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1. Introduction

In 1971, Rosenfeld[12] defined the fuzzy subgroup of
a group(G,-) as a fuzzy set in G satisfying the con-
ditions, by using the concept of fuzzy sets introduced
by Zadeh[13]. Many authors [3, 5, 9, 11] have mainly
investigated various algebraic notions based on his ap-
proach. In fact, in Rosenfeld’s work, only the subset
are fuzzy, but the group operation is crisp. Recently,
Demirci[7] introduced the concept of fuzzy equalities
and fuzzy mappings. By using them, he provided a
good tool for fuzzyfying the group operation on a crisp
set[6].

In 1986, Atanassove[l] introduced the notion of in-
tuitionistic fuzzy set as the generatization of fuzzy
sets. In 1989, Biswas[3] introduced the intuitionistic
fuzzy subgroup of a group (G,-) as an intuitionistic
fuzzy set of G satisfying some conditions. Also many
authors[2,9] have worked to present the intuitionistic
fuzzy setting of various algebraic concept based on
their approach.

In this paper, by taking the group operation on a
crisp set as an intuitionistic fuzzy mapping in the sense
of [10], we establish the group structure on a crisp set
and study the validity of the classical results in this
setting.

2. Preliminaries

We will list some concept and one result needed in
the later sections.

For sets X,Y and Z, f = (f1,f2) : X - Y x Z
is called a complex mapping if f1 : X — Y and
fo : X — Z are mappings. Throughout this paper,
we will denote the unit interval [0,1] as I and XY, Z,
etc., are nonempty crisp sets.

I Corresponding Author.

Definition 2.1[1,6]. A complex mapping A =
(ta,va) + X — I x I is called an intuitionistic fuzzy
set(in short, IFS) in X if pa(z) + va(z) < 1 for
each x € X, where the mappings p4 : X — I and
va : X — I denote the degree of membership (namely
wa(z)) and the degree of non-membership(namely
va(z)) of each x € X to A, respectively. In particular,
0~ and 1. denote the intuitionistic fuzzy empty set
and the intuitionistic fuzzy whole set in a set X de-
fined by 0.(x) = (0,1) and 1.(x) = (1,0) for each
x € X, respectively.

We will denote the set of all IFSs in X as IFS(X).

Definition 2.2[1,9]. Let A = (ua,v4) and B =
(up,vp) be IFSs in X and let {Ay}aer C IFS(X).
Then

AcC Bifand only if pg < up and vy > vp.
2 A B if and only if A C B and B C A.

1)
(2)
(3) A® = (va,pa).
(4)
(4)

4) ANB= (HA/\HByyA\/VA)-

0 () Ae = (A . \ va).
a€el acl acl

(5) AUB = (A\//LB,I/A/\Z/B).

5 U A \/ HA, > /\ I/Aa).
ael acl aecl

(6) [ }A:(H‘A7 1- /ij)a <> A= (1 - VA7VA).
Definition 2.3[4]. R is called an intuitionistic fuzzy
relation from X to Y (or on X xY) if R € IFS(X xY').
In particular, if R € IFS(X x X) then R is called an
intuitionistic fuzzy relation on X.

We will denote the set of all intuitionistic fuzzy re-
lation on X as IFR(X).

*This paper is an excellent work selected in KIIS Fall conference 2009.
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Definition 2.4[10]. Let IEx=(ppy,ViEx) €
IFR(X). Then IEx is called an intuitionistic fuzzy
equality an X if it satisfies the following conditions:
(ie.l) IEx(z,y) = (1,0) @z =y, Vz,y € X,
(ie.2) IEx(z,y)=IFx(y,x), Vx,y € X,
(163) HIEx (1’7 y) N UIEx (ya Z) < WiEx ((ﬂ, Z)
and
viey (2,9) Vvip, (v, 2) > vip, (2, 2)," z,y,2 € X.

We will denote the set of all intuitionistic fuzzy equal-
ities on X as IE(X). Let IF €IE(X) and let a,b € X.
Then prg(a,b)[resp. vig(a,b)] is interpreted the value
as the grade of “a and b are nearly equal”[resp. the
grade of “a and b are nonequal”].

Definition 2.4'[7]. Let X be a nonempty set and let
Ex be a fuzzy relation on X. Then FEx is called a
fuzzy equality on X if it satisfies the following condi-
tions:

(el) Ex(z,y) =1l xz=y, Yo,y € X,

(e2) Ex(z,y) = Ex(y,x), Va,y € X,

(e.3) Ex(z,2) > Ex(x,y) N Ex(y,2), Yo,y,z € X,

Let E be a fuzzy equality on X and let a,b € X.
Then we interpret the value F(a,b) as the grade of “a
and b are nearly equal”’. We will denote the set of all
fuzzy equalities on X as E(X).

Remark 2.4.
IE(X).

(b) If IEy € IE(X), then [|IEx, <> IEx € IE(X).
Moreover, prgy, vigps € E(X).

(a) If Ex €E(X), then (Ex,Ey) €

Definition 2.5[10]. Let IEx and IEy be two in-
tuitionistic fuzzy equalities on X and Y, respectively
and let f € IFS(X x Y). Then f is called an
intuitionistic fuzzy mapping from X to Y with respect
to (in short, w.r.t.) IEx € IE(X) and IEy € IE(Y),
denoted by f : X — Y, if it satisfies the following
condition :
(ift.1) Vo € X, Jy € Y such that ps(z,y) > 0 and
ve(z,y) <1
(if.2) Va,y € X,Vz,w €Y,
pg (2, 2) A g (Y, w) A prey (2,y) < prey (2, 0)
and
Vf(JC,Z) \ Vf(va) \ VIEX(x7y) > VIEY(va)'

Definition 2.5'[7]. Let f be a fuzzy relation from
X toY, ie, Rc IY. Let Ex and Ey be fuzzy
equalities on X and Y, respectively. Then f is called
a fuzzy mapping from X toY w.r.t. Ex and Ey, de-
noted by f: X — Y, if it satisfies the following condi-
tions :

(f.1) Vz € X, Jy € Y such that f(z,y) >0,

130

(f2) Va,y € X Vzyw €Y, f(z,2) A fy,w) A
Ex(z,y) < By (z,w).

Result 2.A[10, Proposition 3.4]. (a) Let f: X —
Y be a fuzzy mapping w.r.t. Ex € E(X) and Ey €
E(Y). Then (f, f¢) : X — Y is an intuitionistic fuzzy
mapping from X to Y w.rt. (Ex,E¥) € IE(X) and
(Ey, Ey¢) € TE(Y)

(b) Let f = (us,vf) : X — Y be an intuitionistic
fuzzy mapping from X toY w.r.t. IEx € IE(X) and
IEy € IE(Y). Then <> f and [ ] f are intuitionistic
fuzzy mapping from X to Y w.r.t. intuitionistic fuzzy
equalities <> TEx and <> IEy, and [ | IEx and [ ]
1 Ey, respectively.

