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NOTES ON CRITICAL ALMOST HERMITIAN STRUCTURES

Jung Chan Lee, Jeong Hyeong Park, and Kouei Sekigawa

Abstract. We discuss the critical points of the functional Fλ,µ(J, g) =R
M (λτ+µτ∗)dvg on the spaces of all almost Hermitian structuresAH(M)

with (λ, µ) ∈ R2 − (0, 0), where τ and τ∗ being the scalar curvature
and the ∗-scalar curvature of (J, g), respectively. We shall give several
characterizations of Kähler structure for some special classes of almost
Hermitian manifolds, in terms of the critical points of the functionals
Fλ,µ(J, g) on AH(M). Further, we provide the almost Hermitian analogy
of the Hilbert’s result.

1. Introduction

Let M be a compact orientable smooth manifold of dimension m. We de-
note by M(M) the set of all Riemannian metrics on M and Mc(M) = {g ∈
M(M) | V ol(M, g) = c}, where c is a positive constant. It is well-known
that a Riemannian metric g ∈ Mc(M) is a critical point of the (so-called)
Einstein-Hilbert functional F on Mc(M) denoted by

(1.1) F(g) =
∫

M

τdvg

if and only if g is an Einstein metric, where τ is the scalar curvature of g
and dvg is the volume element of g [5]. Now, let M be a compact smooth
manifold of dimension m = 2n admitting an almost complex structure. We
denote by AH(M) the set of all almost Hermitian structures on M . It is also
known that the space AH(M) is a contractible Frechet space. Let τ and τ∗

be the scalar curvature and the ∗-scalar curvature of (J, g), respectively. Let
(λ, µ) ∈ R2 − (0, 0). In [6], Koda introduced and studied the functional Fλ,µ

on AH(M), which is a generalization of the Einstein-Hilbert functional F in
almost Hermitian case, that is defined by

(1.2) Fλ,µ(J, g) =
∫

M

(λτ + µτ∗)dvg,
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and discussed the critical points on AH(M) and

AHc(M) = { (J, g) ∈ AH(M) | g ∈Mc(M)}.
We here note that, if (J, g) is a critical point of the functional Fλ,µ on AH(M),
then (J, g) is also a critical point of the functional Fsλ,sµ on AH(M) for any
non-zero real number s, and vice versa. In the present paper, we shall reconsider
the critical points of the functional Fλ,µ on AH(M) and AHc(M) by using a
slightly different method from the ones used by Koda [6], and give conditions
for an almost Hermitian manifold to be a Kähler manifold in terms of critical
almost Hermitian structures for certain (λ, µ). In the last section, we shall
remark on the critical points of the functional Fλ,µ on AHc(M).

2. Preliminaries

In this section, we prepare some fundamental tools which we need in our
arguments. Let M = (M,J, g) be a 2n-dimensional almost Hermitian manifold
with almost Hermitian structure (J, g) and Ω be the Kähler form of M defined
by Ω(X,Y ) = g(X,JY ) for X, Y ∈ X(M), X(M) denoting the Lie algebra of
all smooth vector fields X, Y on M . We assume that M is oriented by the
volume form dvg = (−1)n

n! Ωn. We denote by ∇, R, ρ and τ the Riemannian
connection, the curvature tensor, the Ricci tensor and scalar curvature of M ,
respectively. The curvature tensor is defined by

R(X,Y )Z = [∇X ,∇Y ]Z −∇[X,Y ]Z

for X, Y , Z ∈ X(M). A tensor field ρ∗ on M of type (0,2) defined by

(2.1)
ρ∗(X,Y ) = tr (Z 7→ R(X,JZ)JY )

=
1
2
tr (Z 7→ R(X,JY )JZ)

is called a Ricci ∗-tensor, for X, Y , Z ∈ X(M), respectively. We denote by τ∗

the ∗-scalar curvature of M , which is the trace of the linear endomorphism Q∗

defined by g(Q∗X, Y ) = ρ∗(X, Y ). We remark that ρ∗ satisfies

(2.2) ρ∗(X, Y ) = ρ∗(JY, JX)

for any X, Y ∈ X(M). Thus ρ∗ is symmetric if and only if ρ∗ is J-invariant.
In this paper, for any orthonormal basis, (resp. local orthonormal frame field)
{ei}i=1,...,2n at any point p ∈ M (resp. on a neighborhood of p), we shall adopt
the following notational conventions:

