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ON OPTIMALITY AND DUALITY FOR GENERALIZED
NONDIFFERENTIABLE FRACTIONAL OPTIMIZATION
PROBLEMS

MooN HEeE Kim AND GwI S00 KM

ABSTRACT. A generalized nondifferentiable fractional optimization prob-
lem (GFP), which consists of a maximum objective function defined by
finite fractional functions with differentiable functions and support func-
tions, and a constraint set defined by differentiable functions, is consid-
ered. Recently, Kim et al. [Journal of Optimization Theory and Applica-
tions 129 (2006), no. 1, 131-146] proved optimality theorems and duality
theorems for a nondifferentiable multiobjective fractional programming
problem (MFP), which consists of a vector-valued function whose com-
ponents are fractional functions with differentiable functions and support
functions, and a constraint set defined by differentiable functions. In fact
if Z is a solution of (GFP), then Z is a weakly efficient solution of (MFP),
but the converse may not be true. So, it seems to be not trivial that
we apply the approach of Kim et al. to (GFP). However, modifying their
approach, we obtain optimality conditions and duality results for (GFP).

1. Introduction

Many authors have introduced various concepts of generalized convexity and
have obtained duality results for a fractional programming problem ([2]-[8],
[11]). In [4], Kuk et al. defined the concept of (V, p)-invexity for vector-valued
functions, which is generalization of the V-invexity concept; they proved the
generalized Karush-Kuhn-Tucker sufficient optimality theorem as well as weak
and strong duality for nonsmooth multi-objective programs under the (V) p)-
invexity assumptions. Later, Kuk et al. [5] extended their results to nonsmooth
multiobjective fractional programs.

In 1996, Mond and Schechter [10] obtained duality and optimality for nondif-
ferentiable multiobjective programming problems in which the objective func-
tion contains a support function.
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Recently, Kim et al. [2] proved optimality theorem and duality theorem
for a nondifferentiable multiobjective fractional programming problem (MFP),
which consists of a vector-valued function whose components are fractional
functions with differentiable functions and support functions, and a constraint
set defined by differentiable functions.

Now we consider the following generalized fractional problem (GFP):

(GFP) Minimize max {JW li=1,... ,p}

subject to hi(xz) <0, j=1,...,m,

where f := (f1,...,fp) : R" = R?, g := (g1,...,9p) : R — RP and h :=
(h1,...,hm) : R® — R™ are continuously differentiable. We assume that
gi(x) >0, i=1,...,p. Foreachi=1,...,p, C; is a compact convex set of R"
and we define a support function with respect to C; as follows:

s(z|Cy) = max{{x,y;) | vi € Ci}.
Further let, J(z) = {j : h;j(x) = 0}, for any = € R™ and let
ki(z) = s(z|Cy), i=1,...,p.
Then, k; is a convex function and we can prove that
Ok;(z) = {w; € C; | (wy,z) = s(z|Cy)},
where 0k; is the subdifferential of ;.

We recall the nondifferentaible multiobjective fractional programming prob-
lem (MFP) in [2]:

(MFP)  Minimize (fﬂff) +5(@C1)  fpl0)+ s(m|Cp)>

91(x) T 9p()

subject to hj(x) <0, j=1,...,m,
where f := (f1,...,fp) : R" = RP, g := (g1,...,9p) : R” — R? and h :=
(h1,...,hpm) : R® — R™ are continuously differentiable. We assume that
gi(z) >0, i=1,...,p. Further let, S = {z € R" | hj(z) <0, j=1,...,m}.

Weakly efficient solution of (MFP) are defined as follows:

Definition. A point Z € S is a weakly efficient solution of (MFP) if there
exist no other feasible point z € S such that fi(w);(sx‘ci) < fi(m);(sj(;v‘ci) for all
i=1,2,...p.

Then s0l(GFP) C WEf f(MFP), where sol(GFP) is the set of all minimum
of (GFP) and WEf f(MFP) is the set of all weakly efficient solution of (MFP).
But the converse may not be true.

Example 1.1. Let fi(z) =z, fa(z) =2?, C1 = Co = {0}, gi(z) = ga(z) =1
and h(z) = z. Then sol(GFP) = {0} and WEf f(MFP) = (-0, 0].
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The above example says that the inclusion: WEf f(MFP) C sol(GFP) may
not be true. So, it seems to be not trivial that we apply the approach of Kim
et al. [2] to (GFP). However, in this paper, we can modifying their approach,
we obtain optimality conditions and duality results for (GFP).

We introduce the following definition due to Kuk et al. [4].

Definition. A vector function f : R®™ — RP? is said to be (V,p)-invex at
u € R™ with respect to the functions n and 6; : R” x R™ — R™ if there exists
a; : R"xR" — R, \ {0} and p; € R,i=1,...,p such that for any z € R"” and
foralli=1,...,p,

ai(z,u) [fi(z) = fi(w)] = V filw)n(z, w) + pillbi(a, w)]|*.

