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NOTES ON CRITICAL ALMOST HERMITIAN STRUCTURES

JuNG CHAN LEE, JEONG HYEONG PARK, AND KOUEI SEKIGAWA

ABsTRACT. We discuss the critical points of the functional Fy ,(J,g) =
Jar AT+ p7*)dvg on the spaces of all almost Hermitian structures AH(M)
with (A, ) € R? — (0,0), where 7 and 7* being the scalar curvature
and the *-scalar curvature of (J,g), respectively. We shall give several
characterizations of Kéahler structure for some special classes of almost
Hermitian manifolds, in terms of the critical points of the functionals
Fx,u(J,g9) on AH(M). Further, we provide the almost Hermitian analogy
of the Hilbert’s result.

1. Introduction

Let M be a compact orientable smooth manifold of dimension m. We de-
note by M(M) the set of all Riemannian metrics on M and M.(M) = {g €
M(M) | Vol(M,g) = c}, where ¢ is a positive constant. It is well-known
that a Riemannian metric ¢ € M.(M) is a critical point of the (so-called)
Einstein-Hilbert functional F on M.(M) denoted by

(1.1) Flg) = /M Tdvg

if and only if ¢ is an Einstein metric, where 7 is the scalar curvature of g
and dvg is the volume element of g [5]. Now, let M be a compact smooth
manifold of dimension m = 2n admitting an almost complex structure. We
denote by AH(M) the set of all almost Hermitian structures on M. It is also
known that the space AH(M) is a contractible Frechet space. Let 7 and 7*
be the scalar curvature and the %-scalar curvature of (J,g), respectively. Let
(A, ) € R? — (0,0). In [6], Koda introduced and studied the functional F) ,
on AH(M), which is a generalization of the Einstein-Hilbert functional F in
almost Hermitian case, that is defined by

(1.2) Fanldg) = /M<A7+m*>dvg,
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and discussed the critical points on AH(M) and
AHA(M) ={(J,9) € AH(M) | g € Mc(M)}.

We here note that, if (J, g) is a critical point of the functional F , on AH(M),
then (J,g) is also a critical point of the functional F;y 5, on AH(M) for any
non-zero real number s, and vice versa. In the present paper, we shall reconsider
the critical points of the functional Fy , on AH(M) and AH.(M) by using a
slightly different method from the ones used by Koda [6], and give conditions
for an almost Hermitian manifold to be a Kahler manifold in terms of critical
almost Hermitian structures for certain (A, ). In the last section, we shall
remark on the critical points of the functional F, , on AH.(M).

2. Preliminaries

In this section, we prepare some fundamental tools which we need in our
arguments. Let M = (M, J, g) be a 2n-dimensional almost Hermitian manifold
with almost Hermitian structure (J, g) and €2 be the Kéahler form of M defined
by Q(X,Y) = g(X,JY) for X, Y € X(M), X(M) denoting the Lie algebra of
all smooth vector fields X, Y on M. We assume that M is oriented by the
volume form dvg, = %Q" We denote by V, R, p and 7 the Riemannian
connection, the curvature tensor, the Ricci tensor and scalar curvature of M,
respectively. The curvature tensor is defined by

R(X,Y)Z = [Vx,Vy]Z - Vixy|Z

for X, Y, Z € X(M). A tensor field p* on M of type (0,2) defined by
(X, Y)=tr (Z— R(X,JZ)JY)

@1) = %tr (Z— R(X,JY)JZ)

is called a Ricci x-tensor, for X, Y, Z € X(M), respectively. We denote by 7*
the *-scalar curvature of M, which is the trace of the linear endomorphism Q*
defined by ¢(Q*X,Y) = p*(X,Y). We remark that p* satisfies

(2.2) §(X,Y) = p*(JY, JX)

for any X, Y € X(M). Thus p* is symmetric if and only if p* is J-invariant.
In this paper, for any orthonormal basis, (resp. local orthonormal frame field)
{€i}i=1.... 2n at any point p € M (resp. on a neighborhood of p), we shall adopt
the following notational conventions:

Rijii = g(R(ei, ej)ex,er), Ripr=g(R(Jei, Jej)Jex, Jer),
pij = pleies),  pi; = p(Jei, Jej),
pij =P (eiej),  pi5=p"(Jei, Jej),
Jij =g(Jeire;),  Vidip =9g((Ve,J)ej, ex),

and so on, where the Latin indices run over the range 1,2,...,2n.

