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AN ITERATIVE SCHEME FOR EQUILIBRIUM PROBLEMS
AND FIXED POINT PROBLEMS OF ASYMPTOTICALLY
k-STRICT PSEUDO-CONTRACTIVE MAPPINGS

ZIMING WANG AND YONGFU SU

ABSTRACT. In this paper, we propose an iterative scheme for finding a
common element of the set of solutions of an equilibrium problem and
the set of fixed points of an asymptotically k-strict pseudo-contractive
mapping in the setting of real Hilbert spaces. We establish some weak and
strong convergence theorems of the sequences generated by our proposed
scheme. Our results are more general than the known results which are
given by many authors. In particular, necessary and sufficient conditions
for strong convergence of our iterative scheme are obtained.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||,
respectively. Let C' be a nonempty closed convex subset of H and F' : CxC — R
be a bifunction, where R is the set of real numbers. The equilibrium problem
(for short, EP) is to find # € C such that

(1.1) F(z,y) >0 foralyeC.

The set of solutions of (1.1) is denoted by EP(F’). Given a mappingT : C — H,
let F(z,y) = (Tz,y — z) for all z,y € C. Then, z € EP(F) if and only if
(Tz,y—z) >0 for all y € C, i.e., z is a solution of the variational inequality.

In addition, there are so many other problems which also can be transformed
into the model of an E P, for example, the complementarity problem, fixed point
problem and optimization problem. In other words, the EP provides us with
a natural, novel and unified framework for studying a wide class of problems
arising in economics, finance, physics, transportation, network and structural
analysis, elasticity and optimization, etc. Recently, many papers have appeared
in the literature on the existence of solutions of EP (see e.g., [1, 6, 8, 9] and
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references therein). Some solutions have been proposed to solve the EP (see
e.g., [2, 3,4, 5, 14, 15] and references therein).

Recall that a mapping T : C — C' is called nonexpansive if
(1.2) [Tz —Ty|| < |l —y|| forallz,yeC.

We denote by F(T) the set of all fixed points of T, that is, F(T) = {x € D(T) :
Tz = x}. If C is nonempty, closed and convex subset of a real Hilbert space H,
then F(T) is closed and convex; Further, if C' is bounded, closed and convex,
then F(T) is nonempty, see [7] for more details.

Takahashi and Takahashi [15] introduced an iterative scheme by the viscosity
approximation method for finding a common element of the set of solutions of
the EP (1.1) and the set of fixed points of a nonexpansive mapping in the
setting of Hilbert spaces. They also studied the strong convergence of the
sequences generated by their algorithm for a solution of the E'P which is also
a fixed point of a nonexpansive mapping defined on a closed convex subset of
a Hilbert space.

Given a closed convex subset C' of a real Hilbert space H. A mapping
T : C — C is called k-strict pseudo-contractive mapping if there exists a
constant 0 < k < 1 such that

(13) |2 =Tyl < llz =yl + k|[(I = T)x — (I = T)y|* for all 2,y € C.

Clearly,we find T is a nonexpensive mapping if and only if 7" is a O-strict
pseudo-contractive mapping.

A mapping T : C — C is said to be an asymptotically k-strict pseudo-
contractive mapping with sequence {v, } if there exist a constant k € [0,1) and
a sequence {7} in [0, 00) with lim,_ ¥, = 0 such that

(14) T = Ty|* < A4yl = yl* + kI =Tz = (1 =Ty

for all z,y € C. We easily obtain that every k-strict pseudo-contractive map-
pings are asymptotically k-strict pseudo-contractive mappings with sequence
{Vn}, where v, =0, and n = 1.

Very recently, Ceng, Homidan, Ansari, and Yao [2] introduced the following
iterative scheme:

Let C be a nonempty closed convex subset of H, ' : C x C — R be a
bifunction and S : C' — C be a k-strict pseudo-contractive mapping for some
0 < k < 1 such that F(S)N EP(F) # (. Let {z,} and {u,} be sequences
generated initially by an arbitrary element x1 € H and then by

Tn

(1.5)

Tnt1 = Quuy + (1 — ap)Su, forn > 1.

Then, the sequences {z,} and {u,} converge weakly to an element of F'(S) N
EP(F) under some parameters controlling conditions.
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Further more, they obtained a necessary and sufficient condition for strong
convergence of iterative scheme (1.5) under some controlling conditions.

