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Abstract: This paper presents a new global optimization algorithm based on the branch-and-bound principle using B-
spline approximation techniques. It describes the algorithmic components and details on their implementation. The key
components include the subdivision of a design space into mutually disjoint subspaces and the bound calculation of the
subspaces, which are all established by a real-valued B-spline volume model. The proposed approach was demonstrated
with various test problems to reveal computational performances such as the solution accuracy, number of function
evaluations, running time, memory usage, and algorithm convergence. The results showed that the proposed algorithm
is complete without using heuristics and has a good possibility for application in large-scale NP-hard optimization.
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A Branch-and-Bound Global Optimization

Input f(x) // objective function

Xmin and Xmax // search domain (or feasible domain)

g and & // tolerances for convergence test

N // no. of sample points

M // no. of splitting nodes along each axis
Output x* // searched solution
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Algorithm Initialize( )

{
// initialize the global variables and parameters
n<l1l
m €& MP

// n = no. of nodes generated

// m = no. of child nodes

// D = no. of design variables

// make a root node for the tree construction
create a root node, X°

XL(X%) € Xmin and XU(X%) € Xmax

LB(X%) & —o0 and UB(X%) & oo

Xbest & X0 and Xk € X0

return Xk

}

Algorithm Global_Minimize( inputs, output )
Xk = Initialize()
while( Xk # 0) do {
Branch_and_Bound( X¥)
Xk = Search_and_Prune( X¥)
Xk = Search_and_Prune( X°)
1
x* = FindSolution() // output

Terminate( )

Fig. 1 Overall view of the proposed algorithm

Fig. 2 Algorithm for the initialization of global variables
and parameters

Algorithm Branch_and_Bound( Node Xk )
{
do Bspline_Approximation( X, AX(X) )
do Subdivide_Space( A¥(X), {Ai(X)})
do Compute_Bounds( X¥, {Ai(X)})

}

Fig. 3 Algorithm for node branching and its bound
calculation



194 v}

=

Algorithm Search_and_Prune( Node X*)
{

do Recaluate_ParentBound( X*)

do Search_BestNode( X, fbest)

do Prune_Nodes( Xk, foest )

do Find_NextNode( Xk, Xnext)

do Test_Convergence( X&)

return Xnext

Fig. 4 Algorithm for node searching and pruning

Algorithm FindSolution()
{

return x* = 0.5%( XL(XPest) + XU(Xbest) )
}

Fig. 5 Algorithm for finding the optimal solution from Xbest

Algorithm Bspline_Approximation( Node X*, Model
A(X) )
{

// generate sample points

By LHS method, we generate sample points, x;

(i=0,..,N-1) existing in the current space {X¥}

// evaluate objective function at the sample points
We obtain the values of the objective function f(x) at

the sample points, i.e., y;=f(x)

// build an approximate model to supply bounds
information

We generate a B-spline hypervolume, A%(X), with the
(x;, ;) (i=0,...,N-1)

Algorithm Subdivide_Space( Model A¥(X), ModelSet
{ARO})
{
// we split AK(X) into A(X) (i=0,...,m-1)
insert AK(X) to A_List
for each e = 1,...D, do {
for each A(X) in A_List do {
subdivide A(X) to Si(X) (i=0,..,M-1) uniformly
along the e-th axis.
insert all Si(X) to S List
}
A List € S List and clear the S List
}
{AX)} € A_List // A(X) is the i-th element of A List
}

Fig. 7 Algorithm for subdividing B-spline approximate
model covered by Xk

Algorithm Compute_Bounds( Node X, ModelSet
{A(X})
{
for eachi = 0,...m-1, do {
create the child node X"*! below Xk
compute XL(X"*) and XUX"*) from Ai(X)
compute LB(X"*) and UB(X"*!) from A;(X)
delete Ai(X)
} // it holds that {X}} = {X"} U {X"*1} U ... {X+m-1}
n < n+m

}

Fig. 8 Algorithm for computing lower and upper bounds of
each child subspace

O zMd-E=o0lM =Xl ALt (Fig. 5)

Fig. 6 Algorithm for B-spline approximation

O HMER| 2 ==EAF (Fig. 4)

o ohele] Ed Tzl gEgol
Fta1, o] HAa AR
L. e
429 st

A7HA BAE Hdess v HHEE
TR oI =R HAH S VHE AREske] S
= 7% F o ddel HAdmE=e HaA
(XL)2t }MV&(XU)% ool Akt



