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GENERALIZED FUZZY NUMBER VALUED
BARTLE INTEGRALS

Chun-Kee Park

Abstract. In this paper we introduce the integration of scalar valued
functions with respect to a generalized fuzzy number measure which we
call the generalized fuzzy number valued Bartle integral. We first estab-
lish some properties of the generalized fuzzy number measures and then
study the generalized fuzzy number valued Bartle integrals.

1. Introduction

The integration of scalar valued functions with respect to a vector measure,
which is a special case of the Bartle integral, was first introduced by Bartle
[1] in 1956. In general, the Bartle integral is the integration of vector valued
functions with respect to a vector measure. As an extension of the special case
of the Bartle integral, the integration of scalar valued functions with respect
to a set valued measure, which is called the set valued Bartle integral, was first
introduced by Papageorgiou [4] in 1985. Wu, Zhang and Wang [6] also studied
the set valued Bartle integral. The set valued measure theory was found useful
in some of the problems of economics and control theory. In 1996 Xue, Ha
and Wu [8] introduced the fuzzy number measure in Banach spaces, which
is called the generalized fuzzy number measure, to generalize the set valued
measure theory and studied the relations between generalized fuzzy number
measures and set valued measures. As an extension of the set valued Bartle
integral we introduce the integration of scalar valued functions with respect to
a generalized fuzzy number measure which we call the generalized fuzzy number
valued Bartle integral.

In Section 2, we give some concepts and notations which are used in the
sequel. In Section 3, we establish some properties of generalized fuzzy number
measures. In Section 4, we introduce the generalized fuzzy number valued Bar-
tle integral using the set valued Bartle integral and investigate its properties.
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2. Preliminaries

Throughout this paper (X, ‖ · ‖) denotes a real separable Banach space with
dual X∗. We write

P0(X) = {A : A is a nonempty subset of X},
Pb(f)(c)(X) = {A ∈ P0(X) : A is bounded (closed)(convex)},
Pwkc(X) = {A ∈ P0(X) : A is weakly compact and convex}.
For A ⊆ X and x∗ ∈ X∗, let σ(x∗, A) = sup{x∗(x) : x ∈ A}, the support

function of A. σ(x∗, A + B) = σ(x∗, A) + σ(x∗, B) and σ(x∗, λA) = λσ(x∗, A)
for each A,B ∈ P0(X), x∗ ∈ X∗ and λ ≥ 0.

Let u : X → [0, 1]. We denote [u]α = {x ∈ X : u(x) ≥ α} for α ∈ (0, 1]. u
is called a generalized fuzzy number if for each α ∈ (0, 1], [u]α ∈ Pwkc(X). Let
F(X) denote the set of all generalized fuzzy numbers on X.

For u, v ∈ F(X) and λ ∈ R, we define u + v and λu as follows:

(u + v)(x) = sup
x=y+z

min(u(y), v(z)),

(λu)(x) =





u

(
1
λ

x

)
, λ 6= 0

0, λ = 0.

For u, v ∈ F(X) and λ ∈ R, [u + v]α = [u]α + [v]α and [λu]α = λ[u]α for
each α ∈ (0, 1]. Hence u + v, λu ∈ F(X).

For A,B ∈ Pf (X), let h(A,B) denote the Hausdorff metric of A and B
defined by

h(A,B) = max
(

sup
a∈A

d(a,B), sup
b∈B

d(b, A)
)

,

where d(a,B) = infb∈B ‖a− b‖ and d(b, A) = infa∈A ‖a− b‖. Especially,

h(A,B) = sup
‖x∗‖≤1

|σ(x∗, A)− σ(x∗, B)|

whenever A,B are convex sets. Note that (Pwkc(X), h) is a complete metric
space. The number ‖A‖ is defined by

‖A‖ = h(A, {0}) = sup
x∈A

‖x‖.

Define D : F(X)×F(X) → [0,+∞] by the equation

D(u, v) = sup
α∈(0,1]

h([u]α, [v]α).

