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In general, the information of inertia properties is required to control a spacecraft. The inertia properties are changed
by some activities such as consumption of propellant, deployment of solar panel, sloshing, etc. Extensive estimation
methods have been investigated to obtain the precise inertia properties. The gyro-based attitude data including noise
and bias needs to be compensated for improvement of attitude control accuracy. A modified estimation method based
on the law of conservation of angular momentum is suggested to avoid inconvenience like filtering process for noise-
effect compensation. The conventional method is modified and beforehand estimated moment of inertia is applied to
improve estimation efficiency of product of inertia. The performance of the suggested method has been verified for the
case of STSAT-3, Korea Science Technology Satellite.
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1.INTRODUCTION

In general, inertia properties of a spacecraft are mea-
sured before the launching and they are used in control-
ling the attitude for the spacecraft to perform its mission.
However, the inertia properties are changed when situ-
ation that may affect the mass of the spacecraft occurs
such as the decrease of the mass of the spacecraft by the
consumption of propellant during the mission imple-
mentation. Moreover, when the mission requires de-
tailed control of attitude, precise estimation of the inertia
properties is necessary since change of them may have a
great influence on the attitude control.

The attitude information of the spacecraft is used in
estimating the inertia properties and the information in-
cludes noise. Since the inertia properties estimation by
least squares method is susceptible to noise, noise-effect
should be firstly reduced. To avoid such a procedure, an

inertia properties estimation method based on the law
of conservation of angular momentum was suggested
and applied to actual estimation of inertia properties of
a spacecraft (Peck 2000, Lee & Wertz 2002). This method
was studied for the cases where only one axis is maneu-
vered and where the moment of inertia is very large when
compared to the product of inertia. One of drawbacks of
this method is that the estimation error of the inertia is
very large when all the three axes are maneuvered simul-
taneously. However, since it is impossible to maneuver
only one axis when there exists product of inertia, the
maneuver of three axes should be considered. In addi-
tion, accurate estimation of the product of inertia is nec-
essary for the case of precise control.

In this paper, a modified method for inertia properties
estimation based on the law of conservation of angular
momentum is proposed for the case when three axes
are maneuvered simultaneously. The process to reduce
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the estimation error in the product of inertia is shown
and the performance is verified by comparing the iner-
tia properties estimation based on least squares method
and the law of conservation of angular momentum as
well as the proposed method.

2. INERTIA PROPERTIES ESTIMATION TECHNIQUE

2.1 Inertia estimation based on least squares
method

The equation of motion including the control input
by reaction wheels can be expressed as Eq. (1) (Hughes
1986):

o=I"-wlo-wCl, o, +u]

(1)

y=o (1b)

where I denotes the inertia matrix of the spacecraft, o the
angular velocity of the spacecraft, /  the inertia matrix of
the reaction wheel, o  the angular velocity of the reac-
tion wheel, u the control input, C the allocation matrix of
the reaction wheel, and y the measured angular velocity.
Here, it is assumed that the three reaction wheels are ex-
actly aligned with each axis.

For the inertia properties estimation based on least
squares method, the equation is rearranged as Eq. (2):

z = Hx 2

where H denotes the matrix constituted with the angular
velocity of the spacecraft, x the vector to be estimated,
and z the measured vector.

Using least squares method, the estimated value X
can be obtained as in Eq. (3):

$=(H"H)'H"z 3)

Here, the elements of the matrix, H, are the information
including noise. A rank of the matrix should be the maxi-
mum and the measured vector, z, should not be a zero
vector (Simon 2006).

The variables in Eq. (3) are expressed as Eq. (4):

R A A A A A A AT
=l 0,0 0, 0,0, 1,1, 1] (42)
o, 0, o o 0 0O O O O
H=0 0 0 o o o 0 0 0 (4b)
00 0 0 0 0 o o o
T
z=[0, 0, 0.] (40)

Here, the estimated value X represents the vector com-
posed of moment of inertia and product of inertia. The
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elements of the measured vector z, Q,, Qy, and Q_ are de-
scribed in Section 2.2.

2.2 Inertia estimation based on the law of con-
servation of angular momentum

When a spacecraft is maneuvered using reaction
wheels, all the angular momentum of the spacecraft is
conserved in the inertial frame under the assumption
that the disturbance is very small.

Defining P as the matrix for the transformation from
the inertial frame to the body frame, the angular momen-
tum expressed in the inertial frame is as in Eq. (5) (Peck
2000, Lee & Wertz 2002):

H =P '[Io+CI o_]

" w (5)

inertial

Here, the transformation matrix P is defined as Eq. (6),
and each of the elements is constituted as quaternions.