L

EEe] Jas, D Ae] AAEd
M” olth. Ze]ar Hj2=Zeel RHlo]
749 (knot insertion)®S E3af & Hr},

S| XpAlle=o| Abslslgh HAF (Fig. 8)

HotE 7 AR RRE s Y
= A, FAO] AR Ee] BHAEIHXL, 4
2F3FEHH(LB, UB)yS Attt o] 7] galg7ke. AL
mdlo] AHME7} AHolsk= gEbr|E Fgkolw, A5t

Moo 0 0 O
Ho rlr K
M
e
x

O

i

ok

n o

lo,
X
1>
b
iy

ok
s
Mo
:
é
td
i)
o
BN
o
)
il
ol
=,
2
N
=
2y
o
ox *
r
=

o] 7] witoltt.

3.3 A EZ| 3 LA

H9H4st dads A 195

O z[d-=2of EA (Fig. 10)

AHEE (XK ofglo] BE leaf == ZH7}o
leaf >0 Aghgho] @A7HA FE HA
(xbesty o] A3ttt Zohd 1 feaf =EE FH
w2 A4,

)

3)

b
(r

5

b

O == &H (Fig. 1)
e g 7 okde] EeFrelA 7k £

)
-

Algorithm Recaluate_ParentBound( Node X*)
{
repeat until X< # X°
{
Xparent & the parent of Xk
Xith-child & the j-th child of Xparent

// X° denotes the root node

UB(Xparent) - max( UB(xlst_chiId), o UB(xIast_chiId) )
LB(Xparent) = min( LB(XISt—Ch”d), C LB(xIast_chiId) )
Xk & Xparent

}

Algorithm Prune_Nodes( Node XX, float fbest)
{
// prune the nodes having no solution in its space
if LB(X¥) > fPest then remove X¥ and its all children
else {
for each child node X<"ld under X // DFS is used
if LB(xchiId) > fbest

then remove X<"ld and its all children

Fig. 11 Algorithm for node pruning

Algorithm Find_NextNode( Node Xk Node X"ext )
{
frext & L B(XPest)
if X< is 0, then Xk & the parent of X*
for each leaf node under XX
if LB(X'eaf) < fnext
then frext & [ B(X'eaf) and Xnext & Xleaf
}

Fig. 9 Algorithm for updating all the parents for tighter
bounding

Algorithm Search_BestNode( Node XX, float fPest)
{
fbest & UB(xbest)
for each leaf node under XX
if UB(Xleaf) < foest
then foest & UB(X'eaf) and XPest & Xleaf

Fig. 12 Algorithm for selecting the next node which new
iteration starts from

Fig. 10 Algorithm for searching the best node

Algorithm Test_Convergence( Node Xk )
{
// test of convergence (X° means the root node)
if (UB(X¥) — LB(XX)) / (UB(X%) — LB(X?) < &
and XU(XK) — XL(X¥) < g
then Xbest & X< and Xk € 0

Fig. 13 Algorithm for convergence test
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Table 1 Test functions used as objective function for
unconstrained global minimization

Label Test function

Definition Search domain

AC Ackley Eq. (7) [-15, 30T
GR  Griewank Eq. (8) [—600, 6007
MI Michalewics Eq. (9) [0, n)?
RA  Rastrigin Eq. (10) [-5.12,5.12)2
SC Schwefel Eq. (11) [—500, 500]*
GP Goldstein & Price  Eq. (12) 2,21
BR Branin Eq. (13) [-5,10] x [0, 15]
Cé6 Six-hump Camel Eq. (14) [-5, 51
SH Shubert Eq. (15) [-10, 10T
Q .h‘f‘*,‘n‘h‘t.n
ww; -
[y
T R
(a) Ackley (b) Griewank
oA,
MA“, ¢ L }‘M
v a AA‘. AR
Lo sV
(c) Michalewics (d) Rastrigin
A
AR o " 24 A Lo
u“ 7'} pov
v v
(e) Schwefel () Goldstein & Price

e =

(1) Shubert

_—

(h) Six-hump Camelback

Fig. 14 Function graph of test functions
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Memory size = (# nodes) x (node size)