(2.3)

Rijkl = g(R(ei, ej)ek, el), Rī j̄ k̄ l̄ = g(R(Jei, Jej)Jek, Jel),

ρij = ρ(ei, ej), ρī j̄ = ρ(Jei, Jej),

ρ∗ij = ρ∗(ei, ej), ρ∗̄i j̄ = ρ∗(Jei, Jej),

Jij = g(Jei, ej), ∇iJjk = g((∇eiJ)ej , ek),

and so on, where the Latin indices run over the range 1, 2, . . . , 2n.
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Then we have

(2.4) Jij = −Jji, Ωij = −Jij , ∇iJjk = −∇iJkj , ∇iJj̄k̄ = −∇iJjk.

We here recall some special classes of almost Hermitian manifolds [4]. We
denote by K, AK, NK, QK, SK and H the sets of all Kähler manifolds, al-
most Kähler manifolds, nearly Kähler manifolds, quasi Kähler manifolds, semi
Kähler manifolds and Hermitian manifolds, respectively.

(I) K (Class of Kähler manifolds): An almost Hermitian manifold M =
(M, J, g) is called a Kähler manifold if ∇J = 0 on M .

(II) AK (Class of almost Kähler manifolds) : An almost Hermitian manifold
is called an almost Kähler manifold if dΩ = 0 on M . The condition
dΩ = 0 is equivalent to the condition ∇iJjk +∇jJki +∇kJij = 0.

(III) NK (Class of nearly Kähler manifolds): An almost Hermitian manifold
is called a nearly Kähler manifold if (∇XJ)Y +(∇Y J)X = 0 (∇iJjk +
∇jJik = 0) on M .

(IV) QK (Class of quasi Kähler manifolds): An almost Hermitian manifold
is called a quasi Kähler manifold if (∇XJ)Y +(∇JXJ)JY = 0 (∇iJjk+
∇īJj̄k = 0) on M .

(V) SK (Class of semi Kähler manifolds): An almost Hermitian manifold
is called a semi Kähler manifold if δΩ = 0 on M . The condition δΩ = 0
is equivalent to the condition

∑
a∇aJaj = 0.

(VI) H (Class of Hermitian manifolds): An almost Hermitian manifold with
the integrable almost complex structure J is called a Hermitian man-
ifold. It is well-known that M is a Hermitian manifold if and only if
(∇XJ)Y − (∇JXJ)(JY ) = 0 (∇iJjk −∇īJj̄k = 0) on M .

Now we shall recall some fundamental identities on the above classes (II)∼
(VI).

(II) Let M = (M, J, g) be an almost Kähler manifold. Then, addition to
(2.4), we have [3]

(2.5) ∇īJj̄k +∇iJjk = 0,

(2.6)
2

∑
a

(∇aJij)∇aJkl

= Rijkl −Rijk̄l̄ −Rīj̄kl + Rīj̄k̄l̄ + Rījk̄l + Rījkl̄ + Rij̄k̄l + Rij̄kl̄.

From (2.6), we have

(2.7) ρ∗ij + ρ∗ji − ρij − ρīj̄ =
∑

a,b

(∇aJib)∇aJjb,

and further

(2.8) |∇J |2 = 2(τ∗ − τ).
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(III) Let M = (M,J, g) be a nearly Kähler manifold. Then, it is well-known
that the following identities exist on M [2], we have

(2.9) ∇iJjk +∇īJj̄k = 0,

(2.10) ρīj̄ = ρij , ρ∗̄ij̄ = ρ∗ij ,

(2.11) ρij − ρ∗ij =
∑

a,b

(∇iJab)∇jJab.

From (2.11), we have

(2.12) |∇J |2 = τ − τ∗(= constant).