1-2(3+43) 2(99:+9:9.) 2(995-4:4.)
P=|2(qq,~a:0.) 1-2(¢/+4) 2(0:9:+aa.)
2(q1q3+q2q4) 2(f]2q3—q1q4) 1_2(q]2+q22)

(6)

According to the law of conservation of angular mo-
mentum, Eq. (7) is valid since the angular momentum
should remain constant before and after the spacecraft
maneuvering.

P(t) [Lo(t)+CI @, ()]~ P(0) '[1(0) + CI @, (0)]

wlrw wolrw

@

Assuming the initial angular velocity of the spacecraft
to be 0, the Io(0) in Eq. (7) is set as 0. In addition, assum-
ing maneuvering of one axis of the spacecraft, the angu-
lar velocity of the other two axes is set as 0. In the case of
x-axis maneuvering, the equation is reduced to Eq. (8a):

o,()
Il 0 :P(t)P(O)’ICIm,a)rW(O)—Clmwm,(t) (8a)

0

on=[0. o o] (8b)

Defining the right side of the Eq. (8a) as Eq. (8b) and
inputting this in the Eq. (8a) again, Eq. (9) is derived by
considering the first element:

Lo =0 9)

The estimated value / _can be obtained using least
squares method as in Eq. (10):
I ofo] o0, (10)

Here, ®_and Q_are N by 1 column vectors. Repetition of
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the above method using [mx, Qy]’[mx, QZ] gives the estimat-
ed values IA} and/ . Remaining elements can be estimated
by the maneuvering of the y- and z-axis. To obtain better
estimated value, the estimated pair of product of inertia
is averaged (Lee & Wertz 2002).

2.3 Inertia estimation based on modified law of
conservation of angular momentum

The inertia properties estimation method based on
modified law of conservation of angular momentum is
proposed to make it possible to estimate inertia proper-
ties in the case when three axes are maneuvered and to
improve the accuracy of the product of inertia estima-
tion.

Assuming that the angular momentum is constant be-
fore and after the spacecraft maneuvering, Eq. (7) can be
arranged as follows:

a)X
o, =0, 11
.

Rewriting of the first row of Eq. (11) gives Eq. (12):
Lo +lo+].0 =0, (12)

Since the moment of inertia, I_, is relatively larger than
the product of inertia, Ixy and [ , in Eq. (12), the equation
can be written as Eq. (13):

1o, ~0, (13)

By expressing the second and third row of Eq. (11) in
the same manner shown above, the moment of inertia
with respect to each axis can be estimated as in Eq. (14):

I =[o/o] o/Q, (14a)
I,=[o]o] o/Q, (14b)
I =[ofo] oQ, (14c)

The moment of inertia estimated by the procedure
shown above is used for the calculation of the product of
inertia as shown in Eq. (15):

I =[olo] o [Q-] o] (15a)
I.=[o/o] o[Q-]0] (15b)
[ =[olo] lmf Q-0 ] (15¢)
I.=[ojo] o/[Q 0] (15d)
I -[olo] o/[Q-Lw,] (15¢)
I=[o/o] 0/[Q,Lo,] (15f)

Eq. (15) indicates that the calculation for the estima-
tion of the product of inertia is carried out using only the
estimated moment of inertia. For example, in the proce-
dure of calculating /_in Eq. (15b), only the estimated /
is used. However, considering Eq. (12), the / obtained in
Eq. (15a) should be also considered. But, the moment of
inertia estimated by Eq. (14) is a little larger than the ac-
tual value since the effect of product of inertia is not tak-
en into account and, if both 7 _and /  that are obtained
previously are used in estimating 7, the error of I will
be increased more. Hence, only the moment of inertia is
used, not the product of inertia obtained previously.

The pair of product of inertia estimated in the same
conventional method is averaged for the calculation as
follows:

[7,+1,] (16a)
[T.+1.] (16b)

[7.+1,] (16¢)

3. SIMULATION RESULTS AND ANALYSIS

For the comparison of the inertia properties estima-
tion methods mentioned above, a numerical simulation
is performed. The simulation parameters are listed in
Table 1.

The controller in Eq. (17) is used for the attitude control.

u :_KPqe _KDa)e a7

Table 1. Simulation parameters.

Items (units) Values
o, (rad/s) 10"

Noise level

13.916 0.0850 0.1330

Spacecraft inertia I (kg-m?) 0.0850 16.954 0.5896
0.1330 0.5896 19.894
Wheel inertia I, (kg-m?) 4.113x10"* x diag{1 1 1}
Natural frequency w, (rad/s) 0.043
Damping ratio ¢ 0.707
Control gains K 20,1
K, 2w, 1
Initial states 0; (deg) (10 10 10]*
w; (rad/s) [0 0 01"
,,, (rad/s) [0 001"
Target states 6, (deg) [0 00]F
w, (rad/s) [0 0 0]"
Wheel allocation C diag{111}
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where u denotes the control input, g, the quaternion er-
ror, o the angular velocity error, K, the proportional gain,
and K, the derivative gain.