(# nodes) = 1 + (# splitting nodes)P x (# branch)
(node size) = 16 + 8 x D + 4 x (# splitting nodes)"

-
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Table 2 Performance results produced by the proposed
algorithm for test functions

Performance AC GR MI RA SC

lobal X 0.0 0.0 2.2029 0.0 4209687
globa 0.0 0.0 1.5708 0.0 420.9687
SOL

f(x) 0.0 0.0 -1.8013 0.0 0.0
SOL  x* 0.000127  -0.00229  2.2043 0.0 420.9668

0.000127  -0.00229  1.5708 0.0 4209724

found

f(x*)  0.000509 0.000004 -1.8013 0.0 0.000028
solution - 0.00018 00032  0.0014 0.0 0.0042
accuracy
objective 0.509 0.004 00016 0000  0.028
accuracy(%)
# function calls 70 666 105 305 190
run-time(ms) © 141 922 172 453 313
tolerance @ 1.0e-3 1.0e-2 1.0e-2 1.0e-3 1.0e-2
#splitting nodes 3 4 3 3 3
# sample points 5 9 7 5 5

(a) Computed by || x* - x|

(b) Computed by ||f(x*) - f(x°)|| / max( ||f(x°™)||, 0.1)

(c) Measured in milliseconds. It excludes the function evaluation times.
(d) Used for stopping criterion.

Table 3 Memory usage of the proposed method

AC GR MI RA SC

# branch 14 74 15 61 38
# total nodes 127 1185 136 550 343
memory size, KB

(without pruning) 84 11L1 90 365 228
# pruning nodes 108 1159 116 524 319

pruning ratio (%) 85.0 97.8 85.3 95.3 93.0

memory size, KB
(with pruning) 13 24 13 17 16

Table 3 ¥} o] === AHA|3 79 H+ 1.7 KB,
FabAl 9] A9 37.6 KB ZA], =5 AHA 7} go] o
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—*Lower bound of next node =*=Upper bound of best node
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rl
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G0

40

40 50 60 70

Chjective function value

Vall's
V

Iteration number

(a) Ackley function (b) Griewank function
—*Lower bound of next node —*=Upper bound of hest node = Lowar bound of next nade =*=Upper bound of hest node
3 4 5 6 7 % 9 10 11 s
y ° —— E )\
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TE -05% E 20 ‘u
T s T N 5 o :
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® c S -
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2 ©
o -80
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(c) Michalewics function (d) Rastrigin function
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2 1 12 18 23 28 33 2]
o 500
=
® 0 ’%’m
>
S 500
2
L oacoo "/
=]
w1500 /
=
£ 2000
2 2500 /
° Iteration number
(e) Schwefel function
Fig. 15 Algorithm convergence of test functions
O =805 mch ZX} (Fig. 16) (N)ZA LHS B o&) AAEE FEHY M
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i L S TFEEE e 1EE Fhe
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LF=foltt, B HAE wA9 A$- o] F S O 2= 715 (Fig. 18)
FAA ST Fig 167 Lol ARl ALEH s 5o wel w5 Rawe FE0el s
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Fig. 16 Performance test of the convergence tolerance

(b) Six-hump Camelback function
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) ) Table 4 Number of function calls of various methods
—==Soluticn accuracy  ~*"No. of function calls compared to the proposed approach
T OO TR T, ogonm 7 s Method GP__BR___C6 SH
5 oo it / 32;33 S Bremmerman 250
i 005 VAL 2 Mod. Bremmerman 300 160
g 000 oooﬁ F10 3 Zilinskas 5129
§ 0.09%pcop079  D.00POST | 0000107 __—~ kS0 % Torn 2499 1558
£ 00000 PSR 0 8 Gomulka-V.M. 1495 1318
3 1.0E-06 1.0E-05 1.0E-04 1.0E-03 1.0E-02 Price 2500 1800
a Tolerance for stopping criterion Fagiuoli 158 1600
De Biase-Frontini 378 587
(a) Michalewics function Mockus 362 189
Belisle et al. 4728 1846
—==Solution accuracy ~ ~*No. of function calls Boender et al.' 398 235
) Snyman-Fatti 474 178
T o004 ii\ I, i} i;; = Kostrowicki-Piela 120 120
X 00030 ] 18 e | O Yao 1132
X &ﬂ\ﬁ.\/‘lﬁzg £ Pettunen 82 97 54 197
8 ooto / 10 5 Stuckman 113 109 96
H 0.000001 000002 | 0.00p005 0.000¥32 0% Jones et al. 191 195 285 2967
g 0000 ‘ o 2 Storn-Price 1018 1190 416 1371
'a_g 1 0E-06 1 0E-C5 10E-04 10E-03 1.0E-02 MCS(I) 94 51 37 566
A Tolerance for stopping criterion MCS(Z) 194 57 44 48
Our approach 138 127* 88** 135