Motivated and inspired by the facts above, in this paper, we propose a new
iterative scheme for finding a common element of the set of solutions of EP
(1.1) and set of fixed points of an asymptotically k-strict pseudo-contractive
mapping with sequence {v,} defined in the setting of a real Hilbert spaces.
Our results are more general than the results of [2].

2. Preliminaries

We will use the notation:
1. — for weak convergence and — for strong convergence;
2. wy(xy) ={x:3 z,, = x} denotes the weak w—limit set of {x,}.

Throughout the paper, we consider H is a Hilbert space with inner product
(-,+) and norm || - ||, respectively, C' is a nonempty closed convex subset of H.

Let us recall the following definitions and results which will be used in the
sequel.

Lemma 2.1 ([11]). Let H be a real Hilbert space. Then the following hold:
(@) [l —yl* = llzll = llyll* — 2z — y,y) Va,y € H;
(b) 11 = )z +tyl> = (1= Dllall® + tlgll? — ¢ — Dl — I, ¥ € 0,1],
Ve,y € H;
(c) If {xn} is a sequence in H such that x, — x, it follows that

limsup ||z, —y||* = limsup |z, — @[|* + [lz - y||*, Vy € H.

n—oo n—o0

Lemma 2.2 ([13]). Let {6, }, {On} and {vn} be three sequences of nonnegative
numbers satisfying the recursive inequality:

(2.1) Ont1 < Brln +vn forallneN
if B > 1, 300 (Bn—1) <00 and Y o vn < 0o. Then lim,_, 6, exists.

Let C be a nonempty closed convex subset of H. Then, for any x € H, there
exists a unique nearest point in C, denoted by Pox such that

(2.2) |z — Pox| < |z —yl, VyeC.
Such a Pg is called the metric projection of H onto C. It is known that Pg is
nonexpansive.
Lemma 2.3 ([11]). Let C be nonempty closed convexr subset of a real Hilbert
space H, given x € H and z € C, then z = Pox if and only if
(2.3) (x—2z,y—2) <0, VyeC.

For solving the equilibrium problem for a bifunction F' : C' x C' — R, let us

assume that F' satisfies the following conditions:
(A1) F(z,2) =0 for all z € C;
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(A2) F is monotone, i.e., F(z,y) + F(y,2) <0 for all z,y € C;

(A3) For each x,y,z € C, limy_o F(tz+ (1 — t)z,y) < F(x,y);

(A4) For each = € C, the function y — F(x,y) is convex and lower semicon-
tinuous.

The following lemma appeared implicitly in [1].

Lemma 2.4 (Also see [4, 15]). Let C be a nonempty closed convexr subset of
H and let F: C x C — R be a bifunction satisfying (A1) — (A4). Let r >0
and x € H, then, there exists z € C' such that

1
(2.4) Flz,y)+ =~y —2,2—x) >0 forallyeC.
r

Lemma 2.5 ([4]). Assume F : C x C — R satisfies (A1) — (A4). Forr >0
and x € H, define a mapping T, : H — C' as follows:

(2.5) T, (x) :{ZGC:F(:c,y)+%<yfz,zfx> >0 forallyeC}

for all z € H. Then, the following hold:
1. T is single-valued;
2. T, is firmly nonexpansive, i.e., for any x,y € H,

||TTI - Try||2 < <Tr37 - Tri%x - y>§

3. F(T,) = EP(F);
4. EP(F) is closed and convex.

In order to obtain the following lemma, we firstly introduced the notion
of uniformly L-Lipschtizan. A mapping T : C — C is said to be uniformly
L-Lipschtizan, if there exists a constant L > 0 such that

(2.6) |T"2z —T"y|| < Lljz —y|| Ve,yeC, n>1.

Lemma 2.6 ([10]). Let C' be a nonempty closed convex subset of a real Hilbert
space H and S : C — C be a self-mapping of C.

