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SOLVABILITY OF A THIRD ORDER NONLINEAR
NEUTRAL DELAY DIFFERENTIAL EQUATION
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ABSTRACT. This work deals with the existence of uncountably many bounded
positive solutions for the third order nonlinear neutral delay differential equa-
tion

3
C;l?[gc(t) +p)x(t—71)]+ ft,x(t—71),...,z(t — 7)) =0, t>to,

where 7 > 0, 7; € Rt for i € {1,2,...,k}, p € C([to, +o0),RT) and f €
C([to, +00) x R*,R).

1. Introduction
The oscillation, nonoscillation and asymptotic behavior of first and second
order neutral delay differential equations have been investigated by several
authors, see, for example, [1]-[8] and the references cited therein.
Grammatikopoulos, Grove and Ladas [1] and Ladas and Sficas [4] studied

the asymptotic properties of the first order neutral delay differential equation
d
(1.1) a[ac(t)—i-pac(t—T)] +qx(t—9)=0, t>t,

where ¢,7,6 € RT and p € R. Yu, Chen and Zhang [7] discussed the
existence of a positive solution and an unbounded positive solution for the

first order neutral delay differential equation

(1) L)+ 0t - ) + et —0) =0, t> 1t
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where 7,0 € Rt and p,q € C([ty, +00), RT). Ocalan [5] and Zhang, Feng,
Yan and Song [8] investigated the existence of a positive solution for the be-
low first order neutral delay differential equation with positive and negative

coeflicients

(1.3) %[ﬂf(t) +p(t)a(t — 7)] + qu(t)z(t — 61)
— q2(t)x(t —62) =0, t>to,

where 7 > 0, 61,02 € Rt p € C([ty, +0),R), ¢1,q2 € C([to, +oc),R™).
Kulenovi¢ and Hadziomerspahié [3] studied the second order linear neutral

delay differential equation with positive and negative coeflicients

2

(1.4) %[x(twpm(t—ﬂ]+q1(t)m(t—51)—qz(t)x(t—éz):o, L 1o,

where 7 > 0, §1,02 € RY, p € R and ¢1,q2 € C([tg, +o0),RT), and estab-
lished the existence of a nonoscillatory solution for Eq.(1.4) by means of the
Banach fixed point theorem.

The purpose of this paper is to study the third order nonlinear neutral
delay differential equation

a3
(w5 lat) + p(t)a(t — 7]
+ flt,x(t —1),...,x(t —71)) =0, t>to,

where 7 > 0, 7; € R" for i € {1,2,...,k}, p € C([to,+0),R) and f €
C([to, +o0) x R¥ R). By using the Banach fixed point theorem, we get two
sufficient conditions for the existence of uncountably many bounded positive
solutions of Eq.(1.5). Two nontrivial examples are considered to illustrate
the results in this paper.

Throughout this paper, we assume that R = (—oo, +00), Rt = [0, +00),
a =ty —max{r,7 i € {1,2,...,k}} and C([o,+0),R) stands for the
set of all continuous and bounded functions on [, +00) with norm ||z| =

sup;,, |2(t)| for each x € C([a, +o0), R) and

AN M)={xe X: N <z(t) < M,t € [a,+0)}, M > N.
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Obviously, A(N, M) is a nonempty bounded closed subset of C([«, +00), R).
By a solution of Eq.(1.5), we mean a function z € C([a, +00),R) for some
T > tg, such that x(t) + p(t)x(t — 7) is thrice continuously differentiable on
[T, 4+00) and Eq.(1.5) holds for ¢t > T.

2. Main results
Now we prove the existence of uncountably many bounded positive solu-

tions for Eq.(1.5) by using the Banach fixed point theorem.