Then D is a metric on F(X).
The norm ‖u‖ of u ∈ F(X) is defined by

‖u‖ = D(u, 0̃) = sup
α∈(0,1]

h([u]α, {0}) = sup
α∈(0,1]

‖[u]α‖, where 0̃ = χ{0}.

Let (Ω, Σ) be a measurable space. We say that the σ-field Σ is separable if
there exists a sequence (An)∞n=1 of elements of Σ such that Σ = σ({An : n ≥
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1}). H : Σ → P0(X) is called a set valued measure if it satisfies the following
two conditions:

(1) H(φ) = {0};
(2) H(·) is countably additive, i.e., for any sequence (An)∞n=1 of pairwise

disjoint elements of Σ we have that

H(
∞⋃

n=1

An) =
∞∑

n=1

H(An),

where
∑∞

n=1 H(An) = {x ∈ X : x =
∑∞

n=1 xn (u.c.), xn ∈ H(An), n ≥ 1}.
Especially, H : Σ → Pwkc(X) is a set valued measure if and only if σ(x∗,H(·))

is a scalar valued measure for all x∗ ∈ X∗.
For a set valued measure H : Σ → P0(X) and A ∈ Σ, define |H|(A) =

supπ

∑k
i=1 ‖H(Ai)‖, where the supremum is taken over all finite Σ-partitions

π = {A1, A2, . . . , Ak} of A. |H| is called the total variation of H. H is said to
be of bounded variation if |H|(Ω) < ∞. Note that |H| is a measure.

A vector measure m : Σ → X is said to be a selector of a set valued measure
H if for every A ∈ Σ, m(A) ∈ H(A). We denote the set of all selectors of H by
SH . When H is closed valued and of bounded variation, then SH 6= φ. The set
of all Bochner integrable functions is denoted by L1(Ω, Σ, µ, X) or L1(µ,X),
where (Ω, Σ, µ) is a complete finite measure space.

Definition 2.1 ([6]). Let H : Σ → P0(X) be a set valued measure of bounded
variation and let f : Ω → R be an element of L1(|H|,R). f : Ω → R is said to
be Bartle integrable with respect to H if SH 6= φ. In this case, the set valued
Bartle integral of f with respect to H, denoted by

∫
Ω

f(ω)dH(ω), is defined as
follows: ∫

Ω

f(ω)dH(ω) =
{∫

Ω

f(ω)dm(ω) : m ∈ SH

}
.

3. Generalized fuzzy number measures of bounded variation

In this section, we investigate some properties of generalized fuzzy number
measures which are useful for the next section.

Let (Ω, Σ) be a measurable space. M : Σ → F(X) is called a generalized
fuzzy number measure [8] if it satisfies the following two conditions:

(1) M(φ) = 0̃;
(2) M(·) is countably additive, i.e., for any sequence (An)∞n=1 of pairwise

disjoint elements of Σ we have that

M(
∞⋃

n=1

An) =
∞∑

n=1

M(An),

where
∑∞

n=1 M(An) is defined by
( ∞∑

n=1

M(An)

)
(x) = sup

{
inf
n

M(An)(xn) : x =
∞∑

n=1

xn (u.c.)

}
.
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Theorem 3.1 ([8]). The mapping M : Σ → F(X) is a generalized fuzzy
number measure if and only if there exists a family of set valued measure Hα :
Σ → Pwkc(X)(α ∈ (0, 1]) satisfying the following three conditions:

(1) for arbitrary α, β ∈ (0, 1] and A ∈ Σ, if α ≤ β, then Hα(A) ⊇ Hβ(A);
(2) for arbitrary αn ∈ (0, 1] and A ∈ Σ, if αn ↑ α, then Hα(A) =

∩∞n=1H
αn(A);

(3) for arbitrary A ∈ Σ, we have

M(A)(x)=

{
sup{α : x ∈ Hα(A), α ∈ (0, 1]}, if {α :x ∈ Hα(A), α ∈ (0, 1]} 6=φ,

0, if {α :x ∈ Hα(A), α ∈ (0, 1]}=φ.

