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SOLVABILITY OF A THIRD ORDER NONLINEAR
NEUTRAL DELAY DIFFERENTIAL EQUATION

Zeqing Liu*, Wei Wang**, Jong Seo Park***
and Shin Min Kang****

Abstract. This work deals with the existence of uncountably many bounded
positive solutions for the third order nonlinear neutral delay differential equa-
tion

d3

dt3
[x(t) + p(t)x(t− τ)] + f(t, x(t− τ1), . . . , x(t− τk)) = 0, t ≥ t0,

where τ > 0, τi ∈ R+ for i ∈ {1, 2, . . . , k}, p ∈ C([t0, +∞),R+) and f ∈
C([t0, +∞)× Rk,R).

1. Introduction

The oscillation, nonoscillation and asymptotic behavior of first and second

order neutral delay differential equations have been investigated by several

authors, see, for example, [1]-[8] and the references cited therein.

Grammatikopoulos, Grove and Ladas [1] and Ladas and Sficas [4] studied

the asymptotic properties of the first order neutral delay differential equation

(1.1)
d

dt
[x(t) + px(t− τ)] + qx(t− δ) = 0, t ≥ t0,

where q, τ, δ ∈ R+ and p ∈ R. Yu, Chen and Zhang [7] discussed the

existence of a positive solution and an unbounded positive solution for the

first order neutral delay differential equation

(1.2)
d

dt
[x(t) + p(t)x(t− τ)] + q(t)x(t− δ) = 0, t ≥ t0,
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where τ, δ ∈ R+ and p, q ∈ C([t0, +∞),R+). Öcalan [5] and Zhang, Feng,

Yan and Song [8] investigated the existence of a positive solution for the be-

low first order neutral delay differential equation with positive and negative

coefficients

(1.3)
d

dt
[x(t) + p(t)x(t− τ)] + q1(t)x(t− δ1)

− q2(t)x(t− δ2) = 0, t ≥ t0,

where τ > 0, δ1, δ2 ∈ R+, p ∈ C([t0,+∞),R), q1, q2 ∈ C([t0, +∞),R+).

Kulenović and Hadžiomerspahić [3] studied the second order linear neutral

delay differential equation with positive and negative coefficients

(1.4)
d2

dt2
[x(t) + px(t− τ)] + q1(t)x(t− δ1)− q2(t)x(t− δ2) = 0, t ≥ t0,

where τ > 0, δ1, δ2 ∈ R+, p ∈ R and q1, q2 ∈ C([t0, +∞),R+), and estab-

lished the existence of a nonoscillatory solution for Eq.(1.4) by means of the

Banach fixed point theorem.

The purpose of this paper is to study the third order nonlinear neutral

delay differential equation

(1.5)
d3

dt3
[x(t) + p(t)x(t− τ)]

+ f(t, x(t− τ1), . . . , x(t− τk)) = 0, t ≥ t0,

where τ > 0, τi ∈ R+ for i ∈ {1, 2, . . . , k}, p ∈ C([t0,+∞),R) and f ∈
C([t0, +∞)×Rk,R). By using the Banach fixed point theorem, we get two

sufficient conditions for the existence of uncountably many bounded positive

solutions of Eq.(1.5). Two nontrivial examples are considered to illustrate

the results in this paper.

Throughout this paper, we assume that R = (−∞,+∞), R+ = [0,+∞),

α = t0 − max{τ, τi : i ∈ {1, 2, . . . , k}} and C([α, +∞),R) stands for the

set of all continuous and bounded functions on [α, +∞) with norm ‖x‖ =

supt≥α |x(t)| for each x ∈ C([α, +∞),R) and

A(N, M) = {x ∈ X : N ≤ x(t) ≤ M, t ∈ [α, +∞)}, M > N.



Third order nonlinear neutral delay differential equation 445

Obviously, A(N, M) is a nonempty bounded closed subset of C([α, +∞),R).

By a solution of Eq.(1.5), we mean a function x ∈ C([α, +∞),R) for some

T ≥ t0, such that x(t) + p(t)x(t− τ) is thrice continuously differentiable on

[T, +∞) and Eq.(1.5) holds for t ≥ T.

2. Main results

Now we prove the existence of uncountably many bounded positive solu-

tions for Eq.(1.5) by using the Banach fixed point theorem.