(c) Let f = (uy,vy) : X — Y be an intuitionistic
fuzzy mapping from X to Y w.r.t. IEx € IE(X) and
IEy € IE(Y). Then py and v/ are fuzzzy mappings
from X to Y w.r.t. fuzzy equalities urg, and prg,,
and v ¢ and vrge on X and Y, respectively.
Definition 2.6[10]. Forsets X and Y,let f: Y — YV
be an intuitionistic fuzzy mapping from X to Y w.r.t.
IEx € IE(X) and I[Ey € IE(Y). Then f is said to be

(a) strong if Vo € X,3y € Y such that f(z,y) =
(1,0),

(b) surjective if Yy € Y, 3z € X such that ps(x,y) >
0 and vf(z,y) <1,

(c) strong surjective if Vy € Y, 3z € X such that
f(z,y) = (1,0),

(d) ingective if

pp (@, 2) A pg(y, w) A prey (2,w) < prey (2,y)
and

vi(z,2) Ve(y,w) Vvre, (z,w) > vig, (z,y) Yo,y €
X, Vz,wey,

(e) bijective if it is surjective and injective,

(f) strong bijective if it is strong surjective and injec-
tive.

Definition 2.6'[7]. Let f : X — Y be a fuzzy map-
ping w.r.t. Ex and Ey.
Then f is said to be :
(a) strong if Vo € X,y € Y such that f(z,y) =1,
(b) surjective if Vy € Y, 3z € X such that f(x,y) > 0,
(¢) strong surjective if Vy € Y,3x € X such that
f(z,y) =1,
(d) ingective if f(x,z) AN f(y,w) A Ey(z,w) <
Ex(z,y),Vr,y € X,Vz,w €Y,
(e) bijective if it is surjective and injective,
(f) strong bijective if it strong surjective and injec-
tive.

Result 2.B[10, Proposition 3.6]. (a) Let f: X —
Y be a strong [surjective, strong surjective, injective,



bijective, strong bijective] fuzzy mapping w.r.t. fuzzy
equalities Fx and Fy on X and Y, respectively, then
(f,f9) : X — Y is a strong [surjective, strong
surjective, injective, bijective, strong bijective] intu-
itionistic fuzzy mapping w.r.t. (Ex,Ex) € IE(X) and
(Ey, Ey¥) €IE(Y).

(b)Let f = (uf,vf) : X — Y be astrong [surjective,
strong surjective, injective, bijective, strong bijective]
intuitionistic fuzzy mapping w.r.t. TEx € IE(X) and
IEy €IE(Y). Then <> f and [] f are a strong [surjec-
tive, strong surjective, injective, bijective, strong bijec-
tive|] intuitionistic fuzzy mapping w.r.t. intuitionistic
fuzzy equalities <> IEx and <> IEy, and [ |[IEx
and [ [IEy on X and Y, respectively.

(c)Let f = (py,vy) : X — Y beastrong [surjective,
strong surjective, injective, bijective, strong bijective]
intuitionistic fuzzy mapping w.r.t. IEx € IE(X) and
IEy € IE(Y). Then py and v,© are a strong [surjective,
strong surjective, injective, bijective, strong bijective]
fuzzy mapping w.r.t. intuitionistic fuzzy equalities
wre, and prg,, and Z/IE; and I/IE:; on X and Y,
respectively.

Result 2.C[10, Proposition 3.7]. Let Ax be the
intuitionistic fuzzy relation on a set X defined by : For
each (z,y) € X x X,

— (1’0)5 ifz =y,
Axley) = { 0.1), itz 4y
Then Ax is a strong and strong bijective intuitionis-
tic fuzzy mapping on X w.r.t. an intuitionistic fuzzy
equality TEx on X. In fact, Ax is an intuitionistic
fuzzy equality on X. In this case, Ax is called an
identity intuitionistic fuzzy mapping on X.

3. Definition of intuitionistic vague
groups and their properties.

Definition 3.1. (i) A strong intuitionistic fuzzy
mapping f X x X — X wrt. IEx«x
€ IEX x X) and IEx € IE(X) is called an
intuitionistic vague operation

on X wr.t. Exxx and Ex.

(ii) An intuitionistic vague binary operation f on X
w.r.t. IExy«x and IEx is said to be intuitionistic
transitive of first order if

(IT.1) ,Uf(a, b,c) A prey (e, d) < /jff(av b, d)
and

vi(a,b,c) Vrey(c,d) > ve(a,b,d), Va,b,c,d € X.

(iii) An intuitionistic vague binary operation f on
X wrt. IExy«x and I Ex is said to be intuitionistic
transitive of second order if

(IT-2) :uf(a’ b, C) N PIEx (ba d) < My (CL, b, d)
and
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ve(a,b,c) Vvrgy (b,d) > vs(a,d,c), Ya,b,c,d € X.

It can easily be seen that every crisp mapping
f X x X — X is an intuitionistic vague binary
operation on X w.r.t. Axxx and Ay, and it is tran-
sitive of both first order and second order.

Definition 3.1'[6]. (i) A strong fuzzy mapping f :
XxX - X wrt. Exgxx € E(X x X) and Ex €
E(X) is called a vague binary operation on X w.r.t.
EXXX and Ex.

(ii) A vague binary operation f on X w.r.t. Exyxx
and Fx is said to be transitive of first order if

(T.1) f(a,b,c) AN Ex(c,d) < f(a,b,d).
and

(iii) An intuitionistic vague binary operation f on X
w.r.t. Exxx and Ex is said to be transitive of second
order if

(T.2) f(a,b,c) AN Ex(b,d) < f(a,d,c).

Remark 3.2.(a) If f is a vague binary operation
on X wrt. Exxx € E(X x X) and Ex € E(X),
then (uy, ,u?) is an intuitionistic vague binary opera-
tion on X wrt. (Exxx, Exy.¥)€ IE(X x X) and
(Ex, Ey) € IE(X).

(b) If a vague binary operation f on X w.r.t.
Exyx € EX x X) and E(X) € E(X) is transi-
tive of first [resp. second] order, then an intuition-
istic vague binary operation (uy, ,ufc) on X w.r.t.
(Exxx,Exy£)€ IE(X x X) and (Ey, E)e IE(X)
is intuitionistic transitive of firstresp. second] order.