Definition. A vector function f : R” — RP is said to be n-invex at u € R”
such that for any x € R® and for all: =1,...,p,

fi(z) = fi(u) 2 V fi(u)n(z, u).
We recall the following theorem due to Kim et al. [2]
Theorem 1.1. Assume that f and g are vector-valued differentiable functions

defined on R™ and f(x) + (w,z) >0, g(x) >0 for all z € R™. If f(-) + (w,-)
and —g(-) are (V, p)-invezx at xq, then %W)

is (V, p)-invex at xo, where

;i (X, T :gi(m)a'xx 0;(x, z0) = ;% x,T
aiteo0) = 20 (o), Oioon) = () ola0)

that is, for all 1,

(.2 filx) + (wi,z)  fi(zo) + (wi, zo)
(e 0)[ 9i(z) 9i(20) }

> gilao) [V <fi($0)+<wi’m°>> n(z, z0) + pill < ! >

gi(z) 9i(z0) gi(zo)

Nl=

91(1‘, $0)||2] .

2. Optimality conditions

Now, we establish the Kuhn-Tucker necessary and sufficient conditions for
a solution of (GFP).

Theorem 2.1 (Kuhn-Tucker Necessary Optimality Theorem). If z
is a solution of (GFP), and assume that 0 & co{Vh;(zo) | j € J(x0)}, then

there exist \; > 0, i € I(xg) = {i | max{%;ff)om | Z’:l,,.,’p}L
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Ziel(wo) Ai=1, ;>0 5=1,...,m and w; € C;, i € I(xg) such that

3 AV(fZ xog( {wi, 7o) >+ZMJWL (z0) = 0,

i€l(xo) 3;‘0) j=1
<’LU¢7.’1?0> = S($0|Ci),
Z.Ujhj (z0) =
j=1
Proof. Let ¢;(z) = %, 1,...,p. Let z¢ be a solution of (GFP)

and let I(zg) = {¢ | max{p;(zo) | i=1,. ..,p}}. Then by Proposition 2.3.12
in [1] and Corollary 5.1.8 in [9], there exist u; >0, j =1,...,m,

0 € co{0°pi(wo) | i € I(xo)} + > p1;0°h;(xo)
j=1
and p;h;(zg) =0.

Thus there exist \; > 0, i € I(xg), > ) Ai = 1 such that

1€1(xo)

(2.1) 0e Y Ndpi(wo) + Zuﬂhj(xo)
i€l(xo) Jj=1
and pjh;(zo) = 0.

By Proposition 2.3.14 in [1],

) = ST ) DofC) — Uit + (el Vo)

Since

|U}iECZ',

O pi(z0) = {gi(xo)(vfi(xo) +w;) — (fi(wo) + (ws, z0)) Vgi(xo)

9; (xo)
(wi, zo) = s(xo|Ci), i € I(wo)}
= {V (JWW> lwi € C, (Wi, xo) = s(20|Cy), i € I(«’Uo)}
gi(zo)
and hence from (2.1), there exist A; > 0, @ € I(xg), >
0, j=1,...,mand w; € C;, i € I(xg) such that

fi(zo) + (wi, 20)
> AV( e >+ZMW (o) =0,

i€1(xo) Jj=1

(wi, mo) = s(w0|Cy),

Z pih; (o) =
j=1

lEIwOA _1 ,LL]_
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Theorem 2.2 (Kuhn-Tucker Sufficient Optimality Theorem). Let x
be a feasible solution of (GFP). Suppose that there exist A\; > 0, i € I(xo),
Ziel(%) Ai=1,p;>0 j=1,...,m and w; € C;, i € I(xg) such that

(2.2) iEIZ(IO)AZV< e >+;%th( o) =0,
(wi, xo) = 8(xo|Cy),
Zﬂjhj(xo)—
j=1

If f(-) + (w,-) and —g(-) are (V,p)-invex at xo, and h is n-invex at o with
respect to the same n, and EZGI ipi||9i(x,xo)||2 > 0, then xg 1s a solution
of (GFP).

Proof. Suppose that z is not a solution of (GFP). Then there exist a feasible
solution z of (GFP) such that

max Ji@) +s@C) - fi(zo) + s(20]Ci)
1<i<p 9i(x) 1<i<p 9i(wo)

Then
fi(@) +s(@|Ci) _ fi(zo) + s(x0]Ci)
<
gi(z) gi(o)
Since (w;, o) = s(x0|C;) and w; € C;, we have for all i € I(xo),

file) + (wi,x) - fi(x) + s(x|Ci)
gi(z) B 9i(z)
fi(wo) + s(z0|Ci)
gi(ﬂfo)
fi(xo) + (w;, 20)
gi(wo)

for all ¢ € I(x).

and hence &;(x,x¢) > 0,

= (e gy | i08) (Wi @) fi(@o) + (wi, 20)
o) [ 9:(@) PAE R

By the (V, p)-invexity of f(-) + (w,-) and —g(-) at o, and by Theorem 1.1, we

have
fi(xo) + (ws, zo)
v ( gi (o)

) 0z, 0) + pill s (2, 20) 2 < 0.

