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COMMON FIXED POINT THEOREM OF
SEMI-COMPATIBLE MAPS ON INTUITIONISTIC
FUZZY METRIC SPACE

JONG SEO PARK

ABSTRACT. In this paper, we prove common fixed point theorems for
semi-compatible mappings on intuitionistic fuzzy metric space with dif-
ferent some conditions of Park and Kim [10]. This research extended and
generalized the results of Singh and Chauhan [14].

1. Introduction

The concept of fuzzy set was developed extensively by many authors and
used in various fields. Several authors have defined fuzzy metric space ([5]
etc.) with various methods to use this concept in analysis. Jungck ([3], [4])
researched the more generalized concept compatibility than commutativity and
weak commutativity in metric space and proved common fixed point theorems,
and Singh and Chauhan [14] introduced the concept of compatibility in fuzzy
metric space and studied common fixed point theorems for four compatible
mappings.

Recently, Park et. al. [7] defined the upgraded intuitionistic fuzzy metric
space and Park et. al. ([8], [9], [11], [12]) studied several theories in this space.
Also, Park and Kim [10] proved common fixed point theorem for self maps in
intuitionistic fuzzy metric space.

In this paper, we prove common fixed point theorems for semi-compatible
mappings on intuitionistic fuzzy metric space with different some conditions
of Park and Kim [10]. This research extended and generalized the results of
Singh and Chauhan [14].

2. Preliminaries

We give some definitions and properties of intuitionistic fuzzy metric space.
Throughout this paper, N will denote the set of all positive integers.
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Let us recall (see [13]) that a continuous t-norm is a binary operation * :
[0,1] x [0,1] — [0, 1] which satisfies the following conditions:
(a) % is commutative and associative;
(b) * is continuous;
c)ax1l=uaforall acl0,1];

(d) a*xb < c*d whenever a < cand b <d (a,b,c,d € [0,1]).

Similarly, a continuous ¢-conorm is a binary operation ¢ : [0, 1] x [0, 1] — [0, 1]
which satisfies the following conditions:

(a) ¢ is commutative and associative;

(b) ¢ is continuous;

(¢) ao0=aq for all a € [0, 1];

(d) aob > cod whenever a < cand b <d (a,b,c,d € [0,1]).

Also, let us recall (see [6]) that the following conditions are satisfied:

(a) For any r1,re € (0,1) with r; > ro, there exist r3, 74 € (0,1) such that
ri1*rg > rg and rgory < ro;

(b) For any r5 € (0,1), there exist rg,77 € (0,1) such that rg x rg > r5 and
rrory < rs.

Definition 2.1 ([7]). The 5-tuple (X, M, N, *,¢) is said to be an intuitionistic
fuzzy metric space if X is an arbitrary set, * is a continuous t-norm, ¢ is a
continuous t-conorm and M, N are fuzzy sets on X2 x (0,00) satisfying the
following conditions; for all z,y, z € X, such that
(a) M(x,y,t) >0,
r,y,t) =1z =y,
T, y,t) = M(y, 1),
x,y,t) « M(y,z,8) < M(x,z,t+s),
(z,y,) : (0,00) — (0,1] is continuous,
t)
t)
t) =

G
SEXEE

1.7 y7 >
(z,v, :0<:>:10—y7
(z,9,t) = N(y,,1),
(z,y,t)o N(y,z,8) > N(x,z,t+ s),

(§) N(z,y,-) : (0,00) — (0,1] is continuous.

Note that (M, N) is called an intuitionistic fuzzy metric on X. The functions
M(z,y,t) and N(z,y,t) denote the degree of nearness and the degree of non-
nearness between x and y with respect to ¢, respectively.
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Definition 2.2 ([12]). Let X be an intuitionistic fuzzy metric space. Then

(a) A sequence {z,} C X is convergent to = in X if and only if for each
e >0, t > 0, there exists ng € N such that M(z,,z,t) > 1 —¢€, N(zp,x,t) <e
for all n > ng.

(b) A sequence {z,} C X is called Cauchy sequence if and only if for each
€ >0, t > 0, there exists ng € N such that M (x,, Ty, t) > 1—¢, N(zp, T, t) <
€ for all n,m > nyg.

(¢) X is complete if every Cauchy sequence in X is convergent.
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Definition 2.3 ([10]). Let A, B be mappings from intuitionistic fuzzy metric
space X into itself.
(a) (A, B) are said to be compatible if and only if

lim M(ABx,, BAx,,t) =1, lim N(ABx,, BAx,,t)=0

n—oo n—oo

for all ¢ > 0, whenever {z,} C X such that lim,,_,, Az, = lim,, o Bz, ==
for some x € X.
(b) (A, B) are said to be semi-compatible if and only if

lim M(ABxz,,Bz,t) =1, lim N(ABx,,Bx,t)=0

for all ¢ > 0, whenever {z,} C X such that lim, . Az, =lim, . Bx, ==
for some x € X.