Note that for a generalized fuzzy number measure M : Σ → F(X) the set
valued measure Hα : Σ → Pwkc(X) is determined by

Hα(A) = {x ∈ X : M(A)(x) ≥ α}, i.e., Hα(A) = [M(A)]α

for each α ∈ (0, 1] and A ∈ Σ.

The following theorem is a version of the representation theorem in [3] where
X is Rn instead of a general Banach space.

Theorem 3.2 ([5]). If u ∈ F(X), then
(1) [u]α ∈ Pwkc(X) for all α ∈ (0, 1],
(2) [u]α ⊇ [u]β for 0 < α ≤ β ≤ 1,
(3) if (αn) ⊆ [0, 1] is a nondecreasing sequence converging to α ∈ (0, 1],

then [u]α = ∩∞n=1[u]αn .
Conversely, if {Aα : α ∈ (0, 1]} ⊆ P0(X) satisfies (1)-(3) above, then there

exists u ∈ F(X) such that [u]α = Aα for each α ∈ (0, 1].

Definition 3.3. Let M : Σ → F(X) be a generalized fuzzy number measure.
For A ∈ Σ, we define |M |(A) = supπ

∑k
i=1 ‖M(Ai)‖, where the supremum is

taken over all finite Σ-partitions π = {A1, A2, . . . , Ak} of A. |M | is called the
total variation of M . We say that M is of bounded variation if |M |(Ω) < ∞.

Theorem 3.4. Let M : Σ → F(X) be a generalized fuzzy number measure
and let (An)∞n=1 be a sequence of elements of Σ. Then ‖∑∞

n=1 M(An)‖ ≤∑∞
n=1 ‖M(An)‖.

Proof. Let α ∈ (0, 1] and let x ∈ [
∑∞

n=1 M(An)]α. Then (
∑∞

n=1 M(An)) (x) =
sup {infn M(An)(xn) : x =

∑∞
n=1 xn (u.c.)} ≥ α.

If sup {infn M(An)(xn) : x =
∑∞

n=1 xn (u.c.)} > α, then there exists a se-
quence (xn) such that x =

∑∞
n=1 xn (u.c.) and infn M(An)(xn) > α. Then

M(An)(xn) > α for all n ∈ N, i.e., xn ∈ [M(An)]α for all n ∈ N. Hence ‖x‖ =
‖∑∞

n=1 xn‖ ≤
∑∞

n=1 ‖xn‖ ≤
∑∞

n=1 ‖[M(An)]α‖. Thus ‖[∑∞
n=1 M(An)]α‖ ≤∑∞

n=1 ‖[M(An)]α‖.
If sup {infn M(An)(xn) : x =

∑∞
n=1 xn (u.c.)} = α, then for each k ∈ N

let αk = α − 1
k . Choose k0 ∈ N such that αk0 ∈ (0, 1]. Then αk ↑ α as

k → ∞ and for each k ≥ k0 there exists a sequence (xn,k) such that x =
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∑∞
n=1 xn,k (u.c.) and infn M(An)(xn,k) > αk. Then M(An)(xn,k) > αk for

all n ∈ N, i.e., xn,k ∈ [M(An)]αk for all n ∈ N. Using the same method as in
the above, we have ‖[∑∞

n=1 M(An)]α‖ ≤ ∑∞
n=1 ‖[M(An)]αk‖ for each k ≥ k0.

Since [M(An)]αk1 ⊇ [M(An)]αk2 for k1 ≤ k2 and [M(An)]α = ∩∞k=k0
[M(An)]αk

by Theorem 3.2, ‖[∑∞
n=1 M(An)]α‖ ≤ ∑∞

n=1 ‖[M(An)]αk‖ =
∑∞

n=1 ‖ ∩k
i=k0

[M(An)]αi‖ for each k ≥ k0. Letting k → ∞, we have ‖[∑∞
n=1 M(An)]α‖ ≤∑∞

n=1 ‖ ∩∞i=k0
[M(An)]αi‖ =

∑∞
n=1 ‖[M (An)]α‖. Hence taking supremum for

0 < α ≤ 1, we have ‖∑∞
n=1 M(An)‖ ≤ ∑∞

n=1 ‖M(An)‖. ¤

Theorem 3.5. If M : Σ → F(X) is a generalized fuzzy number measure, then
|M |(A) = supα∈(0,1] |Hα|(A) for all A ∈ Σ.