(2.3)
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Then we have

(24) Jz == —in, Qij = _Jij; vlek = —Vika, erJ;]_C = —Vlek

We here recall some special classes of almost Hermitian manifolds [4]. We
denote by K, AKX, NK, OK, SK and H the sets of all Kihler manifolds, al-
most Kéhler manifolds, nearly Kéhler manifolds, quasi Kéhler manifolds, semi
Kahler manifolds and Hermitian manifolds, respectively.

(I) £ (Class of Kéhler manifolds): An almost Hermitian manifold M =
(M, J,g) is called a Ké&hler manifold if VJ =0 on M.

(IT) AK (Class of almost Kahler manifolds) : An almost Hermitian manifold
is called an almost Kéhler manifold if d2 = 0 on M. The condition
dQ) = 0 is equivalent to the condition V;J;i, + V;Ji; + Vi J;; = 0.

(III) NK (Class of nearly Kahler manifolds): An almost Hermitian manifold
is called a nearly Kéhler manifold if (VxJ)Y +(VyJ)X =0 (V,;Jjr +
V]‘Jik = 0) on M.

(IV) QK (Class of quasi Kéhler manifolds): An almost Hermitian manifold
is called a quasi Kéhler manifold if (VxJ)Y +(VyxJ)JY =0 (V;Jj+
ViJ5, = 0) on M.

(V) SK (Class of semi Kahler manifolds): An almost Hermitian manifold
is called a semi Kéahler manifold if 62 = 0 on M. The condition 62 =0
is equivalent to the condition Za Voda; = 0.

(VI) H (Class of Hermitian manifolds): An almost Hermitian manifold with
the integrable almost complex structure J is called a Hermitian man-
ifold. It is well-known that M is a Hermitian manifold if and only if
(VxJ)Y = (VyxJ)(JY) =0 (ViJjx — ViJj, =0) on M.

Now we shall recall some fundamental identities on the above classes (II)~
(VI).

(IT) Let M = (M, J,g) be an almost K&hler manifold. Then, addition to
(2.4), we have [3]

(2.5) Vid5, + Vidj = 0,
2> (Vadij)Vadu

(2.6) Z

= Rijii — Rijrr — Riju + R + Biji + Bijir + Rigr + Rigar

From (2.6), we have

(2.7) pi; t PG — pij — Pij = Z(Vajib)va']jba
a,b

and further

(2.8) |VJ|? =2(1* — 7).
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(IIT) Let M = (M, J, g) be a nearly Kahler manifold. Then, it is well-known
that the following identities exist on M [2], we have

(2.9) Viij + Vngk =0,

(2.10) Pij = Pijs  Pij; = Pij»

(2.11) Pij — P:j = Z(Vijab)vjjab~
a,b

From (2.11), we have
(2.12) |VJ|?> = 7 — 7%(= constant).

(V) Let M = (M, J, g) be a semi Kéhler manifold. Then, it is well-known
that the following identities on M [2]:
(2.13) T—T"= Z(kaji>VjJik~
Now, let M = (M, J, g) be a 4-dimensional almost Hermitian manifold. Then
we have

1
(2.14) T—7" :25w+\w|2—§|]\7|2,

where w is the Lee form of M and N is the Nijenhuis tensor of M [10].
(VI) Let M = (M, J, g) be a 4-dimensional Hermitian manifold. Then from
(2.14), in particular, we have

(2.15) T — 1% = 26w + |w|?.
Here we note the inclusion relations between the classes (I)~(VT).
CAK C
’CCNIC CQICCSIC, OKNH =K.