(V) Let M = (M,J, g) be a semi Kähler manifold. Then, it is well-known
that the following identities on M [2]:

(2.13) τ − τ∗ =
∑

(∇kJji)∇jJik.

Now, let M = (M,J, g) be a 4-dimensional almost Hermitian manifold. Then
we have

(2.14) τ − τ∗ = 2δω + |ω|2 − 1
8
|N |2,

where ω is the Lee form of M and N is the Nijenhuis tensor of M [10].
(VI) Let M = (M, J, g) be a 4-dimensional Hermitian manifold. Then from

(2.14), in particular, we have

(2.15) τ − τ∗ = 2δω + |ω|2.
Here we note the inclusion relations between the classes (I)∼(VI).

K⊂ AK ⊂
⊂ NK ⊂QK ⊂ SK, QK ∩H = K.

We denote by K(M), AK(M), NK(M), QK(M), SK(M) and H(M), the
subsets of AH(M) of all Kähler structures, almost Kähler structures, nearly
Kähler structures, quasi Kähler structures, semi Kähler structures and Hermit-
ian structures on M . Then, we may obtain the inclusion relations between these
sets corresponding to the above inclusion ones between the classes (I)∼(IV).
In the sequel, we assume always that M is a 2n(n = 2)-dimensional compact
orientable smooth manifold and AH(M) 6= ∅ unless otherwise specified.

3. Critical points of the functional Fλ,µ on AH(M)

Let M be a 2n-dimensional compact orientable smooth manifold admitting
almost complex structure. Let (J, g) ∈ AH(M) and consider a smooth curve
(J(t), g(t)) ∈ AH(M) through (J, g). We shall also call it a (1-parameter)
deformation of (J, g). We denote by Ω(t) the Kähler form of (J(t), g(t))
and set α(t) = Ω(t) − Ω. We denote further by ∇(t), R(t), ρ(t), ρ∗(t), τ(t)
and τ∗(t) the Riemannian connection, the curvature tensor, the Ricci ten-
sor, the Ricci ∗-tensor, the scalar curvature and the ∗-scalar curvature of
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(J(t), g(t)), respectively. Let (U ;x1, . . . , x2n) be a local coordinate system on
coordinate neighborhood U of M . With respect to the natural frame {∂i =

∂
∂xi
}i=1,...,2n, we set g(t)(∂i, ∂j) = g(t)ij , J(t)∂i = J(t)i

j
∂j , (∇(t)

∂i
J(t))∂j =

(∇(t)
i J(t)j

k)∂k, R(t)(∂i, ∂j)∂k = R(t)ijk
l
∂l, ρ(t)(∂i, ∂j) = ρ(t)ij , ρ∗(t)(∂i, ∂j) =

ρ∗(t)ij , α(t)(∂i, ∂j) = α(t)ij and g(t)ij = (g(t)ij)−1. In particular, we have
g(0)ij = gij , J(0)i

j = Ji
j , ∇(0)

i J(0)j
k = ∇iJj

k, R(0)ijk
l = Rijk

l, ρ(0)ij = ρij ,
ρ∗(0)ij = ρ∗ij , τ(0) = τ , τ∗(0) = τ∗ and α(0)ij = 0.
Further, we set

(3.1)
d

dt

∣∣∣∣
t=0

g(t)ij = hij ,
d

dt

∣∣∣∣
t=0

J(t)j
i = Kj

i,
d

dt

∣∣∣∣
t=0

α(t)ij = Aij .

Then we see that A = (Aij) is a 2-form, h = (hij) is a symmetric (0, 2)-tensor
field on M and we also have

(3.2)
d

dt

∣∣∣∣
t=0

g(t)ij = −hij ,

where we adopt the standard notational convention of tensor analysis: for ex-
ample hij means hij = giagjbhab. We denote by dvg(t) the volume of (M, g(t)).
Then, we have

(3.3)
d

dt

∣∣∣∣
t=0

dvg(t) =
1
2
(gijhij)dvg.

From (3.2), we see that the coefficients Γ(t)ij
k of ∇(t) satisfy

(3.4)
d

dt

∣∣∣∣
t=0

Γ(t)ij
k =

1
2
gka(∇ihaj +∇jhia −∇ahij).