(i) If S is an asymptotically k-strict pseudo-contractive mapping with se-
quence {v,}, then S satisfies the uniformly L-Lipschtizan condition

[Tz = T"y|| < Lijz =y,

where L = ’”'liv_lle, M :=sup, {vn}

(ii) If S is an asymptotically k-strict pseudo-contractive mapping with se-
quence {v,}, then the mapping I — S is demiclosed (at 0). That is, if {xn}
is a sequence in C such that z, — & € C' and limsup,,_, ., limsup,,_,  [|(I —
S™) x| — 0, then (I —S)Z = 0.

(iil) If S is an asymptotically k-strict pseudo-contractive mapping with se-
quence {7V}, then the fixed point set F(S) of S is closed and convex.
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Proof. (i) For x,y € C, we have
[T — T"y|I> < (14 v)lle =yl + kllz = Tz — (y — T"y)|]?
< (U +y)lle = yl* + k(e =yl + Tz — T™y|)?
< (L+k+y)e—yl?
+ kQllx = y[[[|T"x = T"y|| + |T"x — T"yl|?).
It gives us that
2.7) A=k)|T 2 =T y|* = 2k|lz —y|[|T"z =T y|| — (1 +k+n) |z —y|* < 0.
Solving this quadratic inequality, we obtain that

b+ VT 9= Fm
1-%

(2.8) [T"z = T"y|| < [l —yl|.
Let L, = 10—k, W‘ and M = sup,, {y»}, we have
mn mn k + 1 + ’YTL - k'Yn
R P
k+v1+M
< ——— ==yl
1—-k

Hence (i) holds.
As for (ii), (iii), T.-H. Kim and H.-K. Xu [10] have given good proof. d

Let K be a nonempty closed subset of a Banach space E. A mapping
T : K — K is said to be semicompact if for any bounded sequence {x,} in K
such that ||z, —Tz,| — 0 (asn — 00), there exists a subsequence {z,,} C {x,}
such that x,,, — z* € K (as i — 00).

We propose an iterative scheme for finding a common element of the set of
solutions of EP (1.1) and the set of fixed points of an asymptotically k-strict
pseudo-contractive mapping with sequence {v,} in the setting of real Hilbert
spaces. We also prove the weak and strong convergences of the sequences
generated by our iterative scheme.

3. Weak convergence results

Theorem 3.1. Let C be a nonempty closed convex subset of H, F': CxC — o0
be a bifunction satisfying (A1) — (A4) and S : C — C be an asymptotically k-
strict pseudo-contractive mapping with sequence {v,} for some 0 < k < 1 such
that F(S)NEP(F) # 0. Let {z,} and {u,} be sequences generated initially by
an arbitrary element x1 € H and then by

. Tp4+1 = Qplin + (1 - O‘n)Snuna Vn>1,

where {a,}, {vn} and {r,} satisfy the following conditions:
(1) {an} C [, 0] for some «, B € (k,1);
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(2) {7n} € 10,00) with lim,, 0o 7, =0 and Y o0 (1 — ap)yn < 00;

(3) {rn} C (0,00) and liminf,,_ . 7, > 0.
Then, the sequences {xn} and {u,} converge weakly to an element of F(S) N
EP(F).
Proof. We divide the proof into six steps.
Step 1. lim,,_, o ||z, — p|| exists for each p € F'(S) N EP(F).

Indeed, let p be an arbitrary element of F'(S) N EP(F). Then from the
definition of 7). in Lemma 2.5, we have u,, = T, x,, and therefore

(3.2) |un —pll = | T, 20 — Tr,p

< llew—pll, V>
Since T is an asymptotically k-strict pseudo-contractive mapping, we have
(3.3)
[Zn+1 *pHQ = |lanun + (1 — ay)S"un *p||2
= aplluy —p||2 + (1= an)[|S"un _pH2
- an(l - an)”un - SnunHQ
< apllun, — p||2 + (1 = an)[(1+ ) lun — pH2 + kllun — SnUHHQ]
— (1 = a) ||t — S™uyp ||?
=1+ (1 = an)yallun = plI* = (@n = k)1 = an)||un — S™un .
Since k < a<a, <G <1foraln>1, weget
(3.4) st = pl? < [1+ (1 = an)yalllun — pl%
And since [1 4+ (1 — a)vn] > 1, we have
1 = pl* < 1+ (1 —an)m]llun —pl* < [1+ (1= an)yal*[lun — pl*.
So we obtain the following inequality,
(3.5) [#n41 —pll <1+ (1 = an)vnlllun —pl.