We denote by K(M), AK(M), NK(M), QK(M), SK(M) and H(M), the
subsets of AH(M) of all Kéhler structures, almost Kéhler structures, nearly
Kahler structures, quasi Kahler structures, semi Kahler structures and Hermit-
ian structures on M. Then, we may obtain the inclusion relations between these
sets corresponding to the above inclusion ones between the classes (I)~(IV).
In the sequel, we assume always that M is a 2n(n = 2)-dimensional compact
orientable smooth manifold and AH(M) # () unless otherwise specified.

3. Critical points of the functional F , on AH(M)

Let M be a 2n-dimensional compact orientable smooth manifold admitting
almost complex structure. Let (J,g) € AH(M) and counsider a smooth curve
(J(t),9(t)) € AH(M) through (J,g). We shall also call it a (1-parameter)
deformation of (J,g). We denote by (¢) the Kahler form of (J(t),g(t))
and set a(t) = Q(t) — Q. We denote further by V), R(t), p(t), p* (), 7(t)
and 7*(¢) the Riemannian connection, the curvature tensor, the Ricci ten-
sor, the Ricci *-tensor, the scalar curvature and the x-scalar curvature of



NOTES ON CRITICAL ALMOST HERMITIAN STRUCTURES 171

(J(t),g(t)), respectively. Let (U;x1,...,x2,) be a local coordinate system on
coordinate neighborhood U of M. With respect to the natural frame {0; =
a%i}z‘:l,...gm we set g(t)(0:,0;) = g(t)ij, J(t)0 = J(t)i’9;, (Vgi)J(t))&‘- =
(V37 (),)0k, B(0)(s,05)0 = RO O, pl0)(0s,05) = plt)sg, 07 (10 0y) =
p ()i, a(t)(0:,0;) = a(t); and g(t)¥ = (g(t);;)~*. In particular, we have
9(0)i; = gi5, J(0);) = J7, VEO)J(O)jk = V. J;", R<0)ijkl = Riji', p(0)ij = pij
p*(0)i; = Pijs 7(0) =7, 7%(0) = 7* and «(0);; = 0.
Further, we set

d d

1 — ti'Zhi',f
B G| ey =hu g

i i d
J(t)J = Kj ) %
Then we see that A = (A;;) is a 2-form, h = (h;;) is a symmetric (0, 2)-tensor
field on M and we also have

d

3.2 —

(3.2) o

where we adopt the standard notational convention of tensor analysis: for ex-

ample A"/ means h"J = g gi®h,,. We denote by dvy(;) the volume of (M, g(t)).
Then, we have

O[(t)ij = A”
t=0

t=0

g(t)” = 7hij7
t=0

d 1, .
(3.3) —| dvgwy = 5(9" hij)dvg.
dt|,_, 9(t) = 5 3)40g
From (3.2), we see that the coefficients F(t)ijk of V) satisfy
d 1
(3.4) —| T()i;" = 59" (Vihaj + Vihia — Vahi).
dt|,_, 2

Thus, from (3.4), the derivations of R(t)ijkl7 p(t);; and 7(t) at t = 0 are given
respectively by

(3.5)
% . R(t)ij' = %(—Rukahal + Rijalhi + ViVih' — V;Vihi' — ViVl h + VY hiy),
(3.6)

% - p(t)i; = %(fRaij”hb“ + piah;® + VoV ihi® — ViVihe® — VoV, hij + ViVah;),
(3.7) 4 7(t) = —pi;h"? + VNI hij — V'Vih, .

dt|,_q

Further, since (J(t),g(t)) € AH(M), we have
(3.8) KT+ J K =0,
(3.9) hij = hapJi®J;" + Kia i + Jia K,

(3.10) K" = —h'J;* — A},
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(3.11) hij = =hapJi"J;" + Ji" Aaj + J;" Aai.
From (3.10) and (3.11), we have also
(3.12) K" =h;"J," — AT, T30

Conversely, let (h, A) be a pair of a symmetric (0, 2)-tensor h = (h;;) and a
2-form A = (A;;) satisfying (3.11) and define a (1, 1)-tensor K by (3.12). Then,
we may easily check that the equalities (3.8) and (3.9) hold. This means that
for a given (J,g9) € AH(M) and a pair (h, A) satisfying (3.11), there exists
a curve (J(t),g(t)) € AH(M) through (J,g) for sufficiently small ¢, where
tangent vector at ¢t = 0 is (K, h). We here introduce several explicit examples
of such curves.