Thus, from (3.4), the derivations of R(t)ijk
l, ρ(t)ij and τ(t) at t = 0 are given

respectively by
(3.5)
d

dt

∣∣∣∣
t=0

R(t)ijk
l =

1
2
(−Rijk

aha
l + Rija

lhk
a +∇i∇khj

l −∇j∇khi
l −∇i∇lhjk +∇j∇lhik),

(3.6)
d

dt

∣∣∣∣
t=0

ρ(t)ij =
1
2
(−Raij

bhb
a + ρiahj

a +∇a∇jhi
a −∇i∇jha

a −∇a∇ahij +∇i∇ahj
a),

(3.7)
d

dt

∣∣∣∣
t=0

τ(t) = −ρijh
ij +∇i∇jhij −∇i∇iha

a.

Further, since (J(t), g(t)) ∈ AH(M), we have

(3.8) Ka
iJj

a + Ja
iKj

a = 0,

(3.9) hij = habJi
aJj

b + KiaJj
a + JiaKj

a,

(3.10) Kj
i = −ha

iJj
a −Aj

i,
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(3.11) hij = −habJi
aJj

b + Ji
aAaj + Jj

aAai.

From (3.10) and (3.11), we have also

(3.12) Kj
i = hj

aJa
i −Ab

aJa
iJj

b.

Conversely, let (h,A) be a pair of a symmetric (0, 2)-tensor h = (hij) and a
2-form A = (Aij) satisfying (3.11) and define a (1, 1)-tensor K by (3.12). Then,
we may easily check that the equalities (3.8) and (3.9) hold. This means that
for a given (J, g) ∈ AH(M) and a pair (h,A) satisfying (3.11), there exists
a curve (J(t), g(t)) ∈ AH(M) through (J, g) for sufficiently small t, where
tangent vector at t = 0 is (K,h). We here introduce several explicit examples
of such curves.

(i) Blair-Ianus deformations [1]: The curve (J(t), g(t)) through (J, g) which
corresponds to Ω(t) = Ω, where Ω is the Kähler form of (J, g). The curve
(J(t), g(t)) can be regarded as a curve in AH(M) through (J, g) with an initial
condition (h, A) such that A = 0 and J-skew invariant h.

(ii) The curve (J(t), g(t)) through (J, g) with initial condition (h,A) given
by hij = 1

2 (Ji
aAaj + Jj

aAai) for any 2-form A = (Aij) on M .
From (3.3) and (3.4), taking account of (3.10), (3.11), (3.12), we have further

(3.13)
d

dt

∣∣∣∣
t=0

J(t)ij =− hiaJa
j + giaKa

j = AabJ
iaJjb,

(3.14)
d

dt

∣∣∣∣
t=0

ρ∗(t)ij = ρ∗iahj
a − 1

2
Riua

bJj
uJachbc − 1

2
JabJj

c∇i∇ahbc

+
1
2
JabJj

c∇c∇ahbi +
1
2
(2Jj

qρ∗i
p − Jj

uJpaJqbRiuab)Apq,

(3.15)
d

dt

∣∣∣∣
t=0

τ∗(t) =ρ∗abh
ab − J iaJjb∇a∇bhij − 2J ipρ∗iqAp

q.

Now, we are ready to compute the first variation of the functional Fλ,µ on
AH(M). We shall adapt the notational convention (2.3) with respect to a local
orthonormal frame field {ei}i=1,...,2n. By (3.4), (3.7) and (3.15), we have

d

dt

∣∣∣∣
t=0

Fλ,µ(J(t), g(t)) =
d

dt

∣∣∣∣
t=0

∫

M

(λτ(t) + µτ∗(t))dvg(t)

(3.16)

=
∫

M

∑
(−λρij + µρ∗ij +

1
2
(λτ + µτ∗)gij)hijdvg

− µ

∫

M

∑
JiaJjb∇a∇bhijdvg + 2µ

∫

M

∑
ρ∗̄ijAijdvg

=
∫

M

∑

i,j

{(− λρij + µρ∗ij +
1
2
(λτ + µτ∗)gij
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− µ
∑

a,b

∇b∇a(JiaJjb)
)
hij + 2µρ∗̄ijAij

}
dvg.

