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THE LACUNARY STRONG ZWEIER CONVERGENT
SEQUENCE SPACES

Mehmet Şengönül

Abstract. In this paper we introduce and study the lacunary strong
Zweier sequence spaces N0

θ [Z], Nθ[Z] consisting of all sequences x = (xk)

such that (Zx) in the space Nθ and N0
θ respectively, which is normed.

Also, prove that N0
θ [Z], Nθ[Z] are linearly isomorphic to the space N0

θ
and Nθ, respectively. And we study some connections between lacunary
strong Zweier sequence and lacunary statistical Zweier convergence se-
quence.

1. Introduction

A sequence space λ with linear topology is called a K-space provided each of
maps pi → C defined by pi(x) = xi is continuous for all i ∈ N; where C denotes
the complex field and N = {0, 1, 2, . . .} . A K-space λ is called an FK-space
provided λ is a complete linear metric space. An FK-space whose topology is
normable is called a BK-space [2].

For a sequence space λ, the matrix domain λA of an infinite matrix A is
defined by

λA = {x = (xk) ∈ w : Ax ∈ λ} ,(1)

where A = (ank) (n, k = 0, 1, 2, . . .) is an infinite matrix of complex numbers
and Ax = (An(x)) if An(x) =

∑
k ankxk converges for each n.

By a lacunary sequence we mean an increasing integer sequence θ = (kr)
such that k0 = 0 and hr = kr − kr−1 → ∞ as r → ∞. In this paper the
intervals determined by θ will be denoted by Ir = (kr−1, kr] and also the ratio

kr

kr−1
will be abridged by qr. The space of lacunary convergence sequences Nθ

was defined by Freedman et al. [5], as follows:

Nθ =

{
x = (xi) ∈ w : lim

r→∞
1
hr

∑

i∈Ir

|xi − `| = 0 for some `

}
.(2)
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The space Nθ is a BK-space with the norm

‖x‖Nθ
= sup

r

1
hr

∑

i∈Ir

|xi| .(3)

N0
θ denotes the subset of Nθ those sequences for which ` = 0 in the definition

Nθ. Also; (N0
θ , ‖ · ‖Nθ

) is a BK-space.
Let c and c0 be the linear spaces of bounded, convergent and null sequences

with complex terms, respectively.
In [9], Şengönül introduced Z and Z0 spaces as the set of all sequences such

that Z-transforms of them are in the spaces c and c0, respectively, i.e.,

Z = {x = (xk) ∈ w : Zx ∈ c}
and

Z0 = {x = (xk) ∈ w : Zx ∈ c0} ,

where Z = (znk) (n, k = 0, 1, 2, . . .) denotes by the matrix

znk =
{

1
2 , k ≤ n ≤ k + 1
0, otherwise (n, k ∈ N).

This matrix is called Zweier matrix.
The purpose of this paper is to introduce and study the concept of lacunary

strong Zweier convergence in the same way obtaining the sequence space Z
from the sequence space c.

2. Lacunary strong Zweier convergence

We introduce the sequence spaces N0
θ [Z], Nθ[Z] and `∞[Z] as the set of all

sequences such that Z-transforms of them are in the N0
θ , Nθ and N∞

θ , respec-
tively, that is

N0
θ [Z] =

{
x = (xi) ∈ w : lim

r

1
hr

∑

i∈Ir

∣∣∣∣
1
2
(xi + xi−1)

∣∣∣∣ = 0

}
,(4)

Nθ[Z] =

{
x = (xi) ∈ w : lim

r

1
hr

∑

i∈Ir

∣∣∣∣
1
2
(xi + xi−1)− `

∣∣∣∣ = 0

}
,(5)

and

N∞
θ [Z] =

{
x = (xi) ∈ w : sup

r

1
hr

∑

i∈Ir

|1
2
(xi + xi−1)| < ∞

}
.(6)

The Z = (znk)n,k≥0 matrix is well-known as a regular matrix, [1]. With the
notation of (1), we may redefine the spaces N0

θ [Z], N0
θ [Z] and `∞[Z] as follows:

N0
θ [Z] = (N0

θ )Z , N0
θ [Z] = (Nθ)Z and N∞

θ [Z] = (N∞
θ )Z .(7)
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Zwei mean is two in German language. So, we called lacunary strong Zweier
convergent sequence spaces(or lacunary statistical Zweier convergent sequence
space) are the spaces N0

θ [Z], Nθ[Z], `∞[Z] (or Sθ[Z]).
Define the sequence y which will be frequently used, as Z-transform of a

sequence x, i.e.,

yi =
1
2
(xi + xi−1); (i ∈ N).(8)

Theorem 2.1. The sets N0
θ [Z], Nθ[Z] and N∞

θ [Z] are the linear spaces with
the co-ordinatewise addition and scalar multiplication which are the BK-spaces
with the norm ‖x‖N0

θ [Z] = ‖x‖Nθ[Z] = ‖x‖N∞
θ [Z] = ‖Zx‖Nθ

.