Since {a,} C [a, ] for some o, 8 € (k,1), D02 1(1 — an)yn < oo and by
Lemma 2.2, we obtain that lim,, .« ||z, —p|| exists and hence {z,,} is bounded.
Step 2. lim,, oo ||ty — S™uy|| = 0.

We can suppose lim, .o ||, — p|| = r for some r > 0. It’s easy to see from
(3.3) that
(3.6)

(@=k)(1 = B)llun = S"un|? < (an — k) (1 = an)|lun — S"uy|?

<[+ (1 = an)yallzn = pl* = llznrs - pll*.

This implies that lim,, e ||n, — S™uy|| = 0.
Step 3. lim,, oo ||2n — S™2,| = 0.

Note that

Up — Tpt1 = (1 — ap)(un — S™uy).
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Now, we compute

[2n41 = "1 ?
= flan(up — 8" 1) + (1= an)(S™up — S"wpi1)||?
= apllun = S"wppa |+ (1 = @n)[[S™up — 8™y 41|
— (1= ap) [t — S™up |2
< anll(un = ng1) + (@1 — S xpp) |2
— (1= ap) [t — S™up |2
+ (1= an)[(L+ ) l[un = 2 |2
+ k[l (un = S™up) = (Tnr1 — S"@ps1)|I’]
= an(llun = @i [I” + [2n41 — ST |12
— 20Uy = Trg 1, Tpp1 — S"Tni1)) — (1 — a)|[un — S™uy ||?
+ (1= an)[(L+0)l[un = zpga [+ k([fun — S u|?
F [ Ens1 = 8" Tpp1[|? = 2(up — 8™, Tpp1 — S"Tp41))]
= [+ (1 = an)yallun — zpa || + anllznsr — S @nga ||
+ 200 (U, — Ty 1, Tyt — S™Tni1) — an (1 — a) [t — S™uy ||
+ k(L= an)([lun = S™un|® + |20 — 5"y 41|
— 2(up — S™Up, Tpp1 — S"Tpy1))
= (1= an)[1+ (1 = an)ya]llun — S"uq|?
+ gl — S wp g |)?
+ 20, (1 — an){tn — S™Up, Ty — S"Tpt1)
— (1 = a)||um — S™up |2
+ k(L = an)([lun = S"un|® + |25 — S"zp 41|
— 2ty — S™ Uy, Tpr1 — S"Tpg1))
= [ + k(1 = ap)]llznts — S" @4 |
+ 1+ = an)yn + k(1 — an)]|lun — S™un?
+ 2(a, — k)(1 — ap)(up, — S™up, Tpy1 — S"Tny1))
< lan + k(1 = @) znr1 — S"nga |
1+ (1= an)(m + B)]Jun — S™uy 2
+ 2(om — k) (L = an)llup = S"up|ll|zn1 — " @nsa .

Putting a, = ||2pt1 — S™Tp41| and by, = ||u, — S™u,|| for each n > 1, we have

(3.8) (1 —an)(1 —k)a? <[1+ (1= an)(ym + k)62 + 2(an — k)(1 — an)anby.



76 ZIMING WANG AND YONGFU SU

Since 1 — a;, > 0 and we may assume b,, > 0, we can divide the last inequality
by (1 — a,)b? and also let ¢, = 7= to get the quadratic inequality for ¢,,

(3.9) (1= k)G —2(an — k)G — (
Solving this inequality, we obtain

an —k+ \/(anfk)2+(1fk)(ﬁ )

Cn < 7 - :

Since k < a <, < B < 1 for all n > 1, and lim,, o v, = 0, therefore, there
exists a constant M > 0 such that

Lokl B2 (LR 0t h)

n+ k) <0.
o Tt ) <

l—ay
< M.
Cn %
Therefore, a,, < Mb,, i.e.,
(3.10) [#nt1 = S"Tni1l| < Mun — S"uall,
since limy, o0 ||n, — S™uy, || = 0, we obtain

lim ||, — S"z,| = 0.
n—oo

Step 4. We claim that lim, o ||, — up| = 0.