(¢) If f is an intuitionistic vague binary operation
on X wrt. IExyy € IE(X x X) and [Ex € IE(X),
then [ |f [resp. <> f] is an intuitionistic vague bi-
nary operation on X w.rt. [ [I[Exxx €IE(X x X)
and [ [IEx € IE(X) [resp. <> [Exxx € IE(X x X)
and <> IEx € IE(X)]. Moreover, puy [resp. v/°] is a
vague binary operation on X w.rt. purpy, , € E(X X
X) and prg, € E(X) [resp. vig, o € E(X x X) and
vigs € B(X)].

(d) If an intuitionistic vague binary operation f on
X wrt. IExxx € IE(X x X) and [Ex € IE(X) is
intuitionitsic transitive of first [resp. second] order,
then [ ]f and <> f are intuitionitsic transitive of first
[resp. second] order, respectively. Moreover, py and
vy © are transitive of first [resp. second] order, respec-
tively.

Let G be a nonempty crisp set.

Definition 3.3. Let o be an intuitionistic vague bi-
nary operation on G w.r.t. [FEgxe € IE(G x G) and
IE; € IE(G).

(i) (G,o0) is called an intuitionistic vague semigroup
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if it satisfies the following condition :

(IVG, 1) Va,b,¢c,d,m,q,w € G,

fro(byc,d) A pio(a,d,m) A pio(a,b,q) A polq,c,w) <
HIEg (ma w)

and

Vo(bv ¢, d) \ Vo(aadam) \ Vo(a’vba q) \ Vo(q,C,’lU) 2
Vigs(m,w).

(ii) An intuitionistic vague semigroup (G, o) is called
an intuitionistic vague monoid if it satisfies the follow-
ing condition :

(IVG, 2) 3 an (two-sided) identity element e € G
such that

to(e,a,a) A po(a,e,a) =1
and

vo(e,a,a) Vvo(a,e,a) =0, Ya € G.

(iii) An intuitionistic vague monoid (G, o) is called
an intuitionistic vague group if it satisfies the follow-
ing condition :

(IVG, 3) Va € G, 3 an (two-sided) inverse element
a~! € G such that

pola=t a,e) A po(a,a™te) =1
and

vo(a™t,a,e) Vo(a,a=te) =0.

(iv) An intuitionistic vague semigroup (G, o) is said
to be abelian (commutative) if it satisfies the condition

(IVG, 4) Va,b,m,w € G,

Ho (a7 b, m) A :LLO(bv a, U)) < BIEg (mv w)
and

Vo(aaba m) v l/o(b,a,w) = /l]EG(m,w).

Definition 3.3'[6]. Let o be a vague binary operation
on G wrt. Egxg € E(G x G) and Eg € E(G).
(i) (G, o) is called a vague semigroup if it satisfies the
following condition :
(VG, 1) VYa,b,c,d,m,q,w € G,
o(b, ¢, d)No(a,d,m)No(a,b,q)No(q, c,w) < o(m,w)
(ii) A vague semigroup (G,o) is called a wvague
monoid if it satisfies the following condition :
(VG, 2) 3 an (two-sided) identity element e € G such
that
o(e,a,a) No(a,e,a) =1,Va € G.
(iii) A vague monoid (G, o) is called a vague group if
it satisfies the following condition :
(VG, 3) VYa € G, 3 an (two-sided) inverse element
a~! € G such that
o(a=t,a,e) ANo(a,a"t,e) = 1.
(iv) A vague semigroup (G, o) is said to be abelian
(commutative) if it satisfies the condition :
(VG, 4) Ya,b,m,w € G,
o(a,b,m) Ao(b,a,w) < Eg(m,w).

Remark 3.4. (a) If (G, o) is a vague semigroup [resp.
abelian semigroup, monoid and group| w.r.t. Egxg €
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E(G x G) and Eg € E(G), then (G, (o, pt,°)) is an in-
tuitionistic vague semigroup [resp. abelian semigroup,
monoid and group] w.r.t. (Egxa, Egyo’) € IE(G X
G) and (Eg, ES) € IE(G).

(b) Let o be an intuitionistic vague binary opera-
tion on G wrt. IEgxe € IE(G x G) and [Eg €
IE(G). If (G,0) is an intuitionistic vague semigroup
[resp. abelian semigroup, monoid and group|, then
(G,]]o) and (G, <> o) are intuitionistic vague semi-
group [resp. abelian semigroups, monoids and groups]
wrt. [ [IEgxc € IB(G x G), [ [IEg € IE(G) and
<> IEgxg € IE(G x G), <> [Eg € IE(G), re-
spectively. Moreover, (G, uo) and (G, vS) are vague
semigroups [resp. abelian semigroups, monoids and
groups| w.r.t. prgs,.o € E(G X G), pre, € E(G) and
Vige. o € B(G x G), v;p¢ € E(G), respectively.

Let o be an intuitionistic vague operation on G w.r.t.
Agx g and Ag such that o(GxGxG) C {0,1}x{0,1}.
Then an intuitionistic vague group (G, o) one-to-one
way corresponds to a group in the classical sense. In
this case, an intuitionistic vague group is simply called
a crisp group. For a given classical group (G,-), an
infinite number of nontrivial intuitionistic vague group

can be defined on G.

Example 3.5. Let (G,-) be a classical group,
let a,3,0,\, 1,7 be fixed real number such that
< <a<<pf<landd < A< <y <,
where 0 +v < 1, a4+ p < 1 and 4+ X < 1. Let
IEs and [Egxg be intuitionistic fuzzy equalities
on G and G x G defined as follows, respectively :
Ve, vy, z, w € G,

IEG(x, y) - { E;:O))’a lé‘z ; z;/i
and
oralleah ) = { (35 63 7 o)

We define the intuitionistic fuzzy relation % on
G x G x G as follows : Vz,y,z € G

_ (1’0)7 ifzzx'y,
*(fr7y,z)—{ 0,7), ifz#£z-y.

Then we can easily see that (G, *) is an intuitionis-
tic vague semigroup. Furthermore, the element e of
(G,-) and the inverse element a~! of a in (G,-) are
the identity element of (G, *) and the inverse element
of a in (G, *), respectively, Thus (G, %) is an intuition-
istic vague group. If (G,-) is abelian, so is (G, *). It
should also be noticed that * is neither intuitionistic
transitive of first order nor intuitionistic transitive of
second order for # < (8 and v > A, and that when
(0,7) = (o, 1) = (B, ), * is both intuitionistic tran-



(b) If o is intuitionistic transitive if first order, and
f is intuitionistic vague injective and surjective, then
the mapping f~! : G’ — G is an intuitionistic vague
homomorphism.