Lemma 2.4 ([10]). Let A, B be self mappings on intuitionistic fuzzy metric
space X. If B is continuous, then (A, B) is semi-compatible if and only if
(A, B) is compatible.

3. Main results

Theorem 3.1. Let A, B, S and T be self maps of complete intuitionistic fuzzy
metric space X with t-norm x and t-conorm o defined by « * § = min{«, 5}
and a o f = max{a, 8}, o, € [0,1], satisfying

(a) (A,S) and (B,T) are semi-compatible pairs of maps,

(b) S and T are continuous,
(c) A%(X) C TH(X), B*(X) C §5(X),
(d)

M (A%, B%, kt)

> min{M(S%z, Ty, t), M(A%, S*x,t), M(B%, T'y,t), M(BPy, Sz, 2t),

M (A%, T'y, 1)},
N (A%, Bby, kt)
< max{N(S%z,T'y,t), N(A%x, S°z,t), N(Bby, T'y,t), N(B%y, Sz, 2t),
N(A%, Ty, t)}.
(e) limyoo M(x,y,t) = 1, limsoo N(z,y,t) =0 for all z,y € X, t >0
and a,b, s, t € N.
Then A, B,S and T have a unique common fixed point in X .
Proof. Let xg be an arbitrary point in X, we can inductively construct a se-
quence {y,} C X such that yo, 1 = T'won_1 = A%2,_2, Yon = S*Ta, =
Bbzo,_q forn=1,2,3,....
First, we prove that {y,} is Cauchy sequence. From (d), we have
M (Y2n+1, Y2n+2, kt)
= M (A3, B’ 2,41, kt)



62 JONG SEO PARK

v

min{ M (S*wa,, T'Toni1,t), M(A%Coy, S*an,t), M(B 2an 11, T wony1,t)
M (B w241, S*on, 2t), M(A%2a,, T won 1, )}

min{M (y2n, Y2n+1,1), M (Y2n+1, Y2n: 1), M (Y2n+2, Y2n+1, 1),
M (y2n+2, Y2ns 2t), M (Y2n+1, Y2n+1t) }

min{ M (yan, Y2n+1,t), M (Y2n+2, Yant1,t), 1},

N(Y2n+1, Y2n+2, kt)

= N(A%xap, Bbxo,.q, kt)

max{N (S*zon, T'xoni1,t), N(A%@ay, S¥T2,, 1), N(Bbzgn_,_l, T'2opi1,t)
N(B°x2,11,S%%a,,2t), N(A%a,, T woni1,t)}

max{N (y2n, Y2n+1,t)s N(Y2n+1,Y2n: 1), N (Y2n+2, Y2n+1, 1),
N (Y2n+2,Y2n, 2), N(yY2nt1, Y2nt1t) }

< max{N(y2n, Y2n+1,1), N(y2n+2, Y2nt1,1), 0}

v

Y

IN

IA

which implies
M (Y2n+1, Y2n+2, kt) = M (Y2n, Y2n+1, 1), N(Y2nt1, Y2n+2, k1) SN (Y2n, Y2n+1,1).
Generally,

M (Yns Ynt1,kt) = M(Yn—1,Yn,t), N, Yn+1.kt) < M(Yn-1,Yn, 1).

Therefore
t
M(ynayn—i-lat) Z M <yn—17ynak)
2 .........
t
Z M y07y17k7
— 1 as n— oo,
t
N(yn7yn+l7t) S N <yn17ynak>
S .........

t
S N <y0ayla kn>
— 0 as n — oo.
Hence for t > 0 and € € (0, 1), we can choose ng € N such that
M(yn»yn+1vt) >1- €, N(y7uyn+17t) <e€

for all n > nyg.
Suppose that for m,

M (Yn, Yntmrt) > 1 =€ N(Yn,Ynim,t) <€
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for all n > ngy and for every m € N. Then

M(y'ru Yn+m—+1, t)

. t t
Z min {M <yn7 Z/n+m7 2) ;M (yn+7ru yn+m+17 2) }

> 1 —k¢,
N(yn7yn+m+1ut)

t t
< max {N (yn,yn+m, 2) , N (yn+m7 Ynt+m+1, 2>}

< €.

Therefore {y,} C X is a Cauchy sequence.