Proof. Let α ∈ (0, 1], A ∈ Σ and let π = {A1, A2, . . . , Ak} be a finite Σ-
partition of A. If 0 < α ≤ β ≤ 1, then [M(E)]α ⊇ [M(E)]β for all E ∈
Σ. Hence

∑k
i=1 supα∈(0,1] ‖[M(Ai)]α‖ = supα∈(0,1]

∑k
i=1 ‖[M(Ai)]α‖. Thus we

have

|M |(A) = sup
π

k∑

i=1

‖M(Ai)‖

= sup
π

k∑

i=1

sup
α∈(0,1]

‖[M(Ai)]α‖

= sup
π

sup
α∈(0,1]

k∑

i=1

‖[M(Ai)]α‖

= sup
α∈(0,1]

sup
π

k∑

i=1

‖[M(Ai)]α‖

= sup
α∈(0,1]

sup
π

k∑

i=1

‖Hα(Ai)‖

= sup
α∈(0,1]

|Hα|(A).
¤

Note that if a generalized fuzzy number measure M : Σ → F(X) is of
bounded variation, then the set valued measure Hα : Σ → Pwkc(X) is of
bounded variation for each α ∈ (0, 1].

Since the supremum of a family of measures is also a measure, we can obtain
the following corollary from Theorem 3.5.

Corollary 3.6. If M : Σ → F(X) is a generalized fuzzy number measure, then
|M | is a measure.
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4. Generalized fuzzy number valued Bartle integrals

In this section, we introduce the generalized fuzzy number valued Bartle
integral using the set valued Bartle integral and obtain some properties of the
integral.

Definition 4.1. Let M : Σ → F(X) be a generalized fuzzy number measure of
bounded variation and let f : Ω → R be an element of L1(|M |,R). f : Ω → R
is said to be Bartle integrable with respect to M if there exists

∫
Ω

f(ω)dM(ω) ∈
F(X) such that [∫

Ω

f(ω)dM(ω)
]α

=
∫

Ω

f(ω)dHα(ω)

for each α ∈ (0, 1].
∫
Ω

f(ω)dM(ω) will be called the generalized Bartle integral
of f with respect to M .

We can obtain the following remark from Theorem 3.2.

Remark 4.2. Let M : Σ → F(X) be a generalized fuzzy number measure of
bounded variation and let f : Ω → R be an element of L1(|M |,R). Then f is
Bartle integrable with respect to M if and only if f satisfies the following three
conditions:

(1)
∫
Ω

f(ω)dHα(ω) ∈ Pwkc(X) for all α ∈ (0, 1],
(2)

∫
Ω

f(ω)dHα(ω) ⊇ ∫
Ω

f(ω)dHβ(ω) for 0 < α ≤ β ≤ 1,
(3) if (αn) ⊆ [0, 1] is a nondecreasing sequence converging to α ∈ (0, 1],

then
∫
Ω

f(ω)dHα(ω) = ∩∞n=1

∫
Ω

f(ω)dHαn(ω).

Theorem 4.3 ([6]). Let H : Σ → Pwkc(X) be a set valued measure of bounded
variation and f ∈ L1(|H|,R). If one of the following two conditions holds:

(1) Σ is separable,
(2) X is reflexive,

then
∫
Ω

f(ω)dH(ω) ∈ Pwkc(X).

Theorem 4.4. Let M : Σ → F(X) be a generalized fuzzy number measure of
bounded variation. If f : Ω → R is a simple function on (Ω,Σ), then f : Ω → R
is Bartle integrable with respect to M .

Proof. Consider the family
{∫

Ω
f(ω)dHα(ω) : α ∈ (0, 1]

} ⊆ P0(X). By [6,
Lemma 3.4]

∫
Ω

f(ω)dHα(ω) ∈ Pwkc(X) for all α ∈ (0, 1]. Clearly,
∫

Ω

f(ω)dHα(ω) ⊇
∫

Ω

f(ω)dHβ(ω) for 0 < α ≤ β ≤ 1.