Proof. (a) The proof is the analogue of the classical
case in[8].

(b) Suppose o is intuitionistic transitive of first order,
and f is an intuitionistic vague injective and surjective.
Let u,v,w € G'. Since f is surjective and o is strong,
Ja,b,c € G such that a = f~!(u), b = f~1(v) and
o(a,b,c) = (1,0). Since f is an intuitionistic vague
homomorphism,

o'(f(a), f(b), f(c)) = o'(u, v, f(c)) = (1,0).

Since o is an intuitionistic fuzzy mapping, by (if. 2),

HO/(uvv7w) = ,uo/(u,v,w) A /’LO/(U7U7f(C)) S
p1Eg (w, f(c))-
and (4.1)
Vor(u,v,w) = vor(u,v,w) V vor(u,v, f(c)) >

VIEg (0, f(c)).
On the other hand,

11 (W, f(€)) = prpg (f(f~H(w)), f(e))[Since f is
bijective]

< s (f~H(w),c) [Since f is intuitionistic vague in-
jective]

= Mo(f 1(“’)7
o(f~H(u), fH(v), ¢) =

< po(fHw), fH (), f
tic transitive of first or
and

Vigg (W, f(c)) = vigs, (f(f7H(w)), f(c)

>VIEG( [N w), )

“L(v),¢) A pree(f (w),¢) [Since
(1,0)]
f~1(w)) [Since o is intuitionis-
der]

(4.2)

= vo(fH(w), 1 (v),¢) Vs (7 (w), ¢)
> o (71 (u), f7H (), f~H(w))

Thus, by (4.1) and (4.2),
o (U v,w) < po(fH(w), fH(v), fH(w))

and

Vor (u, v, w) > vo(fH(u), f7H(v), f~Hw)).
Hence f~!: G’ — G is an intuitionistic vague homo-
morphism. O

Proposition 4.10. Let (G,0) and (G’,o’) be two
intuitionistic vague groups w.r.t. IEgxe € IE(G),
IE; € IE(G) and IEg/ x¢ € IE(G' x G') and I[E¢g €
IE(G’), respectively, and let f : G — G’ be an intu-
itionistic vague homomorphism. Then :

(a) Kerpy f is an intuitionistic vague subgroup of G.

(b) For any intuitionistic vague subgroup H of G,
f(H) is an intuitionistic vague subgroup of G’.

(¢) For any intuitionistic vague subgroup K of G,
f7Y(K) is an intuitionistic vague subgroup of G.
Proof. (a) For any a,b € Keryyf and each ¢ € G,
suppose o(a,b~1,¢) = (1,0). Then f(a) = f(b), i.e
f~Y(a) = f~1(b). Thus
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o’((f(a), f_l(a)?eG’) = O/(f(a)a f_l(b)a eG’) = (170)
Since f is an intuitionistic vague homomorphism, by
Proposition 4.8(b) and the hypothesis,

o((f(a), fTHB), fe)) = o (f(a), f7H(b),f(c)) =

(1,0).
Thus

por ((f(a), f=1(b), ecr) Amuor (f(a), f~1(D), f(c))
= (11 < wreg, (f(c), eqr)

vo((f(a), f7H(b), ecr) V nuo (f(a), f (D), f(c))
=02=vip, (f(c) eq).

So IEGV(f(C),er) = (1,0), 1.e., f(C) = €eqg’. Hence
¢ € Kerpy f. Therefore, by Theorem 4.3, Kerpy f is an
intuitionistic vague subgroup of G.

(b) Suppose H is an intuitionistic vague subgroup
of G. For any a,b € f(H) and each ¢ € G'. Sup-
pose o'(a,b=t,¢) = (1,0). o is an intuitionistic fuzzy
mapping, Ju,v € H and w € G such that f(u) = a
f(v) = b and o(u,v ', w) = (1,0). Since H is an
intuitionistic vague subgroup of G, by Theorem 4.3,
w € H. Then f(w) € f(h). Since f is an intuitionistic
vague homomorphism, by Proposition 4.8(b),

o (f(u), f(0™h), f(w)) = o' (f(u), f(v) 7, f(w))
= o{a,b T, f(w) = (1,0).

Thus

Hor (aa bilv f(w))/\/u‘o’ (aa bilv C) =1< HIEG, (f(w)v C)
and

Vor(a, b1, f(w)) Ve (a,b7t ¢) =0 > vig,, (f(w), c).
So IEq (f(w),c) = (1,0),i.e., ¢ = f(w). Sincew € H,
¢ € f(H). Hence, by Theorem 4.3, f(H) is an intu-
itionistic vague subgroup of G.

(c¢) It can be proved in a similar manner to the proof
of (b). O

For a mapping f : X — Y, let Imf = {f(a) € Y :
a € X}. Then the following is the immediate result of
Proposition 4.14(b).

Corollary 4.14. Let (G, o) and (G’,o') be two intu-
itionistic vague groups w.r.t. I[Fgxa € IE(G x G),
IE € IE(G) and [Egxer € IE(G! x G, [Eq €
IE(G’), respectively, and let f : G — G’ be an in-
tuitionistic vague homomorphism. Then Imf is an
intuitionistic vague subgroup of G’.
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IE; € IE(G), and let H be a nonempty crisp sub-

set of G. Let {Hy}aer be the family of all in-

tuitionistic vague subgroups of G containing H.

Then ﬂ H, is an intuitionistic vague subgroup of
acl’

G. In this case, ﬂ H,, is called the intuitionistic

acl
vague subgroup of G generated by H, and it is denoted

by < H >.

Definition 4.5. Let (G,0) and (G’,0’) be two intu-

itionistic vague groups. Then a mapping(in the classi-

cal sense) f: G — G’ is called an intuitionistic vague

homomorphism if it satisfies the following conditions :
Mo(aa b7 C) < Uo'(f(a)’ f(b)a f(C))

and

vo(a,b,c) > vor(f(a), f(b), f(c)), Ya,b,c € G.

Definition 4.5'[6]. Let (G,u) and (G', ') be two
vague groups. Then a mapping f : G — G’ is called a
vague homomorphism if

p(a,b,c) < p'(f(a), f(b), f(c)), Va,b,c € G.

Remark 4.5. (a) If f: (G,u) — (G, 1) is a vague
homomorphism, then f : (G, (i, u¢)) — (G, (¢, 1'©))
is an intuitionistic vague homomorphism.