THEOREM 2.1. Assume that there exist constants p*, M, N and Ty and

functions q,r € C([tg, +00), RT) satisfying

0<p(t) <p"<1,

2.1
@1) Vit > Ty > |to| + max{r,7; : i € {1,2,...,k}};
2.2 M 0;
(2.2) > 7 — > 0;
‘f(tvulau% s ,Uk;)| < Q(t)a
(2.3)
V(t,u;) € [to, +00) X [N, M], i € {1,2,... ,k};
|f(tur,ug, o ug) — f(E U, T, )|
(2.4) < r(t) max{|u; —u;| : 1 <i <k},
V(t,ui, ;) € [to, +00) x [N, M]?, i€ {1,2,... ,k};
+oo
(2.5) / s* max{q(s), r(s)}ds < 4o0.
to

Then Eq.(1.5) has uncountably many bounded positive solutions in A(N, M).

Proof. Let L € (p*M + N, M). It follows from (2.1), (2.2) and (2.5) that
there exist 6 € (0,1) and T' > Ty sufficiently large satisfying

1 [t
(2.6) ezpﬂ+/ s*r(s)ds,
2T

+oo
(2.7) / s2q(s)ds <min{M — L,L — p*M — N}.

1
2Jr
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Define a mapping Si: A(N, M) — C(]o, +0),R) by
(L —p(t)z(t —7)
1 [t
—I—/ (s — )% f(s,2(s — 71),
t

28) (St ={ 2
conx(s—Tg))ds, t>T, € AN, M),

L (Spz)(T), a<t<T,ze A(N,M).

In terms of (2.1), (2.3), (2.7) and (2.8), we get that for every x € A(N, M)
andt > T

(Spx)(t) = L —p(t)a(t —7)

+oo

—i—;/t (s —t)2f(s,2(s —T1),...,2(s — T))ds
+oo

§L+;/t (5 — 21 (5, 2(s — 71, 25 — 72))|ds

1 [t
<L+ - s*q(s)ds

2 Ji
<L+min{M—-L,L—p"M — N}
<M

and
+o0
($u0)0) > L=y M =5 [ (s = 01 (sals = m)oooals = )l

1 [re
>L—p"M— 2/ s2q(s)ds
t
>L—p*M —min{M — L, L —p*M — N}
> N,

which imply that Sp(A(N,M)) C A(N,M). In view of (2.1), (2.4), (2.7)
and (2.8), we deduce that for every zq1,29 € A(N,M)and t > T

|(Spa1)(t) = (Spw2)(t)]

+oo
_ —p(t)xl(t—T)—i—;/t (5 — 12 F(5,01(5 — 1)y 1 (5 — 7))

1

+oo
+p(t)xa(t — 1) — 2/t (s —t)2f(s,20(5 —T1),...,22(s — 73))ds
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< p(B)|ea(t = 7) — ot — 7)]

+o0o
+;/t (3—t)2’f(8,$1(8—7'1),...,;131(3_Tk))

— f(s,z2(s —711),...,22(s — 7)) |ds

<p*llzr — z2|

1 [ree
+ 2/ s2r(s)max{|z1(s — ;) — x2(s — )| : 1 < i < k}ds
T

<p*ller — 2| + <2/ SQT(S)d5> |21 — 22|
T

< 0|z — 22|,

which gives that
(29) ||SL(L'1—SL:E2H SHH.Tl—(EQH, V:El,{bg EA(N,M)7

which yields that Sy is a contraction mapping and it has a unique fixed
point € A(N, M), which is a bounded positive solution of Eq.(1.5).

Now we show that Eq.(1.5) has uncountably many bounded positive
solutions in A(N,M). Let Li,Ly € (p*M + N,M) with Ly # Ls. For
i € {1,2}, as in the above proof, we can conclude that there exist constants
0; € (0,1),T; > Ty and a mapping Sr, : A(N,M) — C([a,—l—oo),]R) sat-
isfying (2.6)-(2.8), where 0,7, L and Sy, are replaced by 6;,T;, L; and Sg,,
respectively, and Sy, has a unique fixed point z;, € A(N, M). It is clear that
z1 and zy are bounded positive solutions of Eq.(1.5) in A(N, M). That is,

21(t) = L1 — p(t)z1(t — 7)

2.10 oo
(2.10) —|—;/t (s —t)2f(s,21(s = T1),...,21(5 — 71))ds
and
29(t) = Lo — p(t)22(t — T)
2.11 Foo
(211) +;/t (s — )2 F(5,22(5 — T1)s ., 2a(5 — 73))ds.