Let f =
∑k

i=1 λiχAi with A1, A2, . . . , Ak ∈ Σ being pairwise disjoint and
λ1, λ2, . . . , λk ∈ R. Then just as the proof of Lemma 3.4 in [6] we have

∫

Ω

f(ω)dHα(ω) =
k∑

i=1

λiH
α(Ai)
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for all α ∈ (0, 1]. Now let (αn) be a nondecreasing sequence in (0, 1] converging
to α ∈ (0, 1]. Then we have

∞⋂
n=1

∫

Ω

f(ω)dHαn(ω) =
∞⋂

n=1

k∑

i=1

λiH
αn(Ai) =

∞⋂
n=1

[
k∑

i=1

λiM(Ai)

]αn

=

[
k∑

i=1

λiM(Ai)

]α

=
k∑

i=1

λiH
α(Ai) =

∫

Ω

f(ω)dHα(ω).

Thus the family
{∫

Ω
f(ω)dHα(ω) : α ∈ (0, 1]

}
satisfies the conditions (1)–(3)

of Theorem 3.2. Hence by Theorem 3.2 there exists u ∈ F(X) such that
[u]α =

∫
Ω

f(ω)dHα(ω) for each α ∈ (0, 1]. Therefore f is Bartle integrable
with respect to M and u =

∫
Ω

f(ω)dM(ω). ¤

Theorem 4.5. Let M : Σ → F(X) be a generalized fuzzy number measure of
bounded variation and f, g ∈ L1(|M |,R). If one of the following two conditions
holds:

(1) Σ is separable,
(2) X is reflexive,

then

sup
α∈(0,1]

h

(∫

Ω

f(ω)dHα(ω),
∫

Ω

g(ω)dHα(ω)
)
≤

∫

Ω

|f(ω)− g(ω)| d|M |(ω).

Proof. If M : Σ → F(X) is a generalized fuzzy number measure of bounded
variation and f, g ∈ L1(|M |,R), then by Theorem 4.3

∫

Ω

f(ω)dHα(ω),
∫

Ω

g(ω)dHα(ω) ∈ Pwkc(X) for each α ∈ (0, 1].

For each α ∈ (0, 1] and every selector m of Hα, we have

d

(∫

Ω

f(ω)dm(ω),
∫

Ω

g(ω)dHα(ω)
)
≤

∥∥∥∥
∫

Ω

f(ω)dm(ω)−
∫

Ω

g(ω)dm(ω)
∥∥∥∥

≤
∫

Ω

|f(ω)− g(ω)| d|m|(ω)

≤
∫

Ω

|f(ω)− g(ω)| d|Hα|(ω).

Since |Hα|(A) ≤ |M |(A) for all A ∈ Σ by Theorem 3.5, we have

d

(∫

Ω

f(ω)dm(ω),
∫

Ω

g(ω)dHα(ω)
)
≤

∫

Ω

|f(ω)− g(ω)| d|M |(ω).

Changing roles of f and g we also have

d

(∫

Ω

g(ω)dm(ω),
∫

Ω

f(ω)dHα(ω)
)
≤

∫

Ω

|f(ω)− g(ω)| d|M |(ω).



44 CHUN-KEE PARK

Hence we have

h

(∫

Ω

f(ω)dHα(ω),
∫

Ω

g(ω)dHα(ω)
)

= max
(

sup
m∈SHα

d

(∫

Ω

f(ω)dm(ω),
∫

Ω

g(ω)dHα(ω)
)

,

sup
m∈SHα

d

(∫

Ω

g(ω)dm(ω),
∫

Ω

f(ω)dHα(ω)
))

≤
∫

Ω

|f(ω)− g(ω)| d|M |(ω).

Thus we have

sup
α∈(0,1]

h

(∫

Ω

f(ω)dHα(ω),
∫

Ω

g(ω)dHα(ω)
)
≤

∫

Ω

|f(ω)− g(ω)| d|M |(ω).