(b) If f : (G,0) — (G',0') is an intuitionistic vague
homomorphism, then f : (G,[]o) — (G',[]o)[resp. f :
(G, <> o) — (G', <> o)) is an intuitionistic vague ho-
momorphism. Moreover, f : (G, o) — (G, tor) [resp.
f:(G,v5) — (G,v)] is a vague homomorphism.

Proposition 4.6. Let (G,0) and (G’,0’) be two in-
tuitionistic vague groups w.r.t. I[Egxa € IE(G x G),
IEq € IE(G) and IEq g € IE(G/ X G/), IEq €
IE(G’), and let f : G — G’ be an intuitionistic vague
homomorphism. Then :
(a) If e and egr are identities of (G, o) and (G',0’),
respectively, then f(eq) = eqr.
(b) For each a € G, f~1(a) = f(a™1).
proof. (a) Let e and eg be identities of (G, o) and
(G, "), respectively, and let a € G. Then o(a,eq,a) =

(1,0). Since f : G — G’ is an intuitionistic vague
homomorphism,

o'(f(a), flea), f(a)) = (1,0).
On the other hand,

o'(f(a),eqr, f(a)) = (1,0).

Thus, by Proposition 3.8,

po (f(a), flea), f(a)) A por(f(a), ecr, f(a))
=1<pre. (flea) ea)
and

vo (f(a), flea), f(a) V vo (f(a), ecr, f(a))
=02>vrg, (fleg),ec)-

So IEc: (f(ec),eq’) = (1,0). Hence f(eg) = egr.
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(b) Let a € G. Then clearly o(a,a!,eq) = (1,0).
Since f : G — G’ is an intuitionistic vague homomor-
phism, by (a),

o(f(a), fla~ D), flea)) =
(1,0).

Thus, by Proposition 3.8,

o (@), (@), ec) A por (F(a), (@), ecr)
—1< urp, (fla, ()

and
) er) Vv (f(a), f1(a),ec)
L (a)).

v (f(a), fla~
=0>vip, (fla”
So IEq (f(a _1,f_1(a )) = (1,0). Hence f(a™t!) =
fYa). O
Definition 4.7. Let (G,0) and (G’,o') be two in-
tuitionistic vague groups w.r.t. IEgxe € IE(G x
G), IE; € IE(G) and IEgxe € IB(G x G),
IEq € IE(G'), respectively, and let f : G — G’
be an intuitionistic vague homomorphism. Then
crisp set {a € X fla) = eqg} is called an
intuitionistic vague kernel of f, and it is denoted by
Kerpy f.

O,(f(a)a f(ail)a eG’) -

Definition 4.8. Let IEx € IE(X) and let IEy €
IE(Y). Then a mapping g : X — Y is said to be
intuitionistic vague injective w.r.t. IEx and I Ey if
1ex (9(a), (b)) < prmy (a,0)
and
viex(9(a),g(b)) > vig, (a,b), Va,b € X.

It is clear that an intuitionistic vague injective map-
ping is injective in the classical sense.

Definition 4.8[6]. A mapping g : X — Y is said to
be vague injective w.r.t. Ex € E(X) and Ey € E(Y)
it By (g(a),g(b)) < Ex(a,b), Ya,b € X.

Remark 4.8. (a) If ¢ : X — Y is vague injective
wrt. Ex € E(X) and By € E(Y), theng: X — Y is
intuitionistic vague injective w.r.t. (Ex, E5f) € IE(X)
and (EBy, Ey°) € IE(Y).

(b) If ¢ : X — Y is intuitionistic vague injec-
tive wr.t. IEx € IE(X) wrt. [ [IEx € IE(X)
and [ [IEy € IE(Y) [resp. <> [Ex € IE(X) and
<> IEy € IE(Y)]. Furthermore, g is vague injective
w.rt. prp, € E(X) and prp, € E(Y) [resp. v,5, €
E(X)] and v;%, € E(Y)].

Proposition 4.9. Let (G,0) and (G,0’) be two in-
tuitionistic vague groups w.r.t. IEgxc € IE(G x G),
IEg € IE(G) and IEgyo € IE(G' x G'), [Eg €
IE(G’), respectively, and let f : G — G’ be an intu-
itionistic vague homomorphism. Let eq be the identity
of (G, o).

(a) f is injective if and only if Kerry f = {eg}.



voler,apt,ar') vV wola,a;t,u) Vo ovo(a,en,w) V

vo(w,a;,t) =0 > vip, (t, u).

Thus IEg(t,u) = (1,0), i.e. t =u. So o(w,a;’,u) =
(1,0).

So

uo(a,azl,u)/\uo(u,u, v)/\uo(u,a,w)/\uo(w,azl,u)
=1< NIEG(Uvu)
and

vo(a,art,u) V vo(u, u,v) V v (u,a,w) V ve(w,a; ', u)
=0 > vig, (v, u).

Hence IEg(v,u) = (1,0), i.e. v = w. Therefore
o(u,u,u) = (1,0). By Proposition 3.7, [Eg(u,er) =
(1,0), i.e., u = ep.

Thus o(a,a;',er) = (1,0) (3.6)

Now we shall show that o(a,er,a) = (1,0), i.e., er
is also a right identity of (G, o), i.e., ey, is a two-sided
identity of (G,0). Let a € G. Then, it is clear that

Ju € G such that o(a,er,u) = (1,0).

Thus, by (3.6),

po(azt aer) A po(a,en,u) A po(a,a;t,er) A
:U'O(eLv a, a’) =1< prgg (uv a)
and

vo(a;' aer) V. wvo(a,er,u) V wvo(a,a;’,er) V
vo(er,a,a) =0 > vig, (u,a).

So IEg(u,a) = (1,0), ie, u = a.
o(a,er,a) = (1,0).

Since ey, is a two-sided identity of (G, o), by using
the hypothesis and (3.6), we can immediately see that
(IVG.3) is satisfied. Hence (G, o) is an intuitionistic
vague group. O

Therefore

Theorem 3.11 Let (G,0) be an intuitionistic vague
semigroup w.r.t. IEgyxg € IE(G x G) and [Eg €
IE(G). Then (G, o) is an intuitionistic vague group if
and only if

(i) Va,b € G,3z € G such that o(a, z,b) = (1,0),

(ii) Va,b € G,Jy € G such that o(y, a,b) = (1,0).
Proof. (=) : Suppose (G, o) is an intuitionistic vague
group and let a,b € G. Then Jx,u € G such that

o(a™,b,x) = o(a,x,u) = (1,0).

Thus

fio(a™",0,x) Apio(a, z,u) Apio(a,a™ s €) Ao (e, b,b) =
1< HIEq (u, b)
and

vo(a™,b,2) Vvo(a, x,u) Vs(a,a™t e) V(e b b) =
0 > V[Ec(u,b).