Next we only need to show that z; # z5. It follows from (2.1), (2.4), (2.10)
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and (2.11) that for any ¢t > max{7Ty,T»}

[21(2) = z2(t))]

~[21 - L2 - p0a - 1) 40200 7)

+oo
+;/t (s—t)Qf(s,zl(s—Tl),...,zl(s—rk))ds

1 [T

— 2/ (s—t)zf(s,zg(s—Tl),...,22(s—7'k))ds
t

> |Ly — La| — p*[|z1 — 22|

+oo
;/t 52|f(s,21(577'1),...,21(ska))

— f(s,22(s = 711),...,22(s — Tk))’ds

+oo
ZMrJd—ﬂWrwﬂ—</ s%@w)m—@n
max{Ty,T>}

Z ‘Ll — L2| — max{91,02}||zl — 2’2”,

which implies that

L1 — Lo|
— > > 0,
H21 ZZH - 1—|—maX{01,92}
that is, z; # 2zo. This completes the proof. ]

THEOREM 2.2. Assume that there exist constants p*, M, N and Ty and
functions q,r € C([tg, +00), RT) satisfying (2.2)-(2.5) and
—1<—p" <p(t) <0,
(2.12)
Vit > Ty > ’to‘ +max{7,7i NS {1,2,...,k}}.
Then Eq.(1.5) has uncountably many bounded positive solutions in A(N, M).

Proof. Let L € (N,M(1 — p*)). It follows from (2.2), (2.5) and (2.12)
that there exist # € (0,1) and T > Ty sufficiently large satisfying

—+oo
(2.13) % /T s2q(s)ds < min{M(1 —p*) — L,L — N}.

Define a mapping Sy, : A(N, M) — C([a, +00),R) by (2.8).
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Using (2.3),(2.4), (2.8), (2.12) and (2.13), we get that for every z,y €
A(N,M) and t > T
(Sp)(t) = L —p(t)z(t — 7)

+oo
+;/t (s —t)2f(s,z(s —11),...,2(s — 71))ds

1 [t
§L+p*M+2/ $2|f(s,x(s —11),...,2(s — 11))|ds
t

I
<L+p"M+ 2/ s2q(s)ds
t
< L+min{M(1—-p*)—L,L— N}
<M,

+oo
(Spa)(t) > L— ;/t (5 = 02| f(5,2(5 = 71), -, 2(s — 7))\

I
>L— / s2q(s)ds
t

2
> L—min{M(1—-p*)—L,L— N}
>N
and

|(Spa)(t) = (Sry) (@)

—+oo
—pW)x(t —T1)+ % /t (s —t)2f(s,2(s —11),...,2(s — 71))ds

=) =3 [ 5 0ot~ )l )i
< ()t = 7) e — )
+ % /t+00(8 —t)?|f(s,x(s —11),...,2(s — 1))
= f(s,y(s =m), .., y(s — 7)) |ds
<ol ol + (5 [ s )le ol
< 0l .

which imply that Sp(A(N,M)) C A(N,M) and (2.9) holds. Thus Sz, has
a unique fixed point x € A(N, M), which is a bounded positive solution of
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Eq.(1.5). The rest of the proof is similar to that of Theorem 2.1, and is
omitted. This completes the proof. O

3. Examples

Finally we construct two examples to show applications of the results in

section 2.

ExaMpLE 3.1. Consider the following third order nonlinear neutral delay

differential equation

d? t?sin? (5 — 1)

73 $(t) T a2

dt 1+3t
V1+2tz?(t —5)23(t — 9)

x(t—7)
(3.1)

=0, t>1,
t4 4 (1 + 2t2 4 3t3) In(1 + 2) =
where 7 > 0 is a constant. Let to =1, k=2, M =4, N =2, p* = %,Tg =
2 + max{9, 7} and
t2sin? (> — 1)
ty=-——"—~ =5 —9
p() 1+3t2 ) 1 ; T2 )
1+ 2tuv? M>\/1+2t
f(t,u,v): 4 2 3 2\ q(t):74’
t4+ (14 262 + 3t3) In(1 + £2) ¢
5M*A\/1+2t
r(t) = a4 Y(t,u,v) € [tg, +00) X R2.