Let p be an arbitrary element of F'(S) N EP(F). Then as above u, = T,x,
and we have

[[un —p||2 = |Trzn — Trp||2
< <Tr$n —Trp,xy — p>
= <un — D, Tn 7p>

1
5 len = plI* + llon = pl* = [l — unll)

and hence
lun = pl* < llzn = plI? = llzn — wnll-
So from (3.4), we have
lzns1 =2l < 1+ (1= an)yalllun — ol
< [T+ = a)val(len = pl? = llzn — unl?)
and hence
[+ (1 = an)yllzn — unll* < 1+ (1= an)yallzn = pl* = [[@nts = plf?
and divide the last inequality by [1 4 (1 — ay,)yn], we get
1
1+ (1= an)ym
So, from the existence of lim,, |z, — p|| and 1+ (1 — a,,)yn # 0, we have

lzn = unll® < |z = pl* — lznr1 = pII*.

|2 —un|| = 0 asn — oo.
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Step 5. We claim that w,,(x,) C F(S) N EP(F), where
wy(zn) ={z: 3 z,, — z}.

Firstly, we prove that wy,(z,) C EP(F).

Since {z,} is bounded and H is reflexive, wy,(z,) is nonempty. Let w €
wy(x,) be an arbitrary element. Then there exists a subsequence z,,, of {z,}
converging weakly to w. Hence, from the result of Step 4, we know that u,,, —
w. As ||S"u, — u,|| — 0, we obtain that S™u,, — w. Since u,, = T} x,, we
have

1
F(unvy) + 7<y_un»un _mn> > 0, v y e C.

n

From (Az), we also get

1

7<y — Up, Up — xn> Z F(yvun)v

Tn
and hence

Up, — Ty,
<y*unm = m>2F(yaum)'
n;

Since “i—"" — 0 and u,, — w, from (A4) we have

n;

0> F(y,w), VyeC.

Fort € (0,1 and y € C, let 4y = ty + (1 — t)w. Since y € C and w € C, we
have y; € C and hence F(y;, w) < 0. So, from (A;) and (A4) we have

0=F(yye) <tF(ye,y) + (1 =) F(yr, w) < tF(ys,y),
and hence 0 < F(y;,y). From (Aj3), we have
OSF(wayt)7 Vy€C7

and hence w € EP(F).
Secondly, we show that w,,(x,) C F(S).

Since {z,} is bounded, we can define a function f on H by

f(z) =limsup ||z, — z|?, =z € H.

n—oo

By Lemma 2.1(c), the weak convergence x,, — w implies that

f(z) = f(w) + ||z —w||* for all 2 € H.
In particular, for each m > 1,

(3.11) F(S™w) = f(w) + [|S™w — w|?.
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On the other hand, since S is an asymptotically k-strict pseudo-contractive
mapping, we get

f(S™w) = limsup ||z, — S™w]|?

n—oo

= limsup ||(z, — S™zp) + (S™x, — S™w) |
n—oo

= limsup(||z, — S™x,|* + [|S™ 2, — S™w||?
n—o0

+2(zy, — S™ap, S"x, — STw))
< timsup [ — §™ (0 — §™ ] + 2Ll — )

+limsup[(1+ ym)l|l2n — wl|* + k| (@ = S™z0) — (w — S™w)|?].

n—00

Taking lim sup,,,_, ., on both sides and observing the facts that that lim,, .. Ym

=0 and limsup,,_, ., limsup,,_, ., ||t, — S™xz,|| = 0, we derive that
(3.12) limsup f(S™w) < limsup ||z, — w||* + klimsup ||w — S™w||.
m—00 n—0oo m—00

Combining (3.11) and (3.12), we conclude that limsup,,_, . ||w — S™w|? = 0.
That is, S™w — w, hence Sw = w, i.e., wy(T,) C F(S).

Step 6. We claim that {z,} and {u,} converge weakly to an element of
F(S)NEP(F).

Indeed, to verify that the assertion is valid, it is sufficient to show that
Wy (xy) is a single-point set. We take wi, we € wy(x,) arbitrarily and let
{zk,} and {z,,,} be subsequences of {z,} such that z;, — wi and x,,; — ws,
respectively. Since lim, . ||z, — p|| exists for each p € F(S) N EP(F) and
since wy,ws € F(S) N EP(F), by Lemma 2.1(c), we obtain

lim |2, — w1|\2 = lim ||z, — w1||2
n—oo J—0o0
= lim [|@m, — wa|?® + w2 — wi]]
J—00
= lim ||z, — w2|\2 + |Jwe — wa |
11— 00
= lim ||z, — wy]]? 4 2||wy — wy|
1— 00
= lim ||z, — w1||2 + 2||we — w1
n—oo

Hence w; = wg. This shows that wy,(z,) is a single-point set. This completes
the proof. O

By Theorem 3.1, we derive the following result.

