΩN

f(z)VJdµN (z) = 0.

Let E = span{f(e1, e2, · · · , eN )g(e1, e2, · · · , eN )} : f, g ∈ C[z1, z2, · · · ,
zN ] and let C denote the continuity of the function. Then E ⊂ C[e1, e2,
· · · , eN ] and E is dense in C[e1, e2. · · · , eN ]. Since each symmetric poly-
nomial can be written a polynomial of elementary polynomials, for every
F : ΩN → C(ΩN ),

0 =
∫

Ω
· · ·

∫

Ω
F (e1, · · · eN )|V (z1, · · · , zN )|2)dµ(z1) · · · dµ(zN ).

Take any continuous function f in C(ΩN ). Let Sf(z1, · · · , zN ) be the
symmetrization of f . Put F (z1, z2, · · · , zN ) = Sf(z1, z2, · · · , zN ). Then

0 =
∫

Ω
· · ·

∫

Ω
Sf(z1, · · · , zN )|V (z1, · · · , zN )|2dµ(z1) · · · dµ(zN )

=
1

|SN |
∑

σ∈SN

∫

Ω
· · ·

∫

Ω
f(zσ(1), · · · , zσ(N))|V (z1, · · · , zN )|2dµ(z1) · · · dµ(zN ).

Since |V (z1, · · · , zN )|2 and dµN are both invariant under permutations
of the coordinates, |V (z1, · · · , zN )|2dµN = 0. Thus µ is supported on
the set where V vanishes. Therefore we have the following :

Theorem 3.2. Let µ be a complex regular Borel measure on Ω which
is a subset of Ck and H a separable reproducing analytic space on Ω
which contains all polynomials. Then Tµ has finite rank if and only if µ
is supported on the finite set, that is, µ is a finite linear combination of
point masses.

Suppose µ is a complex regular Borel measure on the unit disk D.
For α > −1, the weighted Bergman space Ap

α consists of the analytic
functions in Lp(D, dAα), where dAα(z) = (α + 1)(1− |z|2)α

dA(z) =
1
π

(α + 1)(1− |z|2)α
dxdy. Then Kα

z (w) =
1

(1− zw)2+α is a reproducing

kernel of A2
α. Then < f, Kα

z > =
∫

D
f(w)Kα

z (w)dAα for all f ∈ A2
α, A2

α

is a separable reproducing analytic space and contains all polynomials.
If µ is absolutely continuous with respect to dAα then dµ = ϕdAα for
some ϕ ∈ L1(D, dAα). If Tµ has finite rank then {z ∈ D : ϕ(z) 6= 0}
is a finite set. Since Ap

α ⊂ Lp(D, dµ), µ is a Carleson measure on the
weighted Bergman space Ap

α and hence Tµ is a bounded linear operator.
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In fact, the measure µ is the zero measure and whenever ν is a complex
regular Borel measure on the unit disk D and Tν has finite rank, ν is a
finite linear combination of point masses.
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