It is easy to see that (2.1)-(2.5) are fulfilled. It follows from Theorem 2.1
that Eq.(3.1) has uncountably many bounded positive solutions in A(N, M).

ExAMPLE 3.2. Consider the following third order nonlinear neutral delay

differential equation

d? t2In(1 + t4)
- |2(t) — 2 1
dt 1+ 2t21In(1 + t4)
tz”(t —2) —In (1 + t2z2(t — 3))
(14 6)* + tz2(t — 49)

x(t—7)
(3.2)

=0, t>0,

where 7 > 0 is a constant. Let tg =0, k =3, M =7, N =3, p* = 3,
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To = 1+ max{49, 7} and

t21n(1 + t*)

p(t) 1t22n(l+) -9 2T BT

o) = (L4 E07) M7+ In(1 + M2)

U (L) tw? N =""a Nz
Q

_ 3
T(t) - [(1 +t)4 +tN2]2’ V(t,u,v,w) € [t0’+OO) x R )

where Q = Mt[OM "t +2M?2t2 + TM> (1 +t)* + 2t(1 +t)* + 21In(1 + M?>¢?)].
It is easy to see that (2.2)-(2.5) and (2.12) are fulfilled. It follows from

Theorem 2.2 that Eq.(3.2) has uncountably many bounded positive solutions
in A(N,M).

REFERENCES

M. K. Grammatikopoulos, E. A. Grove and G. Ladas, Oscillations of first-order
neutral delay differential equations, J. Math. Anal. Appl. 120 (1986), 510-520.

M. K. Grammatikopoulos, G. Ladas and Y. G. Sficas, Oscillation and asymptotic
behavior of first-order neutral equations with variable coefficients, Rad. Mat. 2 (1986),
279-303.

M. R. S. Kulenovi¢ and S. Hadziomerspahié¢, Existence of nonoscillatory solution of
second order linear neutral delay equation, J. Math. Anal. Appl. 228 (1998), 436—-448.
G. Ladas and Y. G. Sficas, Oscillations of neutral delay differential equations, Canad.
Math. Bull. 29 (1986), 438—445.

0. Ocalan, Ezistence of positive solutions for a meutral differential equation with
positive and negative coefficients, Appl. Math. Lett. 22 (2009), 84-90.

Z. Liu and S. M. Kang, Infinite many nonoscillatory solutions for second order non-
linear neutral delay differential equations, Nonlinear Anal. 70 (2009), 4274-4293.

J. S. Yu, M. P. Chen and H. Zhang, Oscillation and nonoscillation in neutral equa-
tions with integrable coefficients, Comput. Math. Appl. 35 (1998), 65-71.

W. P. Zhang, W. Feng, J. Yan and J. S. Song, Ezistence of nonoscillatory solutions
of first-order linear neutral delay differential equations, Comput. Math. Appl. 49
(2005), 1021-1027.



452 Zeqing Liu, Wei Wang, Jong Seo Park and Shin Min Kang

*

DEPARTMENT OF MATHEMATICS
LIAONING NORMAL UNIVERSITY
DALIAN, LIAONING 116029, PEOPLE’S REPUBLIC OF CHINA

E-mail: zeqingliu@dl.cn

k3%

DEPARTMENT OF MATHEMATICS
LI1AONING NORMAL UNIVERSITY
DALIAN, LIAONING 116029, PEOPLE’S REPUBLIC OF CHINA

E-mail: weiwang830329@163.com

koK ok

DEPARTEMNT OF MATHEMATICS EDUCATION
CHINJU NATIONAL UNIVERSITY OF EDUCATION
JINJU 660-756, REPUBLIC OF KOREA

E-mail: parkjsQcue.ac.krl

koK ok >k

DEPARTMENT OF MATHEMATICS AND RINS
GYEONGSANG NATIONAL UNIVERSITY
JINJU 660-701, REPUBLIC OF KOREA

E-mail: smkang@gnu.ac.kr