Corollary 3.2 ([2]). Let C be a nonempty closed convex subset of H, F :
C x C — R be a bifunction satisfying (A1) — (A4) and S : C — C be a k-strict
pseudo-contractive mapping for some 0 < k < 1 such that F(S) N EP(F) # (.
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Let {x,} and {un} be sequences generated initially by an arbitrary element
x1 € H and then by

F<un7y) + TL@/ — Un, Un — xn) >0 forallyeC,
Tnt1 = Quly + (1 — ap)Su, forn > 1,

where {an} and {r,} satisfy the following conditions:

(1) {an} C [, G] for some a, B € (k,1);

(2) {rn} C (0,00) and liminf,,_ . r, > 0.
Then, the sequences {xn} and {u,} converge weakly to an element of F(S) N
EP(F).

4. Strong convergence results

Theorem 4.1. Let C' be a nonempty closed convex subset of H, F : CxC — oo
be a bifunction satisfying (A1) — (Aq) and S : C — C be an asymptotically k-
strict pseudo-contractive mapping with sequence {y,} for some 0 < k < 1 such
that F(S)NEP(F) #0. Let {x,} and {u,} be sequences generated initially by
an arbitrary element v1 € H and then by

{F(Unay)+rlyb<y_unaun_xn> >0, Vyed,

(4.1)
Tyl = Qutn + (1 — ap)S"up, ¥ n>1,

where {an}, {vn} and {r,} satisfy the following conditions:

(1) {an} C [, 8] for some o, B € (k,1);

(2) {1} € [0,00) with limy, o0 ¥ = 0 and > (1 — an)yn < 00;

(3) {rn} C (0,00) and liminf,,_.o 7, > 0.
Then, the sequences {x,} and {u,} converge strongly to an element of F(S)N
EP(F) if and only if liminf,_ . d(x,, F(S)NEP(F)) = 0, where d(z,, F(S)N
EP(F)) denotes the metric distance from the point x,, to F(S) N EP(F).
Proof. From the proof of Theorem 3.1, we know that lim,_ . ||z, — p|| exists
for each p € F(S)NEP(F) and lim,,_, o ||t — 2, || = 0. Hence {z,} is bounded.

The necessity is apparent, we show the sufficiency. Suppose that

lim ||u, — 2z,] = 0.

n—oo

Taking the infimum all p € F(S) N EP(F) from (3.5), we have
d(Xps1, F(S)NEP(F)) < [14 (1 — an)yn]d(zn, F(S) N EP(F))

and hence lim,,_,, d(x,, F(S)NEP(F)) exists (the proof of this result is similar
to the proof of lim,, . ||z, — p|| in Theorem 3.1). Thus, we have

lim d(x,, F(S)N EP(F)) = liminf d(z,, F(S)N EP(F)) = 0.
Now, it follows by (3.5) that for all p € F'(S) N EP(F),

m—1

(4.2) |Tnym—2nll < |Znem—pll+zn—p| < H [1+(1_0‘n+i)7n+i]Hxn_pH-
1=0
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Since >°>° (1 —ap)yn < oo and 1 — 8 < 1 —a, < 1 —a, there exists a positive
constant N, such that (1 — ap)y, < % for all n > N. Thus we can obtain the
following inequality by (4.2),

m—1

43)  NZnem = @all < l@nm = pll + o —pll < [T+
=0

m]”mn =7l
Since [T [1 + = lllzn — pll < (1+ 1)z, — pll and lim, e (1 + 1) =,
so we get

m—1

[0+ 0= anii)ymel <e

i=0
Taking the infimum over all p € F(S) N EP(F) from (4.2), we obtain

|Zntm — 20| < ed(z,, F(S)N EP(F)).
Thus {z,} is a Cauchy sequence. Suppose x,, — & € H. Then

d(#, F(S) N EP(F)) = lim d(z,, F(S) N EP(F)) = 0.