(i) Blair-Ianus deformations [1]: The curve (J(t), g(t)) through (J, g) which
corresponds to Q(t) = Q, where €2 is the Kéahler form of (J,g). The curve
(J(t),g(t)) can be regarded as a curve in AH(M) through (J, g) with an initial
condition (h, A) such that A =0 and J-skew invariant h.

(ii) The curve (J(t), g(t)) through (J,¢) with initial condition (h, A) given

by hi; = %(JiaAaj + J;“Ag;) for any 2-form A = (A;;) on M.

From (3.3) and (3.4), taking account of (3.10), (3.11), (3.12), we have further
(3.13) —| ItV =—h""J + ¢ K, = Ay J T,
dt|,_,
(3.14)
4 “(t)ij = piah® — L R T % hye — 2% TV,
dt t:Op ij = Piallj 9 iua j be 2 7 i Vallbe
1 1
+ TV e Nahy + 5 (27507 = T TP T Rivab) Apg,
d . « 1ab _ pia 7jb ip x4 g
(3.15) % T (t) :pabh —J"J VaVbhij —2J piqu .
t=0

Now, we are ready to compute the first variation of the functional F , on
AH(M). We shall adapt the notational convention (2.3) with respect to a local
orthonormal frame field {e;};=1,. 2n. By (3.4), (3.7) and (3.15), we have

(3.16)
G Pl = [ or) e )

. .
- /M > (S Xpij + ol + 5 O + pr)gig gl
B M/ Z JiaJjpVaVohijdug + 2#/ Z pi;jAijdog
M M

1
- /M > (= Xpij + poj; + 3O+ 17")gs;
i
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— U Z vaa(Jianb))hij + Q,up%Aij}dvg.

a,b
Here, we get
(3.17)
vav (Jiadjp) = va (Vadia)Jjp + JiaVadjp)

Z (VoVadia)Jjo +Z (Vadia)Vedi + > (Vodia)Vadjp + Y JiaVsVads

a,b a,b a,b

Z ViVadia) i+ Y (Vadia) Vi, +Z Vi dia)Vajo
a,b

+ Z Jzav vbJ]b - Z JzaRbajc cb — Z JzaRbabc jc

a,b a,b,c a,b,c

=3 (VsVadia)Jip+ Y (Vadia) Vi + Y _(Vodia)VaTje

a,b a,b a,b

+ Z \Y vbJ]b ia Z Jza abcy — acbj)Jcb + Z Jiancpac

a,b abc

=3 JiViVadia + Y JiaVaVdip + Y (Vodia)Va iy
a,b a,b a,b

+ Z(vaJia)vbJjb — pji t pi
a,b

We denote by T' = (T;;) the symmetric (0,2)-tensor defined by
(3.18)

* * 1 *
Tij = — Apij — ppiz + p(pi; + pji) + 5()\7 + ) gij

- NZ(JiavavbJjb + Jjavavbjib + (vaJia)vbJjb + (vanb)vina)~
a,b

Thus, from (3.16), (3.17), (3.18), we have the following.

Lemma 1. (J,g) is a critical point of the functional Fx, on AH(M) if and
only if (J,g) satisfies

(3.19) / Z (Tijhij + 2pp5; Aj)dvg = 0
]

for any pair (h, A) of a symmetric (0,2)-tensor h = (h;;) and a 2-form A =
(Aij) satisfying (3.11), where T = (T;;) is the symmetric (0,2)-tensor defined
by (3.18).