Second, we prove that A%, B?, % and T* have a unique common fixed point.
Since {y,} converges to some point z from completeness of X, A%xq, — z,
S%zo, — x, Bzop_1 — x and T'xs,_1 — z. Since S is continuous, hence
S¥(A%xg9,) — S*(x). Thus for ¢t > 0 and € € (0,1), there exists an ng € N such
that

M (55(14”»”%),55(@,;) >1—¢ N <SS(Aax2n),SS(m),;> <e

for all n > mg. Also, since (A,S) and (B,T) are semi-compatible pairs, by
Lemma 2.4, (A,S) and (B,T) are compatible pairs. Therefore (A%, S%) and
(B®,T*) are compatible pairs for all a,b,s,t € N. From (a), we have

lim M (Aa(Ssxgn),Ss(A“xgn),t> =1,

n—oo 2

lim N <A“(Ssx2n),Ss(A“x2n), t) — 0.

n—oo 2

Hence

M(Ss(AaxQn)? Ss(x)vt)

t t
2 i [ (#0000 ) b (50, 5,2)
> 1 —k¢,
N(S*(A%xay,), S%(x),t)
< max {M (A“(Ssxgn), S (A%xay,), ;) M (S‘“’A“(mgn), Séz, ;)}

<€

for all n > ng. Therefore lim,,_oo A*S29, = S*z. Also, since lim,,_,oc B®Top_1
=z and T is continuous, lim, . T*(B%x2, 1) = T*z. Thus for ¢ > 0 and
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e € (0,1), there exists an ng € N such that

t
) >1—¢ N <Tt(Bb932n1)7Tt($)7) <e

M (Tt(Bbxgnl),Tt(x), 3

for all n > ng.
From (a), we have

t
lim M (Bb(Ttxgn_l),Tt(Bbxgn_l), ) =1,

oo 2
t
lim N (Bb(Ttmznl),Tt(Bbxznl), ) —0.
n—oo 2
Hence
M(B*(T'xoy,_1), Tz, t)
t
> min {M (Bb(Tta:in),Tt(B%in), 2) M (Tt(Bbxgnl),Ttx,t)}
> 11—k,
N(B*(T'xg,_1), Tz, t)
<

max {N (Bb(Tthnl), T'(B%z,_1), ;) N (TH(B°29y-1), T'z, t)}
< €
for all n > ng. Therefore lim,, o, B*(T x2,_1) = T'x.
Using (d), we have
M(A“(S5w2y,), B*(T"2n_1), kt)
> min{ M (S*(S*za,), T" (T 2on_1),t), M(A*(S*x2,), S*(S*T2n), 1),
M (B (T w2,-1), THT w2p—1),t), M(B"(T'x9,,—1), S*(S*w2,), 2t),
M(A*(S*z9y,), T" (T z2n—1),t)},
N(A“(S*z2,), B (T 2,_1), kt)
< max{N(S5(S%xa,), T"(T" w2 _1),t), N(A(S*w2,), S5(S5xa,), 1),
N (BT 'won—1), T"(T w9n—1),t), N(B* (T w2,-1), S*(S*222), 2t),
N(A*(S%w2,), T (T w2,1),1)}.
Taking the limit as n — oo, and using above results,
M(S%x, T 'z, kt) > M(S®x, T x,t), N(S°z, Tz, kt) < N(S*z,T'z,t)
which implies Sz = T"z.
Now,
M (A%, B*(T"x2,_1), kt)
> min{M(S*z, T"(T 2, _1),t), M(A%, S*x,t), M(B*(T'29,_1),
THT 29, 1),t), M(BY (T w2, 1), S%(S%x), 2t),
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M(A%, T (T x9,,—1), 1)},
N (A%, B®(T'xa,_1), kt)
< max{N(S°z, T"(T" w2, _1),t), N(A%x, S*z,t), N(B* (T w2, 1),
THT 29, _1),t), N(B*(T 29, 1), S°(S%x), 2t),
N(A%, TH (T w3, _1),t)}.
Taking the limit as n — oo, and using above results,
M(A%, T 2, kt) > M (A%, T'x,t), N(A%, T'x, kt) < N(A%, T'z,t)
which implies A% = T'z. Also, since
M (A%, B®z, kt) > M(A%, B®z,t), N(A%, B®z,kt) < N(A%, B®z,t).
Hence A% = Bbz. Therefore A%z = Bz = S5z = T'x. Furthermore, since
M (A%, Bz, kt)
> min{M(S*za,, T'z,t), M(A%xs,, S*xoyn,t), M(Bx, Tz, 1),
M(Bz, 812, 2t), M(A%Ta,, T'2, 1)},
N(A%zy,, Bz, kt)
< max{N(S%zy,, T z,t), N(A%p, S*xon,t), N(Bz, Tz, t),
N (B z, S®wop, 2t), N(A%y,, Tz, t)}.
Taking the limit as n — oo,
M (z, Bz, kt) > M(x, Bz, t), N(x, Bz, kt) < N(z, Bbz,t)

which implies & = B®z. Therefore x = Bz = A% = S%z = T'x. That is,
is a common fixed point of A%, B% S* and T*. Let z be another common fixed
point of maps. Then