Proof. The first part of the theorem is a routine verification and so we omit
it. Furthermore, since (7) holds and N0

θ , Nθ are BK-spaces with respect to the
norm defined by (3) [5] and the matrix Z = (znk) is normal, i.e., znk 6= 0 for
0 ≤ k ≤ n and znk = 0 for k > n for all n, k ∈ N and also of Theorem 4.3.2
of Wilansky [10] gives the fact that the spaces N0

θ [Z], N0
θ [Z] are the BK-

spaces. ¤

Theorem 2.2. The sequence spaces N0
θ [Z], Nθ[Z] and N∞[Z] are linearly

isomorphic to the spaces N0
θ , Nθ and N∞ respectively, i.e., N0

θ [Z] ∼= N0
θ ,

Nθ[Z] ∼= Nθ and N∞
θ [Z] ∼= N∞

θ .

Proof. We consider only N0
θ [Z]. We should show the existence of a linear

bijection between the spaces N0
θ [Z] and N0

θ . Consider the transformation Z
define, with the notation of (8), from N0

θ [Z] to N0
θ by

Z : N0
θ [Z] 7−→ N0

θ

x 7−→ Zx = y, y = (yi), yi =
1
2
(xi + xi−1) , (i ∈ N).

The linearity of Z is clear. Further, it is trivial that x = 0 whenever Zx = 0
and hence Z is injective. Let y ∈ N0

θ and define the sequence x = (xk) by

xi = 2
i∑

k=0

(−1)i−kyk (n ∈ N).

Then

‖x‖N0
θ [Z] = lim

r

1
hr

∑

i∈Ir

∣∣∣∣
1
2
(xi + xi−1)

∣∣∣∣

= lim
r

1
hr

∑

i∈Ir

∣∣∣∣∣
1
2
(2

i∑

k=0

(−1)i−kyk + 2
i−1∑

k=0

(−1)(i−1)−kyk)

∣∣∣∣∣

= sup
r

1
hr

∑

i∈Ir

|yi|
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which says us that x ∈ N0
θ [Z]. Additionally, we observe that

∥∥x
∥∥

N0
θ [Z]

= sup
r

1
hr

∑

i∈Ir

∣∣∣∣
1
2
(xi + xi−1)

∣∣∣∣

= sup
r

1
hr

∑

i∈Ir

∣∣∣∣∣
1
2
(2

i∑

k=0

(−1)i−kyk + 2
i−1∑

k=0

(−1)(i−1)−kyk)

∣∣∣∣∣

= sup
r

1
hr

∑

i∈Ir

|yi| =
∥∥y

∥∥
N0

θ

.

Thus, we have that x ∈ N0
θ [Z] and consequently Z is surjective. Hence, Z

is linear bijection which therefore says us that the spaces N0
θ [Z] and N0

θ are
linearly isomorphic, as was desired. It is clear here that if the spaces N0

θ [Z]
and N0

θ replaced by the spaces Nθ[Z] and Nθ or N∞
θ [Z] and N∞

θ , respectively.
Then we obtain the fact that Nθ[Z] ∼= Nθ or N∞

θ [Z] ∼= N∞
θ . This completes

proof. ¤

There is a relation between Nθ and the space |σ1| of strong Cesaro summable
sequences defined by

|σ1| =
{

x = (xi) ∈ w : lim
n

1
n

n∑

i=1

|xi − `| = 0 for some `

}
.

Clearly, in special case θ = (2r), we have Nθ = |σ1| [6].
Also we see that, there are strong connection between Nθ[Z] and the se-

quence space w[Z], which is defined by

w[Z] =

{
x = (xi) : lim

n→∞
1
n

∑

i∈Ir

|1
2
(xi + xi−1)− `| = 0

}
.

Clearly, in special case θ = (2r), we have Nθ[Z] = w[Z]. Now we give some
inclusion relations between these sequence spaces.

Hereafter, we write yi for 1
2 (xi + xi−1).

Theorem 2.3. Let θ = (kr), (r = 1, 2, 3, . . .) be a lacunary sequence. If
lim inf qr > 1, then w[Z] ⊆ Nθ[Z].

Proof. Let x ∈ w[Z] and lim inf qr > 1. Then, there exits γ > 0 such that
qr = kr

kr−1
≥ 1 + γ for sufficiently large r. We can also choose a sufficiently

large number r, that
hr

kr
≥ γ

γ + 1
and

kr

hr
≥ γ + 1

γ
.