Here, we get
(3.17)∑

a,b

∇b∇a(JiaJjb) =
∑

a,b

∇b((∇aJia)Jjb + Jia∇aJjb)

=
∑

a,b

(∇b∇aJia)Jjb +
∑

a,b

(∇aJia)∇bJjb +
∑

a,b

(∇bJia)∇aJjb +
∑

a,b

Jia∇b∇aJjb

=
∑

a,b

(∇b∇aJia)Jjb +
∑

a,b

(∇aJia)∇bJjb +
∑

a,b

(∇bJia)∇aJjb

+
∑

a,b

Jia∇a∇bJjb −
∑

a,b,c

JiaRbajcJcb −
∑

a,b,c

JiaRbabcJjc

=
∑

a,b

(∇b∇aJia)Jjb +
∑

a,b

(∇aJia)∇bJjb +
∑

a,b

(∇bJia)∇aJjb

+
∑

a,b

(∇a∇bJjb)Jia − 1
2

∑

a,b,c

Jia(Rabcj −Racbj)Jcb +
∑

JiaJjcρac

=
∑

a,b

Jjb∇b∇aJia +
∑

a,b

Jia∇a∇bJjb +
∑

a,b

(∇bJia)∇aJjb

+
∑

a,b

(∇aJia)∇bJjb − ρ∗ji + ρīj̄ .

We denote by T = (Tij) the symmetric (0, 2)-tensor defined by
(3.18)

Tij =− λρij − µρīj̄ + µ(ρ∗ij + ρ∗ji) +
1
2
(λτ + µτ∗)gij

− µ
∑

a,b

(Jia∇a∇bJjb + Jja∇a∇bJib + (∇aJia)∇bJjb + (∇aJjb)∇bJia).

Thus, from (3.16), (3.17), (3.18), we have the following.

Lemma 1. (J, g) is a critical point of the functional Fλ,µ on AH(M) if and
only if (J, g) satisfies

(3.19)
∫

M

∑

i,j

(Tijhij + 2µρ∗̄ijAij)dvg = 0

for any pair (h,A) of a symmetric (0, 2)-tensor h = (hij) and a 2-form A =
(Aij) satisfying (3.11), where T = (Tij) is the symmetric (0, 2)-tensor defined
by (3.18).

Now, we recall the following fact due to Blair-Ianus [1]:
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Lemma 2. Let B = (Bij) be a symmetric (0, 2)-tensor on M . Then
∫

M

∑

i,j

BijDijdvg = 0

for all symmetric (0, 2)-tensor D satisfying Dij + Dīj̄ = 0 if and only if B is
J-invariant.

Now, let (J, g) be a critical point of Fλ,µ and consider the Blair-Ianus de-
formation (J(t), g(t)) of (J, g). Then, by Lemma 2, we see that the tensor T
is J-invariant. Next, we consider the deformation (J(t), g(t)) of (J, g) of type
(ii). Then, we have

(3.20)

∫

M

∑

i,j

(
1
2
TijAīj +

1
2
TijAj̄i + 2µρ∗̄ijAij)dvg

=
∫

M

∑

i,j

(−1
2
Tīj +

1
2
Tij̄ + 2µρ∗̄ij)Aijdvg

=
∫

M

∑

i,j

(Tij̄ + 2µρ∗̄ij)Aijdvg = 0

for all 2-forms A = (Aij) on M . Thus, from (3.20), we have

(3.21) Tij̄ + 2µρ∗̄ij = 0.

Thus, from (3.21), we see in particular that ρ∗ is symmetric if µ 6= 0.
Conversely, we assume that Tij − 2µρ∗̄

ij̄
= 0 and T = (Tij) is J-invariant.