So IEq(u,b) = (1,0), i.e. w = b. Hence o(a,z,b) =
(1,0).
On the other hand, for a,b € G, Jy,v € G such that

o(b, at, y) =o(y,a,v) = (1,0).

Then

po(a™", a,e) Ao (b, €, ) Apio (b, a™ ", y) A po(y, a,v) =
1< prg,(b,v)
and

Intuitionistic Vague Groups

vo(a™t,a,e) V uo(b,e,b) Vus(b,a™t,y) Vie(y,a,v) =
1 Z VIEc(ba 1}).

Thus I[Eg(b,v) = (1,0), ie., b = v.
(1,0).

(<) Suppose the necessary conditions hold. Let
m € G be fixed and let @ € G. Then Jde*,z € G
such that

o(e*,m,m) = o(m,z,a) = (1,0).

Since o is an intuitionistic fuzzy mapping, for a € G,
Ju € G such that o(e*,a,u) = (1,0). Thus

:U’O (m7 &, a)/\ﬂo (6*7 a, ’LL) /\IU’O (6*, m, m)A#O (mv xz, a) =
1< pree (u7 a)
and

Vo(m,x,a)Ve(e*, a,u) Vs (e*,m,m)Vuv,(m,z,a) =
0> vig,(u,a).

So IEg(u,a) = (1,0), i.e., u = a. Hence o(e*,a,a) =
(1,0), i.e., e* is a left identity of (G, o).

On the other hand, by the hypothesis, for each a € G,
Jw € G such that o(w,a,e) = (1,0). Thus w is a left
inverse of a. So, the required result is immediately
obtained from Theorem 3.10. This completes the
proof. O

So o(y,a,b) =

4. Intuitionistic vague subgroups and
intuitionistic vague homomorphisms

For a given intuitionistic fuzzy equality IEFx on X
and for a crisp subset H of X, the restriction of the
complex mapping I EFx on X and for a crisp subset H
of X, the restriction of the complex mapping I EFx on
H x H, denoted by IE¥ is clearly an intuitionistic
fuzzy equality on H. For a given intuitionistic vague
binary operation f on X, we say that a crisp subset B
of X is intuitionistic vague closed under f if it satisfies
the following condition :

(IVGC) f(a,b,c) = (1,0) = c€ B,Ya,b,c € X.

For given intuitionistic vague operation f on X w.r.t.
IEx«x € IE(X x X) and I Ex € IE(X), if a crisp sub-
set H of X is intuitionistic vague closed under f, then
it is easily seen that f|gxmxm is an intuitionistic
vague operation on H and f|gxmgxpg preserves the
transitive properties of f.

Definition 4.1. Let (G, o) be an intuitionistic vague
group w.r.t. IEqxq € IE(G x G) and IEqg € IE(G),
and let H be a nonempty crisp subset of G that is
intuitionistic vague closed under o. Then H is called
an intuitionistic vague subgroup of G if (H,o|gxmxm)
is itself an intuitionistic vague group.

For a given fuzzy equality Ex on X and for a crisp

subset H of X, the restriction of the complex mapping
Ex on H x H, denoted by F | is clearly a fuzzy equal-
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ity on H. For a given vague binary operation f on X,
we say that a crisp subset B of X is vague closed under
f if it satisfies the following condition :

(VGC) f(a,b,c) = (1,0) = ¢ € B,Va,b € B,Vc €
X.

For given vague operation f on X w.rt. Exxx €
E(X x X) and Ex € E(X), if a crisp subset H of X
is vague closed under f, then it is easily seen that
flExmaxm is a vague operation on H and f|gxmxy
preserves the transitive properties of f.

Definition 4.1'[6]. Let (G, o) be a vague group w.r.t.
IEgxa € IE(G x G) and IEg € IE(G), and let H
be a nonempty crisp subset of G that is vague closed
under o. Then H is called a vague subgroup of G if
(H,o|lpxmxm) is itself a vague group.

Remark 4.2. (a) Let (G,0) be a vague group w.r.t.
Ecxc € E(G x G) and Eg € E(G), and let H be
a nonempty crisp subset of G. If (H,o|lgxmxm) is
a vague subgroup of G, then (H, (to, uS)|mxmxm) is
an intuitionistic vague subgroup of the intuitionistic
vague group (G, (po, 1)) W.rt.  (MEg.erHEe, o) €
IE(G x G) and (pgg, p%,) € IE(G).

(b) Let (G, 0) be an intuitionistic vague group w.r.t.
[Ecye € IE(G x G) and I[Eg € IE(G), and let H
be a nonempty crisp subset of G. If (H,o|gxpgxm)
is an intuitionistic vague subgroup of (G,o), then
(H,[ ] o |uxmxH) [resp. (H,<> olgxuxm)] is
an intuitionistic vague subgroup of the intuitionis-
tic vague group (G,[ Jo) [resp. (G,<> o)] w.r.t.
[ [IEaxe € IE(G x G) and [ [IEg € IE(G) [resp.
<> IEgxc € IE(G x G) and <> IEg € IE(G)].
Moreover, (H, po|mxmaxm)resp. (H,vS|pxmxm)] is
a vague subgroup of the vague group (G, po)[resp.
(G,v5)] wrt. prpee € E(G x G) and prp, €
E(G)[resp. vg¢ , € E(G x G) and v/, € E(G)].

Theorem 4.3. Let (G,0) be an intuitionistic vague
group w.r.t. IEgxq € IE(G x G) and TEg € IE(G),
and let H be a nonempty crisp subset of G. Then H
is an intuitionistic vague subgroup of G if and only if
(Ya,b € H)("c € G)(o(a,bt,¢) = (1,0) = c € H).

Proof (=) : Suppose H be an intuitionistic vague
subgroup of G. Let eg[resp. ep| be an identity of
(G,0)[resp. (H,o|lpxmxm)]- Then, for a € H, it is
clear that

O‘HXHXH(aaeHva) = O(a,eH,(l) = O(CL,GG,CL) =
(1,0)
By Proposition 3.8,

pola,em,a) A pola,ec,a) =1 < prpg(en, e)
and

vola,em,a)Vipla,eq,a) =02> vip. (e, eq).
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Thus IEg(EH,E(;) = (1,0), ie,eg =eg. Forbe H,
let b;ll be the inverse of b in (H,o|gxgxm). Then, it
is clear that

O|H><H><H(b7 bﬁl, 6H) = O(b, b;ll, EH) = O(b7 b_l, €H)
= (1,0).