¤

Theorem 4.6. Let M : Σ → F(X) be a generalized fuzzy number measure of
bounded variation and let f : Ω → R be a bounded Σ-measurable function. If
one of the following two conditions holds:

(1) Σ is separable,
(2) X is reflexive,

then f : Ω → R is Bartle integrable with respect to M .

Proof. Consider the family
{∫

Ω
f(ω)dHα(ω) : α ∈ (0, 1]

} ⊆ P0(X). By Theo-
rem 4.3

∫
Ω

f(ω)dHα(ω) ∈ Pwkc(X) for all α ∈ (0, 1]. Clearly,
∫
Ω

f(ω)dHα(ω) ⊇∫
Ω

f(ω)dHβ(ω) for 0 < α ≤ β ≤ 1.
Let (αn) be a nondecreasing sequence in (0, 1] converging to α ∈ (0, 1].

Since f : Ω → R is a bounded Σ-measurable function, there exists a sequence
(fk) of scalar valued simple functions on (Ω,Σ) such that (fk) converges to f
uniformly on Ω. By Theorem 4.4 fk is Bartle integrable with respect to M for
each k ∈ N. Hence

∫
Ω

fk(ω)dM(ω) ∈ F(X) for each k ∈ N. By Theorem 3.2∫
Ω

fk(ω)dHα(ω) = ∩∞n=1

∫
Ω

fk(ω)dHαn(ω) for each k ∈ N. By Theorem 4.5 we
have

sup
α∈(0,1]

h

(∫

Ω

f(ω)dHα(ω),
∫

Ω

fk(ω)dHα(ω)
)
≤

∫

Ω

|f(ω)− fk(ω)| d|M |(ω)

for each k ∈ N.
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On the other hand, we have

h

(∫

Ω

f(ω)dHα(ω),∩∞n=1

∫

Ω

f(ω)dHαn(ω)
)

≤ h

(∫

Ω

f(ω)dHα(ω),∩∞n=1

∫

Ω

fk(ω)dHαn(ω)
)

+ h

(
∩∞n=1

∫

Ω

fk(ω)dHαn(ω),∩∞n=1

∫

Ω

f(ω)dHαn(ω)
)

= h

(∫

Ω

f(ω)dHα(ω),
∫

Ω

fk(ω)dHα(ω)
)

+ h

(
∩∞n=1

∫

Ω

fk(ω)dHαn(ω),∩∞n=1

∫

Ω

f(ω)dHαn(ω)
)

≤ 2 sup
α∈(0,1]

h

(∫

Ω

f(ω)dHα(ω),
∫

Ω

fk(ω)dHα(ω)
)

≤ 2
∫

Ω

|f(ω)− fk(ω)| d|M |(ω)

for each k ∈ N. Since (fk) converges to f uniformly on Ω,
∫

Ω

|f(ω)− fk(ω)| d|M |(ω) → 0 as k →∞.

Hence h
(∫

Ω
f(ω)dHα(ω),∩∞n=1

∫
Ω

f(ω)dHαn(ω)
)

= 0. So
∫
Ω

f(ω) dHα(ω) =
∩∞n=1

∫
Ω

f(ω)dHαn(ω). Thus the family
{∫

Ω
f(ω)dHα(ω) : α ∈ (0, 1]

}
satisfies

the conditions (1)–(3) of Theorem 3.2. By Theorem 3.2 there exists u ∈ F(X)
such that [u]α =

∫
Ω

f(ω)dHα(ω) for each α ∈ (0, 1]. Hence f is Bartle inte-
grable with respect to M and u =

∫
Ω

f(ω)dM(ω). ¤

Theorem 4.7. Let M : Σ → F(X) be a generalized fuzzy number measure of
bounded variation, f, g ∈ L1(|M |,R+), where R+ is the set of all nonnegative
real numbers and let f and g be Bartle integrable with respect to M . If one of
the following two conditions holds:

(1) Σ is separable,
(2) X is reflexive,

then f + g is Bartle integrable with respect to M and
∫

Ω

{f(ω) + g(ω)}dM(ω) =
∫

Ω

f(ω)dM(ω) +
∫

Ω

g(ω)dM(ω).