M (A%, B®z, kt)
> min{M(S°z, T z,t), M(A%, S*z,t), M(B®z,T"z,1t),
M(Bbz, S%2,2t), M(A%:, T2, 1)}

> min{M(z, z,t), M(z,z,t), M(z, z,1),
M(z,z,2t), M (z,z,t)}
> M(x,z2,t),
N (A%, B2, kt)
< max{N(S%z, T’z t), N(A%, Sz, t), N(B’2,T'2,t),

N(B%z,8°2,2t), N(A%, Tz, t)}
< max{N(z,z,t),N(x,x,t), N(z z,t),
N(z,z,2t),N(z,z,t)}
< N(z,z,t).

Hence x is a unique common fixed point of maps.
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Third, we prove that this point x is a common fixed point of A, B, S and T'.
Since Az = A(A%z) = A*(Ax) and Az = A(S°z) = S®°(Az) from (a), hence
Az is a common fixed point of A* and S*. Also, since Bx = B(B%z) = B®(Bx)
and Bz = B(T'z) = T!(Bx) from (a), hence Bz is a common fixed point of
BY and T*. Now, letting z = Ax and y = Bz in (d), we have

M(Ax, Bz, kt)

= M(A*(Az), B®(Bx), kt)

min{ M (S*(Az), T*(Bz),t), M(A*(Azx), S*(Ax),t), M(B®(Bz), T'(Bz),t),
M (B®(Bz), S*(Ax), 2t), M(A*(Az), T'(Bx),t)}

min{M (Az, Bx,t), M (Ax, Az, t), M(Bx, Bx,t),
M (Bzx, Ax,2t), M (Ax, Bz, t)}

> M(Az, Bz, t),

N(Az, Bz, kt)
= N(A%(Azx), B*(Bx), kt)
max{N (S°(Az), T'(Bzx),t), N(A*(Ax), S*(Azx),t), N(B*(Bz), T'(Bx),t),

N(B®(Bz), S(Ax),2t), N(A%(Az), T'(Bx),t)}
= max{N(Az, Bx,t), N(Az, Az, t), N(Bz, Bz, t),
N(Bz, Az, 2t), N(Az, Bx,t)}
< N(Azx, Bx,t).

v

IN

Therefore Ax = Bx. Also, we have

M(Sz, Tz, kt)
= M(S%(Sz), T (Tz), kt)
> min{M(S*(Sz), T (Tx),t), M(A*(Sx), S*(Sx),t), M(B*(Tz), T"(Tz),t),
M(B*(Tz), S*(Sx),2t), M(A*(Sz), T"(Tx),t)}
min{M (Sz,Tz,t), M(Sxz, Sx,t), M(Tx, Tx,t),
M(Tx,Sz,2t), M(Sz,Tx,t)}
> M(Sxz,Tx,t),
N(Sxz, Tx, kt)
= N(S%(Sz), T"(Tx), kt)
< max{N(S*(Sz), T (Tx),t), N(A*(Sx), S*(Sx),t), N(B*(Tz), T (Tx),t),
N(B*(Tx), 5%(Sx),2t), N(A(Sx), T (Tx),t)}
= max{N(Sz,Tx,t), N(Sz, Sz, t), N(Tz, Tx,t),
N(Tx,Sx,2t), N(Sz,Tx,t)}
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< N(Sz,Tz,t).

Therefore Sz = Tx. Since z is a unique common fixed point of A%, B® §% T,
hence Az = Bz is common fixed points of A%, S® and Sx = Tz is common fixed
points of B?, T*. Hence x = Az = Bx = Sx = Tx. That is, x is a common
fixed point of A, B, S and T. O

Corollary 3.2 ([14]). Let A, B, S and T be self maps of complete fuzzy metric
space (X, M, *) with continuous t-norm x defined by a * b = min{a, b}, a,b €

[0,

Th

1], satisfying the following conditions:
(a) A(X) CcT(X), B(X) C S(X).
(b) S and T are continuous.
(c) (A, S), (B,T) are compatible pairs of maps.
(d) For allz,y € X, k€ (0,1), t >0,

M(Az, By, kt)

> min{M(Sz, Ty, t), M(Az, Sz,t), M(By, Ty, 1),
M(By, Sz, 2t), M (Az,Ty,t)}.

(e) For all z,y € X, limy_.oo M(z,y,t) = 1.
en A, B,S and T have a unique common fized point in X .

Proof. For fuzzy metric space X, if a = b = s =¢ = 1 in Condition (d) of

Th

(1]
2]

3]
(4]
[5]
[6]

[7]

(8]
[9]
(10]
(11]

(12]

eorem 3.1, then the proof follows from Theorem 3.1. (]
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