Then,

1
kr

kr∑

i=1

|yi − `| ≥ 1
kr

∑

i∈Ir

|yi − `| = hr

krhr

∑

i∈Ir

|yi − `| ≥ γ

(1 + γ)hr

∑

i∈Ir

|yi − `|



THE LACUNARY STRONG ZWEIER CONVERGENT SEQUENCE SPACE 55

which yields that x ∈ Nθ[Z]. ¤

Theorem 2.4. For lim sup qr < ∞, we have Nθ[Z] ⊆ w[Z].

Proof. If lim sup qr < ∞, then there exits K > 0 such that qr < K for every
r. Now suppose that ε > 0 and x ∈ Nθ[Z]. There exits m0 such that for every
m ≥ m0,

Hm =
1

hm

∑

i∈Ir

|yi − `| < ε.

We can also find T > 0 such that Hm ≤ T for all m. Let n be any integer with
kr ≥ n > kr−1. Now write

1
n

n∑

i=1

|yi − `| ≤ 1
kr

kr∑

i=1

|yi − `|

=
1

kr−1

m0∑
m=1

∑

i∈Im

|yi − `|+ 1
kr−1

kr∑
m=m0+1

∑

i∈Im

|yi − `|

≤ 1
kr−1

m0∑
m=1

∑

i∈Im

|yi − `|+ ε(kr − km0)
kr−1

≤ 1
kr−1

m0∑
m=1

hiHi +
ε(kr − km0)

kr−1

≤ 1
kr−1

(
sup

1≤i≤m0

Hikm0

)
+ εK <

km0

kr−1
T + εK

from which we deduce that x ∈ w[Z]. ¤

Also; from theorem (2.3) and (2.4) follows; If 1 < lim inf qr ≤ lim sup qr < ∞
then Nθ[Z] = w[Z].

3. Lacunary statistical Zweier convergence

The idea of statistical convergence was introduced by Fast [4] and studied
by various authors (see [7], [8] and [3]).

A sequence x = (xk) is said to be statistically convergent to a number s if
for every ε > 0,

lim
n→∞

1
n
|{k ≤ n : |xk − `| ≥ ε}| = 0,

where the vertical bars indicate the number of elements in the enclosed set.
In this case, we write st − lim x = ` and S denotes the set of all statistical
convergent sequences.
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A sequence x = (xk) is said to be lacunary statistical Zweier convergent to
an ` if for ε > 0

Sθ[Z] =
{

x = (xi) ∈ w : lim
r

1
hr
|ZKθ(ε)| = 0

}
,(9)

where ZKθ(ε) =
{
i ∈ Ir : | 12 (xi + xi−1)− `| ≥ ε

}
.

If x ∈ Sθ[Z], then we will write xk → s(Sθ[Z]). Let

I1
r =

{
i ∈ Ir :

∣∣∣∣
1
2
(xi + xi−1)− `

∣∣∣∣ ≥ ε

}
= CKθ(ε)

and

I2
r =

{
i ∈ Ir :

∣∣∣∣
1
2
(xi + xi−1)− `

∣∣∣∣ < ε

}
.

Theorem 3.1. If xi → s(Nθ[Z]), then xi → s(Sθ[Z]).

Proof. If ε > 0 and xi → s(Nθ[Z]), then we can write

1
hr

∑

i∈Ir

∣∣∣∣
1
2
(xi + xi−1)− `

∣∣∣∣ ≥
1
hr

∑

i∈I1
r

∣∣∣∣
1
2
(xi + xi−1)− `

∣∣∣∣ ≥
1
hr
|ZKθ(ε)| ε.

It follows that xi → s(Sθ[Z]). ¤
Theorem 3.2. If x ∈ N∞[Z] and xi → s(Nθ[Z]), then xi → s(Sθ[Z]).

Proof. Suppose that x ∈ N∞[Z] and xi → s(Sθ[Z]). Since sup |yi| < ∞, there
is a constant T > 0 such that | 12 (xi + xi−1) − `| < T for all i. Therefore we
have, for every ε > 0, that

1
hr

∑

i∈Ir

∣∣∣∣
1
2
(xi + xi−1)− `

∣∣∣∣

=
1
hr

∑

i∈I1
r

∣∣∣∣
1
2
(xi + xi−1)− `

∣∣∣∣ +
1
hr

∑

i∈I2
r

∣∣∣∣
1
2
(xi + xi−1)− `

∣∣∣∣

≤ T

hr
|ZKθ(ε)|+ ε.

Taking limit as ε → 0, the desired result follows. ¤
Theorem 3.3. If x ∈ N∞[Z], then we have Sθ[Z] = Nθ[Z].

Proof. Proof follows from Theorem 3.1 and Theorem 3.2. ¤
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[9] M. Şengönül, On The Zweier Space, Demonstratio Mathematica, vol. XL, No. 1, pp.
181–186, January 2005.

[10] A. Wilansky, Summability through Functional Analysis, North-Holland Matematics
Studies 85 Amsterdam-Newyork-Oxfort, 1984.

Department of Mathematics
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