
M

M
M

M M M

M

M
M

M

D[0, 1]
[0, 1] D[0, 1]

M, N, · · · M = [ML,MU ]
ML MU

= [0, 0], = [1, 1]
= [a, a] a ∈ (0, 1)

M, N ∈ D[0, 1]

M = N ⇔ ML = NL,MU = NU .

M, N ∈ D[0, 1]

M ≤ N ⇔ ML ≤ NL,MU ≤ NU .

M ∈ D[0, 1] M
M c M c = −M = [1−MU , 1−ML]

X A : X → D[0, 1]

X x ∈ X A(x)
A(x)L A(x)U

[a, b] ∈ D[0, 1]
[a, b] x ∈ X ˜[a, b]

c ∈ [a, b]
= [c, c] x ∈ X c̃
p ∈ X [a, b] ∈ D[0, 1] b > 0

[a, b] p X

[a, b]p b = a
ap IV F (X)

X

A,B ∈ IV F (X)

A = B ⇔ (∀x ∈ X)([A(x)]L = [B(x)]L

[A(x)]U = [B(x)]U ),

A ⊆ B ⇔ (∀x ∈ X)([A(x)]L ⊆ [B(x)]L

[A(x)]U ⊆ [B(x)]U ).

Ac A x ∈ X

[Ac(x)]L = 1 − [A(x)]U [Ac(x)]U = 1 − [A(x)]L.

{Ai : i ∈ J} J
G = ∪i∈JAi F = ∩i∈JAi

(∀x ∈ X) ([G(x)]L = i∈J [Ai(x)]L,

[G(x)]U = i∈J [Ai(x)]U ),
(∀x ∈ X) ([F (x)]L = i∈J [Ai(x)]L,

[F (x)]U = i∈J [Ai(x)]U )
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f : X → Y A
X A f f(A)

[f(A)(y)]L =
{

supf(x)=y[A(x)]L, f−1(y) 
= ∅,
0, ,

[f(A)(y)]U =
{

supf(x)=y[A(x)]U , f−1(y) 
= ∅,
0, ,

y ∈ Y
B Y B

f f−1(B)
([f−1(B)(x)]L = [B(f(x))]L, [f−1(B)(x)]U =

[B(f(x))]U ) x ∈ X

τ X
X

, ∈ τ
A,B ∈ τ ⇒ A ∩ B ∈ τ

i ∈ J Ai ∈ τ ⇒ ∪i∈JAi ∈ τ
τ

A A
(X, τ)

(X, τ) A
X A

cl(A) int(A)
cl(A) = ∩{B ∈ IV F (X) : Bc ∈ τ A ⊆ B},
int(A) = ∪{B ∈ IV F (X) : B ∈ τ B ⊆ A}.

A
B

X B ⊆ A ⊆ cl(B)
A ⊆ int(cl(A))

A = int(cl(A)) A = cl(int(A))
β A ⊆ cl(int(cl(A)))

M X
X

, ∈ M.

(X,M)

M m A
m A Ac

m
(X,M) A

A mCl(A)

mCl(A) = ∩{B ∈ IV F (X) : Bc ∈ M A ⊆
B}

A
mInt(A)

mInt(A) = ∪{B ∈ IV F (X) : B ∈ M B ⊆
A}.

(X,M)
A,B

mInt(A) ⊆ A A m
mInt(A) = A

A ⊆ mCl(A) A m
mCl(A) = A

A ⊆ B mInt(A) ⊆ mInt(B)
mCl(A) ⊆ mCl(B)

mInt(A) ∩ mInt(B) ⊇ mInt(A ∩ B)
mCl(A) ∪ mCl(B) ⊆ mCl(A ∪ B)

mInt(mInt(A)) = mInt(A)
mCl(mCl(A)) = mCl(A)

−mCl(A) = mInt( −A) −mInt(A) =
mCl( − A)

(X,MX) (Y, τ)
f : X → Y

M A ∈ τ f−1(A) MX

M
Mx V f(Mx)
m U Mx f(U) ⊆ cl(V )

(X,M) A = {Ai :
i ∈ J} A

∪{Ai : i ∈ J} = 1
Ai m

A X
m A = {Ai : i ∈ J} B

M

f : X → Y
(X,M)

(Y, τ) f M
Mx V

f(Mx) m U Mx

f(U) ⊆ int(cl(V ))

f : X → Y
(X,M)