Thus

po(b, by em) A po(b, b err) = 1 < prpg (by',07Y)
and

vo(b, by erm) Vvo(b,b™ err) = 0> v, (b, b7h).
So IEG(b;',b71) = (1,0), i.e., by = b~ L.

Now, for a,b' € H and ¢ € @, suppose
o(a,b=1,¢) = (1,0). Since a,b~! € H and H is in-
tuitionistic vague closed under o, by (IVGC), ¢ € H.

(<) : Suppose the necessary condition holds. Since
H # @, 3u € H. Then o(u,u~t,eg) = (1,0). Thus,
by the hypothesis, e¢ € H. Let a € H. Then clearly
oleg,a t,a™') = (1,0). Thus, by the hypothesis,
a”l e H.

For any a,b € H and each ¢ € G, suppose o(a, b, c) =
(1,0). Then o(a,b,c) = o(a, (b=1)7t,¢) = 1. Since
b=! € H, by the hypothesis, ¢ € H. Thus H is in-
tuitionistic vague closed under o. Since (G,o) is an
intuitionictic vague group, it can easily be be seen that
(H,o|lpxmxm) satisfies the condition (IVG. 1) w.r.t.
IEgxcH x H € IE(H x H) and IEg 7 < IE(H).
Hence H is an intuitionistic vague subgroup of G. 0

Theorem 4.4. Let (G, o) be an intuitionistic vague
group w.r.t. IEgxg € IE(G x G) and IEqg € IE(G),
and let H be a nonempty crisp subset of G. Then H
is an intuitionistic vague subgroup of G if and only if
it satisfies the following conditions:

(i) H is intuitionistic vague closed under o

(ii) For each a € H,a™! € H.

Proof The proof can be obtained in a similar manner
to that of the classical case in [8]. Thus it is omit-
ted. O

The following is the immediate result of Theorem 4.4.

corollary 4.4-1. Let (G, o) be an intuitionistic vague
wr.t. IEgyq € IB(G x G) and IEg € TE(G), and let
{Hu}aer be a nonempty family of intuitionistic vague
subgroup of G such that ﬂ H, # @. Then m H,

acl
is an intuitionistic vague subgroup of G.

acl

The following is the immediate result of corollary
4.4-1.

corollary 4.4-2.
vague group w.r.t.

Let (G,o) be an intuitionistic
IEqgxa € IE(G X G) and



IE; € IE(G), and let H be a nonempty crisp sub-

set of G. Let {Hy}aer be the family of all in-

tuitionistic vague subgroups of G containing H.

Then ﬂ H, is an intuitionistic vague subgroup of
acl’

G. In this case, ﬂ H,, is called the intuitionistic

acl
vague subgroup of G generated by H, and it is denoted

by < H >.

Definition 4.5. Let (G,0) and (G’,0’) be two intu-

itionistic vague groups. Then a mapping(in the classi-

cal sense) f: G — G’ is called an intuitionistic vague

homomorphism if it satisfies the following conditions :
Mo(aa b7 C) < Uo'(f(a)’ f(b)a f(C))

and

vo(a,b,c) > vor(f(a), f(b), f(c)), Ya,b,c € G.

Definition 4.5'[6]. Let (G,u) and (G', ') be two
vague groups. Then a mapping f : G — G’ is called a
vague homomorphism if

p(a,b,c) < p'(f(a), f(b), f(c)), Va,b,c € G.

Remark 4.5. (a) If f: (G,u) — (G, 1) is a vague
homomorphism, then f : (G, (i, u¢)) — (G, (¢, 1'©))
is an intuitionistic vague homomorphism.

(b) If f : (G,0) — (G',0') is an intuitionistic vague
homomorphism, then f : (G,[]o) — (G',[]o)[resp. f :
(G, <> o) — (G', <> o)) is an intuitionistic vague ho-
momorphism. Moreover, f : (G, o) — (G, tor) [resp.
f:(G,v5) — (G,v)] is a vague homomorphism.

Proposition 4.6. Let (G,0) and (G’,0’) be two in-
tuitionistic vague groups w.r.t. I[Egxa € IE(G x G),
IEq € IE(G) and IEq g € IE(G/ X G/), IEq €
IE(G’), and let f : G — G’ be an intuitionistic vague
homomorphism. Then :

(a) If e and egr are identities of (G, o) and (G',0’),
respectively, then f(eq) = eqr.

(b) For each a € G, f~1(a) = f(a™1).
proof. (a) Let e and eg be identities of (G, o) and
(G, "), respectively, and let a € G. Then o(a,eq,a) =
(1,0). Since f : G — G’ is an intuitionistic vague
homomorphism,

o (f(a), flec). f(a)) =
On the other hand,

o (f(@),ecr, () = (1,0).
Thus, by Proposition 3.8,

o (F(a), fea), £()) A o (f(a), e, £(a))
=1< e, (fleq), ea)
and

vo (f(a), flea), f(a)) Vv (f(a), ecr, f(a))
=02>vrg, (fleg),ec)-
So IEG/(f(eg), GG/) = (1,

(1,0).

0). Hence f(eqg) = eq.

Intuitionistic Vague Groups

(b) Let a € G. Then clearly o(a,a!,eq) = (1,0).
Since f : G — G’ is an intuitionistic vague homomor-
phism, by (a),

o(f(a), fla~ D), flea)) =
(1,0).

Thus, by Proposition 3.8,

o (@), (@), ec) A por (F(a), (@), ecr)
—1< urp, (fla, ()

O,(f(a)a f(ail)a eG’) -

and

vo (f(a), f(a™ ) er) Vv (f(a), f1(a),ec)
=0>vip, (fla™', f(a))).

So IEg (f(a _1,f_1(a )) = (1,0). Hence f(a™') =

fa). 0

Definition 4.7. Let (G,0) and (G’,o') be two in-
tuitionistic vague groups w.r.t. IEgxe € IE(G x
G), IE; € IE(G) and IEgxe € IB(G x G),
IEq € IE(G'), respectively, and let f : G — G’
be an intuitionistic vague homomorphism. Then
crisp set {a € X fla) = eqg} is called an
intuitionistic vague kernel of f, and it is denoted by
Kerpy f.

Definition 4.8. Let IEx € IE(X) and let IEy €
IE(Y). Then a mapping g : X — Y is said to be
intuitionistic vague injective w.r.t. IEx and I Ey if
1ex (9(a), (b)) < prmy (a,0)
and
viex(9(a),g(b)) > vig, (a,b), Va,b € X.

It is clear that an intuitionistic vague injective map-
ping is injective in the classical sense.