The angle, the angular velocity of the spacecraft, and
the control input from the numerical simulation are
shown in Figs. 1 and 2. Based on these data, the iner-
tia properties are estimated by the methods mentioned
above and the results are shown in Tables 2 and 3, and
Figs. 3 and 4, respectively.

In Table 2, “True” indicates the actual inertia proper-
ties of the spacecraft, “Batch” the values estimated by us-
ing least squares method, “Conventional” the values es-
timated by using the conventional method based on the
law of conservation of angular momentum, “Considering
pre-estimate” the estimated values obtained by using the
previously calculated product of inertia in the calculation
of the next product of inertia, and “Suggested” the values
estimated by using the method that the author propose.
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Fig. 1. Time trajectory of the Euler angles.
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Fig. 3. Estimated moment of inertia.
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Table 2. Estimation results (kg-m?).

. Considering
True  Batch Conventional pre-estimate Suggested
I, 13.9160 4.2859 14.1181 14.1181 14.1181
[yy 16.9540 7.1157 17.5350 17.5350 17.5350
1, 19.8940 6.1224 20.6816 20.6816 20.6816
IX", 0.0850 4.8224 16.3578 -0.0019 0.1197
IVZ 0.5896 6.1667 19.1201 0.0062 0.1538
I, 0.1330 6.2786 17.4000 0.0589 0.1560
Table 3. Comparison of the errors (%).
. Considering
Batch Conventional pre-estimate Suggested
I, 69.2018 1.4520 1.4520 1.4520
I}:v 58.0296 3.4269 3.4269 3.4269
I, 69.2248 3.9592 3.9592 3.9592
[Xy 5,573.3560 19,144.5041 102.2033 40.8686
[yz 945.9131 3,142.9016 98.9418 73.9096
1, 4,620.7823 12,982.6901 55.6939 17.2956
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Fig. 2. Time trajectory of the angular rates and the control inputs.
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Quite large errors are found between the estimated
values and the actual inertia properties in the case where
least squares method is used. When this method is ap-
plied, nine inertia properties are calculated at once as
shown in Egs. (3) and (4). However, as described in Sec-
tion 2.3, least squares method is individually applied for
the calculation of the nine individual inertia properties
when the law of conservation of angular momentum is
used. For example, in the process of calculating I;Y, the
effect of not only the x-axis angular velocity but also the
y- and z-axis angular velocities are included when using
least squares method. On the contrary, when the law of
conservation of angular momentum is used, only the x-
axis angular velocity is involved in the calculation of /_.
As such, the error is larger when least squares method is
used because of the effect of the information of the axis
related with the inertia properties to be estimated as well
as the effect of the information of the other axes. More-
over, since this method is sensitive to noise, the proce-
dure to compensate noise-effect with a filter is necessary
for accurate estimation.

In the case when the conventional method based on
the law of conservation of angular momentum is used,
the moment of inertia is well estimated, but the error is
very large in the product of inertia. This is because, when
all the three axes are maneuvered, the maneuvering of
the other two axes is not considered.

The proposed method shows the same error in the es-
timated moment of inertia with that of the conventional
method based on the law of conservation of angular mo-
mentum. However, relatively better results are obtained
in the product of inertia when compared with the two
methods mentioned previously. As noted in Section 2.3,
in the calculation of product of inertia, less error is found
when the product of inertia calculated in advance is not
used in the estimation of the product of inertia. In addi-
tion, among the product of inertia estimated by the pro-
posed method, I} _shows a large error. This is because Iy .
and 7_ of which errors are larger than that of 7 _ are used
for the estimation of 1) _. Even though the absolute magni-
tude of the error is large, the error can be considered not
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very large from the view of the overall estimated values,
because the magnitude of the product of inertia itself is
relatively very small.

4. CONCLUSIONS

The study in this paper is conducted by focusing on
the following three aspects: first, simultaneous maneu-
vering of three axes is considered since maneuvering of
only one axis is not possible where there exists product
of inertia; second, when using the attitude information
including noise, the conventional attitude information is
used without the noise-effect compensation procedure
using filters; finally, an accurate method for the estima-
tion of product of inertia is proposed, which showed far
better result than that of the conventional methods.

In this study, inertia properties are estimated by one
time of calculation. In the future study, convergence of
the estimated values will be verified by using iteration
technique.
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