Proof. Since f and g are Bartle integrable with respect to M ,
∫
Ω

f(ω)dM(ω),∫
Ω

g(ω)dM(ω) ∈ F(X) and
[∫

Ω

f(ω)dM(ω)
]α

=
∫

Ω

f(ω)dHα(ω),
[∫

Ω

g(ω)dM(ω)
]α

=
∫

Ω

g(ω)dHα(ω)
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for each α ∈ (0, 1]. Since f, g ∈ L1(|M |,R+), by [6, Theorem 3.9] we have
∫

Ω

{f(ω) + g(ω)}dHα(ω) =
∫

Ω

f(ω)dHα(ω) +
∫

Ω

g(ω)dHα(ω)

for each α ∈ (0, 1]. Hence
∫
Ω

f(ω)dM(ω) +
∫
Ω

g(ω)dM(ω) ∈ F(X) and
∫

Ω

{f(ω) + g(ω)}dHα(ω) =
∫

Ω

f(ω)dHα(ω) +
∫

Ω

g(ω)dHα(ω)

=
[∫

Ω

f(ω)dM(ω)
]α

+
[∫

Ω

g(ω)dM(ω)
]α

=
[∫

Ω

f(ω)dM(ω) +
∫

Ω

g(ω)dM(ω)
]α

for each α ∈ (0, 1]. Hence f + g is Bartle integrable with respect to M and∫
Ω
{f(ω) + g(ω)}dM(ω) =

∫
Ω

f(ω)dM(ω) +
∫
Ω

g(ω)dM(ω). ¤

We can obtain the following corollary from Theorem 4.6 and Theorem 4.7.

Corollary 4.8. Let M : Σ → F(X) be a generalized fuzzy number measure
of bounded variation and let f and g be nonnegative bounded Σ-measurable
functions on Ω. If one of the following two conditions holds:

(1) Σ is separable,
(2) X is reflexive,

then f + g is Bartle integrable with respect to M and
∫

Ω

{f(ω) + g(ω)}dM(ω) =
∫

Ω

f(ω)dM(ω) +
∫

Ω

g(ω)dM(ω).

We can obtain the following corollary from Theorem 4.4 and [6, Lemma 3.4]
using a method similar to the proof of Theorem 4.7.

Corollary 4.9. Let M : Σ → F(X) be a generalized fuzzy number measure of
bounded variation. If f and g are nonnegative simple functions on (Ω,Σ), then
f + g is Bartle integrable with respect to M and

∫

Ω

{f(ω) + g(ω)}dM(ω) =
∫

Ω

f(ω)dM(ω) +
∫

Ω

g(ω)dM(ω).

Theorem 4.10. Let M : Σ → F(X) be a generalized fuzzy number measure
of bounded variation, f ∈ L1(|M |,R+), λ ∈ R+ and let f be Bartle integrable
with respect to M . If one of the following two conditions holds:

(1) Σ is separable,
(2) X is reflexive,

then λf is Bartle integrable with respect to M and
∫

Ω

λf(ω)dM(ω) = λ

∫

Ω

f(ω)dM(ω).
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Proof. Since f is Bartle integrable with respect to M ,
∫

Ω

f(ω)dM(ω) ∈ F(X) and
[∫

Ω

f(ω)dM(ω)
]α

=
∫

Ω

f(ω)dHα(ω)

for each α ∈ (0, 1]. Since f ∈ L1(|M |,R+) and λf ∈ L1(|M |,R+), by [6,
Theorem 3.9] we have

σ

(
x∗,

∫

Ω

f(ω)dHα(ω)
)

=
∫

Ω

f(ω)dσ(x∗,Hα(ω)),

σ

(
x∗,

∫

Ω

λf(ω)dHα(ω)
)

=
∫

Ω

λf(ω)dσ(x∗,Hα(ω))

for each α ∈ (0, 1] and x∗ ∈ X∗. Hence λ
∫
Ω

f(ω)dM(ω) ∈ F(X) and

σ

(
x∗,

∫

Ω

λf(ω)dHα(ω)
)