Definition 4.8[6]. A mapping g : X — Y is said to
be vague injective w.r.t. Ex € E(X) and Ey € E(Y)
it By (g(a),g(b)) < Ex(a,b), Ya,b € X.

Remark 4.8. (a) If ¢ : X — Y is vague injective
wrt. Ex € E(X) and By € E(Y), theng: X — Y is
intuitionistic vague injective w.r.t. (Ex, E5f) € IE(X)
and (EBy, Ey°) € IE(Y).

(b) If ¢ : X — Y is intuitionistic vague injec-
tive wr.t. IEx € IE(X) wrt. [ [IEx € IE(X)
and [ [IEy € IE(Y) [resp. <> [Ex € IE(X) and
<> IEy € IE(Y)]. Furthermore, g is vague injective
w.rt. prp, € E(X) and prp, € E(Y) [resp. v,5, €
E(X)] and v;%, € E(Y)].

Proposition 4.9. Let (G,0) and (G,0’) be two in-
tuitionistic vague groups w.r.t. IEgxc € IE(G x G),
IEg € IE(G) and IEgyo € IE(G' x G'), [Eg €
IE(G’), respectively, and let f : G — G’ be an intu-
itionistic vague homomorphism. Let eq be the identity
of (G, o).

(a) f is injective if and only if Kerry f = {eg}.
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(b) If o is intuitionistic transitive if first order, and
f is intuitionistic vague injective and surjective, then
the mapping f~! : G’ — G is an intuitionistic vague
homomorphism.

Proof. (a) The proof is the analogue of the classical
case in[8].

(b) Suppose o is intuitionistic transitive of first order,
and f is an intuitionistic vague injective and surjective.
Let u,v,w € G'. Since f is surjective and o is strong,
Ja,b,c € G such that a = f~!(u), b = f~1(v) and
o(a,b,c) = (1,0). Since f is an intuitionistic vague
homomorphism,

o'(f(a), f(b), f(c)) = o'(u, v, f(c)) = (1,0).

Since o is an intuitionistic fuzzy mapping, by (if. 2),

HO/(uvv7w) = ,uo/(u,v,w) A /’LO/(U7U7f(C)) S
p1Eg (w, f(c))-
and (4.1)
Vor(u,v,w) = vor(u,v,w) V vor(u,v, f(c)) >

VIEg (0, f(c)).
On the other hand,

11 (W, f(€)) = prpg (f(f~H(w)), f(e))[Since f is
bijective]

< s (f~H(w),c) [Since f is intuitionistic vague in-
jective]

= Mo(f 1(“’)7
o(f~H(u), fH(v), ¢) =

< po(fHw), fH (), f
tic transitive of first or
and

Vigg (W, f(c)) = vigs, (f(f7H(w)), f(c)

>VIEG( [N w), )

“L(v),¢) A pree(f (w),¢) [Since
(1,0)]
f~1(w)) [Since o is intuitionis-
der]

(4.2)

= vo(fH(w), 1 (v),¢) Vs (7 (w), ¢)
> o (71 (u), f7H (), f~H(w))

Thus, by (4.1) and (4.2),
o (U v,w) < po(fH(w), fH(v), fH(w))

and

Vor (u, v, w) > vo(fH(u), f7H(v), f~Hw)).
Hence f~!: G’ — G is an intuitionistic vague homo-
morphism. O

Proposition 4.10. Let (G,0) and (G’,o’) be two
intuitionistic vague groups w.r.t. IEgxe € IE(G),
IE; € IE(G) and IEg/ x¢ € IE(G' x G') and I[E¢g €
IE(G’), respectively, and let f : G — G’ be an intu-
itionistic vague homomorphism. Then :

(a) Kerpy f is an intuitionistic vague subgroup of G.

(b) For any intuitionistic vague subgroup H of G,
f(H) is an intuitionistic vague subgroup of G’.

(¢) For any intuitionistic vague subgroup K of G,
f7Y(K) is an intuitionistic vague subgroup of G.
Proof. (a) For any a,b € Keryyf and each ¢ € G,
suppose o(a,b~1,¢) = (1,0). Then f(a) = f(b), i.e
f~Y(a) = f~1(b). Thus
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o’((f(a), f_l(a)?eG’) = O/(f(a)a f_l(b)a eG’) = (170)
Since f is an intuitionistic vague homomorphism, by
Proposition 4.8(b) and the hypothesis,

o((f(a), fTHB), fe)) = o (f(a), f7H(b),f(c)) =

(1,0).
Thus

por ((f(a), f=1(b), ecr) Amuor (f(a), f~1(D), f(c))
= (11 < wreg, (f(c), eqr)

vo((f(a), f7H(b), ecr) V nuo (f(a), f (D), f(c))
=02=vip, (f(c) eq).

So IEGV(f(C),er) = (1,0), 1.e., f(C) = €eqg’. Hence
¢ € Kerpy f. Therefore, by Theorem 4.3, Kerpy f is an
intuitionistic vague subgroup of G.

(b) Suppose H is an intuitionistic vague subgroup
of G. For any a,b € f(H) and each ¢ € G'. Sup-
pose o'(a,b=t,¢) = (1,0). o is an intuitionistic fuzzy
mapping, Ju,v € H and w € G such that f(u) = a
f(v) = b and o(u,v ', w) = (1,0). Since H is an
intuitionistic vague subgroup of G, by Theorem 4.3,
w € H. Then f(w) € f(h). Since f is an intuitionistic
vague homomorphism, by Proposition 4.8(b),

o (f(u), f(0™h), f(w)) = o' (f(u), f(v) 7, f(w))
= o{a,b T, f(w) = (1,0).

Thus

Hor (aa bilv f(w))/\/u‘o’ (aa bilv C) =1< HIEG, (f(w)v C)
and

Vor(a, b1, f(w)) Ve (a,b7t ¢) =0 > vig,, (f(w), c).
So IEq (f(w),c) = (1,0),i.e., ¢ = f(w). Sincew € H,
¢ € f(H). Hence, by Theorem 4.3, f(H) is an intu-
itionistic vague subgroup of G.

(c¢) It can be proved in a similar manner to the proof
of (b). O

For a mapping f : X — Y, let Imf = {f(a) € Y :
a € X}. Then the following is the immediate result of
Proposition 4.14(b).

Corollary 4.14. Let (G, o) and (G’,o') be two intu-
itionistic vague groups w.r.t. I[Fgxa € IE(G x G),
IE € IE(G) and [Egxer € IE(G! x G, [Eq €
IE(G’), respectively, and let f : G — G’ be an in-
tuitionistic vague homomorphism. Then Imf is an
intuitionistic vague subgroup of G’.
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