Theorem 2.1. Assume that there exist constants p∗,M, N and T0 and

functions q, r ∈ C([t0, +∞),R+) satisfying

0 ≤ p(t) ≤ p∗ < 1,

∀t ≥ T0 > |t0|+ max{τ, τi : i ∈ {1, 2, . . . , k}};
(2.1)

M >
N

1− p∗
> 0;(2.2)

|f(t, u1, u2, . . . , uk)| ≤ q(t),

∀(t, ui) ∈ [t0, +∞)× [N,M ], i ∈ {1, 2, . . . , k};
(2.3)

|f(t, u1, u2, . . . , uk)− f(t, u1, u2, . . . , uk)|
≤ r(t)max{|ui − ui| : 1 ≤ i ≤ k},
∀(t, ui, ui) ∈ [t0, +∞)× [N,M ]2, i ∈ {1, 2, . . . , k};

(2.4)

∫ +∞

t0

s2 max{q(s), r(s)}ds < +∞.(2.5)

Then Eq.(1.5) has uncountably many bounded positive solutions in A(N, M).

Proof. Let L ∈ (p∗M + N, M). It follows from (2.1), (2.2) and (2.5) that

there exist θ ∈ (0, 1) and T > T0 sufficiently large satisfying

θ = p∗ +
1
2

∫ +∞

T

s2r(s)ds,(2.6)

1
2

∫ +∞

T

s2q(s)ds ≤ min{M − L,L− p∗M −N}.(2.7)



446 Zeqing Liu, Wei Wang, Jong Seo Park and Shin Min Kang

Define a mapping SL: A(N,M) −→ C([α, +∞),R) by

(2.8) (SLx)(t) =





L− p(t)x(t− τ)

+
1
2

∫ +∞

t

(s− t)2f(s, x(s− τ1),

. . . , x(s− τk))ds, t ≥ T, x ∈ A(N, M),

(SLx)(T ), α ≤ t < T, x ∈ A(N, M).

In terms of (2.1), (2.3), (2.7) and (2.8), we get that for every x ∈ A(N, M)

and t ≥ T

(SLx)(t) = L− p(t)x(t− τ)

+
1
2

∫ +∞

t

(s− t)2f(s, x(s− τ1), . . . , x(s− τk))ds

≤ L +
1
2

∫ +∞

t

(s− t)2|f(s, x(s− τ1), . . . , x(s− τk))|ds

≤ L +
1
2

∫ +∞

t

s2q(s)ds

≤ L + min{M − L,L− p∗M −N}
≤ M

and

(SLx)(t) ≥ L− p∗M − 1
2

∫ +∞

t

(s− t)2|f(s, x(s− τ1), . . . , x(s− τk))|ds

≥ L− p∗M − 1
2

∫ +∞

t

s2q(s)ds

≥ L− p∗M −min{M − L, L− p∗M −N}
≥ N,

which imply that SL(A(N, M)) ⊆ A(N,M). In view of (2.1), (2.4), (2.7)

and (2.8), we deduce that for every x1, x2 ∈ A(N, M) and t ≥ T

|(SLx1)(t)− (SLx2)(t)|

=
∣∣∣∣− p(t)x1(t− τ) +

1
2

∫ +∞

t

(s− t)2f(s, x1(s− τ1), . . . , x1(s− τk))ds

+ p(t)x2(t− τ)− 1
2

∫ +∞

t

(s− t)2f(s, x2(s− τ1), . . . , x2(s− τk))ds

∣∣∣∣
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≤ p(t)|x1(t− τ)− x2(t− τ)|

+
1
2

∫ +∞

t

(s− t)2|f(s, x1(s− τ1), . . . , x1(s− τk))

− f(s, x2(s− τ1), . . . , x2(s− τk))|ds

≤ p∗‖x1 − x2‖

+
1
2

∫ +∞

T

s2r(s)max{|x1(s− τi)− x2(s− τi)| : 1 ≤ i ≤ k}ds

≤ p∗‖x1 − x2‖+
(

1
2

∫ +∞

T

s2r(s)ds

)
‖x1 − x2‖

≤ θ‖x1 − x2‖,
which gives that

(2.9) ‖SLx1 − SLx2‖ ≤ θ‖x1 − x2‖, ∀x1, x2 ∈ A(N, M),

which yields that SL is a contraction mapping and it has a unique fixed

point x ∈ A(N, M), which is a bounded positive solution of Eq.(1.5).