Hence, we have

Z AV (fl l’ogl( <wz,l'0>) 77(3';,1;0) + Z /\ipiHéi(x,l’o)HQ <0.

X
i€l(zo) 0) i€l(xo)
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Since 3=, 1) Nipill0i (2, o) I > 0,

> AV (fl ”““Ogl( <w“x°>) n(z,z0) < 0

i€l(xo) xo)

and so, it follows from (2.2) that
Z,uJVh (zo)n(x,x0) > 0.

Then, by the n-invexity of h, we have

Zujhj(x) - Zﬂjh] (o) >0

Since >0, pjhj(wo) = 0, we have 37, yu;h;(x) > 0, which is a contradiction
since p; > 0, j =1,...,m and x is a feasible solution of (GFP). Consequently,
xo is a solution of (GFP). O

3. Duality theorems
Now, we propose the following Mond-Weir type dual problem (DGFP):

(DGFP) Maximize max {JWS(MCZ) li=1,... ,p}

gi(w)
(3.1) subject to Z AV <M> + Zuth
i€l(u) g
w; € Gy, (wi,u) = s(u|C), i € I(u)
Zﬂjhj(u) =
j=1
Ai>0,i€l(w), Y N=1, >0, j=1,.
i€l(u)

Now we show that the following weak duality theorem holds between (GFP)
and (DGFP).

Theorem 3.1 (Weak Duality). Let x be a feasible for (GFP) and let (u, A, f1,
w) be feasible for (DGFP). Assume that f(-)+ (w,-) and —g(-) are (V, p)-invez

at u, and let h is n-invex at u with respect to the same n, and
> Aipill i w)]* > 0.
i€l (u)
Then the following holds:

max{iw|i:1,...,p}zmax{fw|i:1,...,p}.
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Proof. Let x be any feasible for (GFP) and let (u, A\, u, w) be any feasible for

(DGFP). Then we have

Zﬂjhj(ﬂﬂ) <0< Zﬂjhj(u)-
j=1

j=1

By the n-invexity of h;(u), j =1,...,m, we have
m
> 1 Vhy(wn(e,u) <0
j=1

Using (3.1), we obtain
(3.2) Y <f(“)+<w“>> n(x,u) > 0.

iel(u) gi(u)

Now suppose that

max{W”Mi:ly..‘,p}<max{JWW|i:17...

gi() gi(u)

Then
fi(z) + s(@]C) _ fi(w) + 5(u|Ci)

9i(x) gi(u)
Since (w;, u) = s(u|C;), we have for all i € I(u),
i) + (wi,2) _ fulw) + (i)
9i(x) gi(u)
By Theorem 1.1, we have,

for all ¢ € I(u).

(.1 fi(m)+<wi7x> o fi(u)+<wi7u>
0 > e | PO wor
fi(u) + (wi, u)
= V( gi(u)
By using A; > 0, i € I(u), we have,

) n(z,u) + pill iz, ) 2

iel(u) 9i(u)

Since e r(u) Aipi||0i (z,u)||?> > 0, we have

5 v (A,

ieI(u) gi(u)

which contradicts (3.2). Hence the result holds.

1€I(u)

S A (f(“>+<w“>) (@) + 3 NpillBila, w2 < 0.

O

Now we give a strong duality theorem which holds between (GFP) and

(DGFP).
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Theorem 3.2 (Strong Duality). If Z be a solution of (GFP) and suppose
that 0 ¢ co{Vh;(z) | 7 € J(Z)}. Then there exist \ € RP, i € R™ and w € C
such that (Z,\, i, w) is feasible for (DGFP). Moreover if the weak duality holds,
then (Z, A, fi,w) is a solution of (DGFP).

Proof. By Theorem 2.1, there exist A € RP, i € R™ and w; € C;, i € I(%),
such that

i€I(T)

(w;, 7) = 5(2|C),
Zujhj(f) =0,

/\Z‘ZO,iEI(i‘), Z A= 1.

i€l (z)

Thus (Z, A, Ji, ) is a feasible for (DGFP). On the other hand, by weak duality
(Theorem 3.1),

max{W |i17,,,7p}2maX{W Iil,...,p}

for any (DGFP) feasible solution (u, A, 1, w). Hence (Z, A, i, w) is a solution of
(DGFP). O
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