Now, we recall the following fact due to Blair-Tanus [1]:
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Lemma 2. Let B = (B;;) be a symmetric (0,2)-tensor on M. Then
/ Z BijDideg = 0
M

for all symmetric (0,2)-tensor D satisfying Dij + D;; = 0 if and only if B is
J-invariant.

Now, let (J,g) be a critical point of Fy , and consider the Blair-Ianus de-
formation (J(t),g(t)) of (J,g). Then, by Lemma 2, we see that the tensor T
is J-invariant. Next, we consider the deformation (J(t),g(t)) of (J,g) of type
(ii). Then, we have

1 1 %
/ Z(iTijAfj + 5 Tij Az + 2pp035Ai ) dvg
M ij
1 1 .
(3.20) =/ Z(—isz + 5 T3 + 2upf;) Asjv,
/ Z -4 2,up” Ajjdvg =0

for all 2-forms A = (A4;;) on M. Thus, from (3.20), we have
(3.21) T + 2up” =0.

Thus, from (3.21), we see in particular that p* is symmetric if p # 0.
Conversely, we assume that Tj; — 2up3; = 0 and T' = (T;;) is J-invariant.
Then, for any (h, A) satisfying (3.11), we have

/ D (Tishis + 2upf; Aij)dvg

M 1.5

=251 [ 37 iy sy — Ay,
M i,j

=i [ 3 piylhiy o+t — Ay = Az
4,J

=0.

(3.22)

By virtue of (3.11), and hence, from Lemma 1, we see that (J, g) is a critical
point of Fy ,. Thus, summing up the above arguments, we have finally the
following theorem.

Theorem 3. (J,g) is a critical point of the functional Fx,, on AH(M) if and
only if (J,g) satisfies Ti; = Ti; and Tj; + Qup’fj = 0 (and hence, in particular

p* is symmetric for a critical point (J,g) of Fx,u(p #0)).
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Remark 1. From (3.18), taking account of the equality T;; = T;;, we may easily

check that the equality T;; + Qupg‘j = 0 in Theorem 3 can be rewritten as
(3.23)
1 *
Apij + 1oz = 5 (AT + p77)gi5

+u Z(Jiavavbjjb + JjaVaVinb + (VaJia)VbJjb + (Vanb)Vme) =0.
a,b

Further, by (3.18), we see that the equality Tj; = T3; is equivalent to the
following equality.
(3.24)

(A=) (pij — pij) + M(Z ViVoTi+ > Vi Vedy + > ViVedy
b b b

Y ViVida = Y (Vadi) Vi — Y (Vad5)Vedia + > (Vadia) Vo sy
b a,b a,b a,b

+ Z(vanb)vme> = 0.

a,b

Let (J,g) be a critical point of Fy , on AH(M). Thus, from (3.23), we have
further
(3.25)

A+ )T —n(A\+pr) +p> <2Jiavavinb + (Vadia) Vi + (vaJL-b)vme) =0.
Here, we have
> JiaVaViday
= > ValiaVodi) = > (Vadia) Voo
==Y ValIVedia) = > (Vadia) ViJiv
(3.26) ==Y (Vadi)Vedia = > JVaVidia = Y (Vadia) Vodin
== T VsVadia + Y Ji(RavijJja + RavajJij)
= (Vadia)Vodiv = > _(Vadis) Vo dia
==Y JiVaVedp + 7" =7
= (Vadia)Vodis = Y (Vadis)Voia,
and hence,
(327) 2 JiuVaVidip =7 =7 =Y (Vadia) Vodiv — ¥ _(Vadiv) Vo Jia.

Thus, from Theorem 3, (3.26) and (3.28), we have the following:
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Theorem 4. Let (J,g) be a critical point of the functional Fy , on AH(M).
Then, we have

AT+ pr* = 0.

From Theorems 3 and 4, taking account of (2.8) and (2.12), we have immedi-
ately the following Corollaries 5 and 6.

Corollary 5. (J,g) € AK(M) is a critical point of functional F_1 1 on AH(M)
if and only if (J,g) is a Kahler structure on M.