As S an asymptotically k-strict pseudo-contractive mapping with sequence
{¥n}, we know from Lemma 2.6(iii) that F'(S) is closed and convex. Note
that EP(F) is closed according to Lemma 2.5. Thus F(S) N EP(F) is closed.
Consequently, & € F(S) N EP(F). In view of lim, 0 ||un — xn] = 0, we
conclude that both sequences {x,} and {u,} converge strongly to an element
& of F(S) N EP(F). O

Theorem 4.2. Let C be a nonempty closed convex subset of H, F : C x C' —
R be a bifunction satisfying (A1) — (A4) and S : C — C be a semicompact
asymptotically k-strict pseudo-contractive mapping with sequence {v,} for some
0 <k <1 such that F(S) N EP(F) # 0. Let {z,} and {u,} be sequences
generated initially by an arbitrary element x1 € H and then by

Tnt1 = Qnlin + (1 - an)snunv Vn > 1a

where {a,}, {vn} and {r,} satisfy the following conditions:
(1) {an} C [, G] for some «, B € (k,1);
(2) {1} €10,00) with lim;, oo ¥ = 0 and >~ (1 — an)yn < 00;
(3) {rn} C (0,00) and liminf, o 7, > 0.
Then, {z,} and {un} converge strongly to an element of F(S) N EP(F).

Proof. From the proof of Theorem 3.1, we know that lim, _, ||z, — p|| exists
for each p € F(S) N EP(F) and lim, o ||zn — S"2,|| = 0. Thus {z,} is
bounded. Then from the semicompactness of S, we conclude that there exists
a subsequence {x,, } of {x,} such that

Ty, > q € H asi— oo.

i
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Hence, z,, — ¢. Clearly, repeating the same argument as in the proof of
Theorem 3.1, we must have ¢ € F(S)NEP(F). This implies that lim,, o ||z, —
q|| exists. Consequently, we have

lim [z, —g|| = lim |lz,, —q[ = 0.
n— 00 — 00

Since ||u, — x, || — 0 as n — oo, we deduce that both the sequences z,, and u,,
converge strongly to a point ¢ € F(S) N EP(F). O

In particular, every k-strict pseudo-contractive mappings are asymptotically
k-strict pseudo-contractive mappings with sequence {v,}, where v, = 0, and
n = 1. According to Theorem 4.1 and Theorem 4.2, we derive the following
results easily.

Corollary 4.3 ([2]). Let C be a nonempty closed convexr subset of H, F :
C x C — R be a bifunction satisfying (A1) — (A4) and S : C — C be a k-strict
pseudo-contractive mapping for some 0 < k < 1 such that F(S) N EP(F) # (.
Let {x,} and {u,} be sequences generated initially by an arbitrary element
x1 € H and then by

F(unay) + %<y = Un, Up — xn> >0 forallyeC,
Tnt1 = Quly + (1 — ap)Su, forn > 1,

where {a,} and {r,} satisfy the following conditions:

(1) {an} C o] for some a, B € (k,1);

(2) {rn} C (0,00) and liminf,,_. 7, > 0.
Then, the sequences {x,} and {u,} converge strongly to an element of F(S)N
EP(F) if and only if liminf,_ . d(x,, F(S)NEP(F)) = 0, where d(z,, F(S)N
EP(F)) denotes the metric distance from the point x,, to F(S) N EP(F).

Corollary 4.4 ([2]). Let C be a nonempty closed convex subset of H, F :
C x C — R be a bifunction satisfying (A1) — (A4) and S : C — C be a
semicompact k-strict pseudo-contractive mapping with sequence {y,} for some
0 <k <1 such that F(S)N EP(F) # 0. Let {x,} and {u,} be sequences
generated initially by an arbitrary element x1 € H and then by

F(unay)+%<y*unaun*xn> 203 Vyeca
Tpt1 = aply + (1 — ) Suy, V> 1,

where {a,} and {r,} satisfy the following conditions:
(1) {an} C o] for some a, B € (k,1);
(2) {rn} C (0,00) and liminf,,_. 7, > 0.
Then, {x,} and {u,} converge strongly to an element of F(S) N EP(F).
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