Now we show that Eq.(1.5) has uncountably many bounded positive

solutions in A(N, M). Let L1, L2 ∈ (p∗M + N,M) with L1 6= L2. For

i ∈ {1, 2}, as in the above proof, we can conclude that there exist constants

θi ∈ (0, 1), Ti > T0 and a mapping SLi : A(N,M) → C
(
[α, +∞),R

)
sat-

isfying (2.6)-(2.8), where θ, T, L and SL are replaced by θi, Ti, Li and SLi ,

respectively, and SLi has a unique fixed point zk ∈ A(N, M). It is clear that

z1 and z2 are bounded positive solutions of Eq.(1.5) in A(N, M). That is,

(2.10)
z1(t) = L1 − p(t)z1(t− τ)

+
1
2

∫ +∞

t

(s− t)2f(s, z1(s− τ1), . . . , z1(s− τk))ds

and

(2.11)
z2(t) = L2 − p(t)z2(t− τ)

+
1
2

∫ +∞

t

(s− t)2f(s, z2(s− τ1), . . . , z2(s− τk))ds.

Next we only need to show that z1 6= z2. It follows from (2.1), (2.4), (2.10)
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and (2.11) that for any t ≥ max{T1, T2}
|z1(t)− z2(t)|

=
∣∣∣∣L1 − L2 − p(t)z1(t− τ) + p(t)z2(t− τ)

+
1
2

∫ +∞

t

(s− t)2f(s, z1(s− τ1), . . . , z1(s− τk))ds

− 1
2

∫ +∞

t

(s− t)2f(s, z2(s− τ1), . . . , z2(s− τk))ds

∣∣∣∣
≥ |L1 − L2| − p∗‖z1 − z2‖

− 1
2

∫ +∞

t

s2
∣∣f(s, z1(s− τ1), . . . , z1(s− τk))

− f(s, z2(s− τ1), . . . , z2(s− τk))
∣∣ds

≥ |L1 − L2| − p∗‖z1 − z2‖ −
( ∫ +∞

max{T1,T2}
s2r(s)ds

)
‖z1 − z2‖

≥ |L1 − L2| −max{θ1, θ2}‖z1 − z2‖,

which implies that

‖z1 − z2‖ ≥ |L1 − L2|
1 + max{θ1, θ2} > 0,

that is, z1 6= z2. This completes the proof. ¤

Theorem 2.2. Assume that there exist constants p∗,M, N and T0 and

functions q, r ∈ C([t0, +∞),R+) satisfying (2.2)-(2.5) and

(2.12)
− 1 < −p∗ ≤ p(t) ≤ 0,

∀t ≥ T0 > |t0|+ max{τ, τi : i ∈ {1, 2, . . . , k}}.

Then Eq.(1.5) has uncountably many bounded positive solutions in A(N, M).

Proof. Let L ∈ (N, M(1 − p∗)). It follows from (2.2), (2.5) and (2.12)

that there exist θ ∈ (0, 1) and T > T0 sufficiently large satisfying

(2.13)
1
2

∫ +∞

T

s2q(s)ds ≤ min{M(1− p∗)− L,L−N}.

Define a mapping SL : A(N, M) −→ C([α, +∞),R) by (2.8).
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Using (2.3), (2.4), (2.8), (2.12) and (2.13), we get that for every x, y ∈
A(N, M) and t ≥ T

(SLx)(t) = L− p(t)x(t− τ)