Corollary 6. (J,g) € NK(M) is a critical point of functional F_11 on
AH(M) if and only if (J,g) is a Kdhler structure on M.

Remark 2. The result of Corollary 6 itself is weaker than the one in ([8], Corol-
lary 4).

Remark 3. Let M = (M,Q) be a compact symplectic manifold. We denote
by AK(M,[Q]) the set of all almost Kahler structures on M with the same
Kahler class [©] in the de Rham cohomology group of degree 2. Then in [9],
Oguro, Sekigawa, and Yamada showed that 1 1 = ﬁ(cl - [QH[M] for
any (J,g) € AK(M, [Q]), where ¢; is the first Chern class of (M, J, g). Thus, if
c1 - [Q)"~1 # 0, then there does not exist a critical point in AK(M,[]) of the
functional F1 1 on AH(M).

1
23
From Theorem 3 and (3.24), we have also the following.

Theorem 7. Let (J,g) € SK(M) be a critical point of the functional F , on
AH(M). Then, we have

A=) (pi; = pi7) + 1>, (VaTio)VoTja = (Vo) VoTsa) = 0.
a,b

Corollary 8. Let (J,g) € QK(M) be a critical point of the functional Fj ,
(A # ) on AH(M). Then, p is J-invariant, and moreover, if u # 0, p* is also
J-invariant.

Now let M = (M, J,g) be a 4-dimensional Hermitian manifold. Then by
(2.4) and (VI), we have the following equalities

(3.28) > (Vadin)Vidia =0 and Y (Vadia) Vi = |w]*.

Thus, from Theorem 4, (VI) in page 3, and (3.23), we easily have the following.

Theorem 9. Let M = (M, J,g) be a 4-dimensional Hermitian manifold.
(J,9) € H(M) is a critical point of F1,_1 on AH(M) if and only if (J,g)
is a Kahler structure on M.
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4. Critical points of the functional Fy , on AH.(M)

In this section, we shall give a condition for an almost Hermitian structure
to be a critical points of the functional F) , on the space AH.(M) for certain
positive constant c¢. Let (J, g) be a critical point of Fy , on AH.(M). First,
consider a deformation (J(t),g(t)) of (J,g) of type (i) in Section 3, namely
a Blair-Tanus deformation. Then, since Q(t) = 2, we see that (J(t),g(t)) €
AH (M) for sufficiently small |¢|. Thus, applying the similar argument in
Section 3 to the present case, we see that the tensor field 7" defined by (3.18)
is J-invariant. Next, we consider the deformation (J(¢),¢(¢)) in AH.(M) of
(J,g) of type (ii). Since (J(t),g(t)) € AH (M), the 2-form A = (A;;) have to
satisfy the following equality

(41) / Z Jiinj d'Ug = 0.
M
Further, by taking account of the arguments in Section 3, we see that the 2-form
A satisfies the equality (3.20).
Therefore, from (4.1), (3.20) and Lemma 2, by applying the Lagrange’s
multiplier method, we have finally the following:

Theorem 10. (J,g) is a critical point of the functional Fy , on AH (M) if
and only if A\t + pt* is constant, and T;j = Ty; , Ti; — 2up;; = Cgij hold on
M with respect to (J,g), where C = "=L(AT + pr*).

From Theorem 10, we can easily deduce the following.

Corollary 11. (J,g) is a critical point of the functional F1 o on AH (M) if
and only if (M, J,g) is Einstein.

Corollary 11 is the almost Hermitian analogy of the result by Hilbert [5].
From Theorem 10, taking account of (2.10), (2.11), (2.12) and (3.11) in [2],
for the critical points (J, g) € NK(M) of the functional Fy , on AH. (M), we
easily have the following.

Corollary 12. Let (J,g) € NK(M) be a critical point of the functional Fy (A
+u=0) on AH.(M) for some positive constant c if and only if

(1) (J,9) is a Kdhler structure on M, or

(2) (J,g) is an Finstein and x-Einstein non-Kdhler, nearly Kahler structure
on M with T = 57*.
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