Then, for any (h,A) satisfying (3.11), we have

(3.22)

∫

M

∑

i,j

(Tijhij + 2µρ∗̄ijAij)dvg

= 2µ

∫

M

∑

i,j

ρ∗ij(hij −Aīj)dvg

= µ

∫

M

∑

i,j

ρ∗ij(hij + hīj̄ −Aīj −Aj̄i)dvg

= 0.

By virtue of (3.11), and hence, from Lemma 1, we see that (J, g) is a critical
point of Fλ,µ. Thus, summing up the above arguments, we have finally the
following theorem.

Theorem 3. (J, g) is a critical point of the functional Fλ,µ on AH(M) if and
only if (J, g) satisfies Tij = Tīj̄ and Tij̄ + 2µρ∗̄

ij
= 0 (and hence, in particular

ρ∗ is symmetric for a critical point (J, g) of Fλ,µ(µ 6= 0)).
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Remark 1. From (3.18), taking account of the equality Tij = Tīj̄ , we may easily
check that the equality Tij̄ + 2µρ∗̄

ij
= 0 in Theorem 3 can be rewritten as

(3.23)

λρij + µρīj̄ −
1
2
(λτ + µτ∗)gij

+ µ
∑

a,b

(Jia∇a∇bJjb + Jja∇a∇bJib + (∇aJia)∇bJjb + (∇aJjb)∇bJia) = 0.

Further, by (3.18), we see that the equality Tij = Tīj̄ is equivalent to the
following equality.
(3.24)

(λ− µ)(ρij − ρīj̄) + µ

( ∑

b

∇i∇bJj̄b +
∑

b

∇j∇bJīb +
∑

b

∇ī∇bJjb

+
∑

b

∇j̄∇bJib −
∑

a,b

(∇aJīa)∇bJj̄b −
∑

a,b

(∇aJj̄b)∇bJīa +
∑

a,b

(∇aJia)∇bJjb

+
∑

a,b

(∇aJjb)∇bJia

)
= 0.

Let (J, g) be a critical point of Fλ,µ on AH(M). Thus, from (3.23), we have
further
(3.25)

(λ + µ)τ − n(λτ + µτ∗) + µ
∑(

2Jia∇a∇bJib + (∇aJia)∇bJib + (∇aJib)∇bJia

)
= 0.

Here, we have
∑

Jia∇a∇bJib

=
∑

∇a(Jia∇bJib)−
∑

(∇aJia)∇bJib

= −
∑

∇a(Jib∇bJia)−
∑

(∇aJia)∇bJib

= −
∑

(∇aJib)∇bJia −
∑

Jib∇a∇bJia −
∑

(∇aJia)∇bJib(3.26)

= −
∑

Jib∇b∇aJia +
∑

Jib(RabijJja + RabajJij)

−
∑

(∇aJia)∇bJib −
∑

(∇aJib)∇bJia

= −
∑

Jia∇a∇bJib + τ∗ − τ

−
∑

(∇aJia)∇bJib −
∑

(∇aJib)∇bJia,

and hence,

(3.27) 2
∑

Jia∇a∇bJib = τ∗ − τ −
∑

(∇aJia)∇bJib −
∑

(∇aJib)∇bJia.

Thus, from Theorem 3, (3.26) and (3.28), we have the following:



176 JUNG CHAN LEE, JEONG HYEONG PARK, AND KOUEI SEKIGAWA

Theorem 4. Let (J, g) be a critical point of the functional Fλ,µ on AH(M).
Then, we have

λτ + µτ∗ = 0.

From Theorems 3 and 4, taking account of (2.8) and (2.12), we have immedi-
ately the following Corollaries 5 and 6.

Corollary 5. (J, g) ∈ AK(M) is a critical point of functional F−1,1 on AH(M)
if and only if (J, g) is a Kähler structure on M .

Corollary 6. (J, g) ∈ NK(M) is a critical point of functional F−1,1 on
AH(M) if and only if (J, g) is a Kähler structure on M .

Remark 2. The result of Corollary 6 itself is weaker than the one in ([8], Corol-
lary 4).