+
1
2

∫ +∞

t

(s− t)2f(s, x(s− τ1), . . . , x(s− τk))ds

≤ L + p∗M +
1
2

∫ +∞

t

s2|f(s, x(s− τ1), . . . , x(s− τk))|ds

≤ L + p∗M +
1
2

∫ +∞

t

s2q(s)ds

≤ L + min{M(1− p∗)− L,L−N}
≤ M,

(SLx)(t) ≥ L− 1
2

∫ +∞

t

(s− t)2|f(s, x(s− τ1), . . . , x(s− τk))|ds

≥ L− 1
2

∫ +∞

t

s2q(s)ds

≥ L−min{M(1− p∗)− L,L−N}
≥ N

and

|(SLx)(t)− (SLy)(t)|

=
∣∣∣∣− p(t)x(t− τ) +

1
2

∫ +∞

t

(s− t)2f(s, x(s− τ1), . . . , x(s− τk))ds

+ p(t)y(t− τ)− 1
2

∫ +∞

t

(s− t)2f(s, y(s− τ1), . . . , y(s− τk))ds

∣∣∣∣
≤ |p(t)||x(t− τ)− y(t− τ)|

+
1
2

∫ +∞

t

(s− t)2|f(s, x(s− τ1), . . . , x(s− τk))

− f(s, y(s− τ1), . . . , y(s− τk))|ds

≤ p∗‖x− y‖+
(

1
2

∫ +∞

T

s2r(s)ds

)
‖x− y‖

≤ θ‖x− y‖,
which imply that SL(A(N, M)) ⊆ A(N,M) and (2.9) holds. Thus SL has

a unique fixed point x ∈ A(N, M), which is a bounded positive solution of
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Eq.(1.5). The rest of the proof is similar to that of Theorem 2.1, and is

omitted. This completes the proof. ¤

3. Examples

Finally we construct two examples to show applications of the results in

section 2.

Example 3.1. Consider the following third order nonlinear neutral delay

differential equation

(3.1)

d3

dt3

[
x(t) +

t2 sin2 (t5 − 1)
1 + 3t2

x(t− τ)
]

+
√

1 + 2tx2(t− 5)x3(t− 9)
t4 + (1 + 2t2 + 3t3) ln(1 + t2)

= 0, t ≥ 1,

where τ > 0 is a constant. Let t0 = 1, k = 2, M = 4, N = 2, p∗ = 1
3 , T0 =

2 + max{9, τ} and

p(t) =
t2 sin2 (t5 − 1)

1 + 3t2
, τ1 = 5, τ2 = 9,

f(t, u, v) =
√

1 + 2tu2v3

t4 + (1 + 2t2 + 3t3) ln(1 + t2)
, q(t) =

M5
√

1 + 2t

t4
,

r(t) =
5M4

√
1 + 2t

t4
, ∀(t, u, v) ∈ [t0, +∞)× R2.

It is easy to see that (2.1)-(2.5) are fulfilled. It follows from Theorem 2.1

that Eq.(3.1) has uncountably many bounded positive solutions in A(N,M).

Example 3.2. Consider the following third order nonlinear neutral delay

differential equation

(3.2)

d3

dt3

[
x(t)− t2 ln(1 + t4)

1 + 2t2 ln(1 + t4)
x(t− τ)

]

+
tx7(t− 2)− ln

(
1 + t2x2(t− 3)

)

(1 + t)4 + tx2(t− 49)
= 0, t ≥ 0,

where τ > 0 is a constant. Let t0 = 0, k = 3, M = 7, N = 3, p∗ = 1
2 ,
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T0 = 1 + max{49, τ} and

p(t) = − t2 ln(1 + t4)
1 + 2t2 ln(1 + t4)

, τ1 = 2, τ2 = 3, τ3 = 49,

f(t, u, v, w) =
tu7 − ln

(
1 + t2v2

)

(1 + t)4 + tw2
, q(t) =

tM7 + ln(1 + M2t2)
(1 + t)4 + tN2

,

r(t) =
Q

[(1 + t)4 + tN2]2
, ∀(t, u, v, w) ∈ [t0,+∞)× R3,

where Q = Mt[9M7t + 2M2t2 + 7M5(1 + t)4 + 2t(1 + t)4 + 2 ln(1 + M2t2)].

It is easy to see that (2.2)-(2.5) and (2.12) are fulfilled. It follows from

Theorem 2.2 that Eq.(3.2) has uncountably many bounded positive solutions

in A(N, M).

References

[1] M. K. Grammatikopoulos, E. A. Grove and G. Ladas, Oscillations of first-order
neutral delay differential equations, J. Math. Anal. Appl. 120 (1986), 510–520.

[2] M. K. Grammatikopoulos, G. Ladas and Y. G. Sficas, Oscillation and asymptotic
behavior of first-order neutral equations with variable coefficients, Rad. Mat. 2 (1986),
279–303.
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