@ Perturbed box bounds (see ref [11] for details)

@ Unconstrained problem (see ref [11] for details)

*Average evaluations over 3 global minima (cf: 127= (168+78+136)/3)
**Average evaluations over 2 global minima (cf: 88 = (125+51)/2)
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Fig. 17 Performance test of the number of sample points

(b) Six-hump Camelback function
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(b) Six-hump Camelback function

Fig. 18 Performance test of the number of splitting nodes
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Table 5 Performance results of multivariable test function,

Eq. (16)

No. of design
e 2 3 4 5 6 7 8 9

variables
x* @ ® ©© @ @ 6O @ o
f(x*) 0.000 0.000 0.000 0.000 0.000 0.000 0.003 0.017
000 000 056 071 000 209 599 626
[| x* - x| 0.000 0.000 0.006 0.007 0.000 0.014 0.043 0.126
opt OOE- 0.0E- 56E- 7.E- 0.0E- 2.1E- 3.6E- 18E-
[[Fx*) - £ 6 s s 6 4 3 2
# functioncalls 33 48 117 168 300 576 1870 2880
run-time(sec) ~ 0.016 0.078 0203 1.079 6.765 44.92 4904 2752.
# sample points 3 4 9 12 20 36 110 160

(a) (0.000000, 0.000000)

(b) (0.000000, 0.000000, 0.000000)

(c) (0.005758, -0.000339, -0.002710, 0.000677)

(d) (0.004742, -0.004742, -0.000339, -0.000339, -0.001016)

(e) (0.000000, 0.000000, 0.000000, 0.000000, 0.000000, 0.000000)

() (0.013887, -0.002710, -0.000339, 0.000000, 0.000339, -0.000339, -
0.000677)

(2) (-:0.008129, -0.041322, -0.005081, -0.002710, 0.000000, -0.002710,
0.000000, 0.000000)

(h) (-0.123626, 0.014225, 0.006097, 0.000000, -0.008129, -0.013887,
0.000000, 0.000000, 0.006097)

Table 6 Performance results of multivariable test function,
Eq. (17)

No.ofdesign —, 5 4 5 ¢ 7 g 9
variables

x* @ O © @ @@ 6O @ O

fix*) 0.000 0.000 0.000 0.004 0.013 0.033 0.044 0.035
000 000 073 676 684 523 614 346

[ x* - x| 0.000 0.000 0.008 0.068 0.113 0.180 0.211 0.188
¢ 0015- 0.0E- 73E- 47B- 14E- 34E- 4.5E- 3.5E-

[[F(x*) - Fx*P)| 6 s 3 2 2 2 )
#functioncalls 80 270 800 2158 4480 7200 8960 10540
run-time(sec) ~ 0.047 0.141 2.031 32.63 383.0 3402. 4278. 13205

# sample points 10 30 80 166 320 480 560 620

(a) (0.000153, 0.000153)

(b) (0.000153, 0.000153, 0.000153)

(c) (0.003815, 0.003815, 0.003815, -0.005341)

(d) (-0.039074, -0.003124, 0.011311, 0.042980, -0.033848)

(e) (-0.039661, 0.043171, -0.010998, 0.081203, -0.041142, -0.031742)

() (0.020519, 0.093754, -0.063740, -0.127056, 0.041630, 0.020275,
0.031872)

(2) (0.123050, 0.014920, -0.032350, 0.037482, -0.031589, 0.102908,
0.037871, -0.117305)

(h) (-0.024569, -0.019987, 0.036230, -0.063807, 0.020956, -0.144533,
0.018465, 0.083029, 0.019869)
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