Remark 3. Let M = (M, Ω) be a compact symplectic manifold. We denote
by AK(M, [Ω]) the set of all almost Kähler structures on M with the same
Kähler class [Ω] in the de Rham cohomology group of degree 2. Then in [9],
Oguro, Sekigawa, and Yamada showed that F 1

2 , 1
2

= 4π
(n−1)! (c1 · [Ω]n−1)[M ] for

any (J, g) ∈ AK(M, [Ω]), where c1 is the first Chern class of (M,J, g). Thus, if
c1 · [Ω]n−1 6= 0, then there does not exist a critical point in AK(M, [Ω]) of the
functional F 1

2 , 1
2

on AH(M).

From Theorem 3 and (3.24), we have also the following.

Theorem 7. Let (J, g) ∈ SK(M) be a critical point of the functional Fλ,µ on
AH(M). Then, we have

(λ− µ)(ρij − ρīj̄) + µ
∑

a,b

(
(∇aJib)∇bJja − (∇aJīb)∇bJj̄a

)
= 0.

Corollary 8. Let (J, g) ∈ QK(M) be a critical point of the functional Fλ,µ

(λ 6= µ) on AH(M). Then, ρ is J-invariant, and moreover, if µ 6= 0, ρ∗ is also
J-invariant.

Now let M = (M, J, g) be a 4-dimensional Hermitian manifold. Then by
(2.4) and (VI), we have the following equalities

(3.28)
∑

a

(∇aJib)∇bJia = 0 and
∑

a

(∇aJia)∇bJib = |ω|2.

Thus, from Theorem 4, (VI) in page 3, and (3.23), we easily have the following.

Theorem 9. Let M = (M, J, g) be a 4-dimensional Hermitian manifold.
(J, g) ∈ H(M) is a critical point of F1,−1 on AH(M) if and only if (J, g)
is a Kähler structure on M .
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4. Critical points of the functional Fλ,µ on AHc(M)

In this section, we shall give a condition for an almost Hermitian structure
to be a critical points of the functional Fλ,µ on the space AHc(M) for certain
positive constant c. Let (J, g) be a critical point of Fλ,µ on AHc(M). First,
consider a deformation (J(t), g(t)) of (J, g) of type (i) in Section 3, namely
a Blair-Ianus deformation. Then, since Ω(t) = Ω, we see that (J(t), g(t)) ∈
AHc(M) for sufficiently small |t|. Thus, applying the similar argument in
Section 3 to the present case, we see that the tensor field T defined by (3.18)
is J-invariant. Next, we consider the deformation (J(t), g(t)) in AHc(M) of
(J, g) of type (ii). Since (J(t), g(t)) ∈ AHc(M), the 2-form A = (Aij) have to
satisfy the following equality

(4.1)

∫

M

∑

ij

JijAij dvg = 0.

Further, by taking account of the arguments in Section 3, we see that the 2-form
A satisfies the equality (3.20).

Therefore, from (4.1), (3.20) and Lemma 2, by applying the Lagrange’s
multiplier method, we have finally the following:

Theorem 10. (J, g) is a critical point of the functional Fλ,µ on AHc(M) if
and only if λτ + µτ∗ is constant, and Tij = Tīj̄ , Tij − 2µρ∗ij = Cgij hold on
M with respect to (J, g), where C = n−1

2n (λτ + µτ∗).

From Theorem 10, we can easily deduce the following.

Corollary 11. (J, g) is a critical point of the functional F1,0 on AHc(M) if
and only if (M, J, g) is Einstein.

Corollary 11 is the almost Hermitian analogy of the result by Hilbert [5].
From Theorem 10, taking account of (2.10), (2.11), (2.12) and (3.11) in [2],
for the critical points (J, g) ∈ NK(M) of the functional Fλ,µ on AHc(M), we
easily have the following.

Corollary 12. Let (J, g) ∈ NK(M) be a critical point of the functional Fλ,µ(λ
+µ = 0) on AHc(M) for some positive constant c if and only if

(1) (J, g) is a Kähler structure on M , or
(2) (J, g) is an Einstein and ∗-Einstein non-Kähler, nearly Kähler structure

on M with τ = 5τ∗.
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