=
∫

Ω

λf(ω)dσ(x∗, Hα(ω))

= λ

∫

Ω

f(ω)dσ(x∗, Hα(ω))

= λ σ

(
x∗,

∫

Ω

f(ω)dHα(ω)
)

= σ

(
x∗, λ

∫

Ω

f(ω)dHα(ω)
)

for each α ∈ (0, 1] and x∗ ∈ X∗. Hence

h

(∫

Ω

λf(ω)dHα(ω), λ
∫

Ω

f(ω)dHα(ω)
)

= sup
‖x∗‖≤1

∣∣∣∣σ
(

x∗,
∫

Ω

λf(ω)dHα(ω)
)
− σ

(
x∗, λ

∫

Ω

f(ω)dHα(ω)
)∣∣∣∣

= 0

for each α ∈ (0, 1]. Since λf ∈ L1(|M |,R+), by Theorem 4.3
∫
Ω

λf(ω)dHα(ω) ∈
Pwkc(X) for each α ∈ (0, 1]. Since (Pwkc(X), h) is a metric space,∫

Ω

λf(ω)dHα(ω) = λ

∫

Ω

f(ω)dHα(ω)

for each α ∈ (0, 1]. Hence∫

Ω

λf(ω)dHα(ω) = λ

∫

Ω

f(ω)dHα(ω)

= λ

[∫

Ω

f(ω)dM(ω)
]α

=
[
λ

∫

Ω

f(ω)dM(ω)
]α

for each α ∈ (0, 1]. Therefore λf is Bartle integrable with respect to M and∫
Ω

λf(ω)dM(ω) = λ
∫
Ω

f(ω)dM(ω). ¤
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We can obtain the following corollary from Theorem 4.6 and Theorem 4.10.

Corollary 4.11. Let M : Σ → F(X) be a generalized fuzzy number measure
of bounded variation, λ ∈ R+ and let f : Ω → R be a nonnegative bounded
Σ-measurable function. If one of the following two conditions holds:

(1) Σ is separable,
(2) X is reflexive,

then λf is Bartle integrable with respect to M and∫

Ω

λf(ω)dM(ω) = λ

∫

Ω

f(ω)dM(ω).

Theorem 4.12. Let M : Σ → F(X) be a generalized fuzzy number measure
of bounded variation and let fn : Ω → R (n ∈ N) and f : Ω → R be Bartle
integrable functions with respect to M such that (fn)∞n=1 is uniformly integrable
with respect to |M | and fn(ω) → f(ω) |M |-almost everywhere. If one of the
following two conditions holds:

(1) Σ is separable,
(2) X is reflexive,

then

D

(∫

Ω

fn(ω)dM(ω),
∫

Ω

f(ω)dM(ω)
)
→ 0

as n →∞.

Proof. Since fn(n ∈ N) and f are Bartle integrable with respect to M and so∫
Ω

fn(ω)dM(ω),
∫
Ω

f(ω)dM(ω) ∈ F(X), (n ∈ N). By Theorem 4.5 and Vitali
convergence theorem we have

D

(∫

Ω

fn(ω)dM(ω),
∫

Ω

f(ω)dM(ω)
)

= sup
α∈(0,1]

h

(∫

Ω

fn(ω)dHα(ω),
∫

Ω

f(ω)dHα(ω)
)

≤
∫

Ω

|fn(ω)− f(ω)| d|M |(ω) → 0

as n →∞. ¤

Similarly, we can obtain the following theorem from Theorem 4.5 and the
dominated convergence theorem.

Theorem 4.13. Let M : Σ → F(X) be a generalized fuzzy number measure of
bounded variation and let fn : Ω → R (n ∈ N) and f : Ω → R be Bartle inte-
grable functions with respect to M such that |fn(ω)| ≤ f(ω) for all ω ∈ Ω and
fn(ω) → f(ω) |M |-almost everywhere. If one of the following two conditions
holds:

(1) Σ is separable,
(2) X is reflexive,
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then

D

(∫

Ω

fn(ω)dM(ω),
∫

Ω

f(ω)dM(ω)
)
→ 0

as n →∞.
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