(Y, τ) M
X M M

M

⇒
⇒

M ⇒ M
⇒ M
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f : X → Y
(X,M)

(Y, τ)
f M
f−1(B) ⊆ mInt(f−1(int(cl(B))))
B Y

mCl(f−1(cl(int(F )))) ⊆ f−1(F )
F Y

mCl(f−1(cl(int(cl(B))))) ⊆ f−1(cl(B))
B ∈ IV F (Y )

f−1(int(B)) ⊆ mInt(f−1(int(cl(int(B)))))
B ∈ IV F (Y )

f−1(V ) = mInt(f−1(V ))
V Y

f−1(F ) = mCl(f−1(F ))
F Y

⇒ B Y
Mx ∈ f−1(B) m

U Mx f(U) ⊆ int(cl(B))
Mx ∈ mInt(f−1(int(cl(B)))) f−1(B) ⊆

mInt(f−1(int(cl(B))))

⇒ Mx X
V f(Mx)
Mx ∈ f−1(V ) ⊆ mInt(f−1(int(cl(V ))))

m U Mx

U ⊆ f−1(int(cl(V ))). f(U) ⊆
f(f−1(int(cl(V )))) ⊆ int(cl(V )). f
M

⇒ F Y

f−1( − F ) ⊆ mInt(f−1(int(cl( − F ))))
= mInt(f−1( − cl(int(F ))))
= mInt( − f−1(cl(int(F ))))
= − mCl(f−1(cl(int(F )))).

mCl(f−1(cl(int(F )))) ⊆ f−1(F ).

⇒
⇒
⇒ V

Y f−1(V ) = f−1(int(V )) ⊆
mInt(f−1(int(cl(int(V ))))) = mInt(f−1(V )
f−1(V ) = mInt(f−1(V )

⇔
⇒ V

f(Mx) int(cl(V ))
f−1(int(cl(V ))) = mInt(f−1(int(cl(V ))))

m Mx U ⊆
f−1(int(cl(V ))) f

M

M X M
(B)

M M

M
X

M (B)
mInt(B) = B B ∈ M
mCl(F ) = F X − F ∈ M

f : X → Y
(X,M)

(Y, τ) M (B)

f M

V Y f−1(V )
m

F Y f−1(F )
m

f : X → Y
(X,M)

(Y, τ)
f M

mCl(f−1(G)) ⊆ f−1(cl(G)) β
G Y

mCl(f−1(G)) ⊆ f−1(cl(G))
G Y

⇒ G β
G ⊆ cl(int(cl(G))) cl(G)

mCl(f−1(G)) ⊆ mCl(f−1(cl(G))) = f−1(cl(G)).

⇒ β

⇒ F F

mCl(f−1(F )) ⊆ f−1(cl(F )) = f−1(F ).

f M

f : X → Y
(X,M)

(Y, τ) f M
mCl(f−1(cl(int(cl(G))))) ⊆ f−1(cl(G))

G Y
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f M G
Y cl(G) =

cl(int(cl(G))) cl(G)
f−1(cl(G)) = mCl(f−1(cl(G))) =

mCl(f−1(cl(int(cl(G))))).

mCl(f−1(cl(int(cl(G))))) ⊆ f−1(cl(G)).

A Y
int(A)

f−1(A) = f−1(cl(int(A)))
⊇ mCl(f−1(cl(int(cl(int(A))))))
= mCl(f−1(cl(int(A))))
= mCl(f−1(A)).

f−1(A) = mCl(f−1(A)) f
M

f : X → Y
(X,M)

(Y, τ) f M
f−1(G) ⊆ mInt(f−1(int(cl(G))))

G Y

f M G
Y int(cl(G))

f−1(G) ⊆ f−1(int(cl(G))) = mInt(f−1(int(cl(G)))).

U U
f−1(U) ⊆

mInt(f−1(int(cl(U)))) = mInt(f−1(U))
f−1(U) = mInt(f−1(U)) f

M

(X, τ) A X

A = {Ai ∈ IV F (X) : i ∈ J} A
J0 = {1, 2, · · · , n} ⊆ J A ⊆ ∪i∈J0int(cl(Ai))

f : X → Y
(X,M)

(Y, τ) f M
X m Y

C = {Bi ∈ IV F (Y ) : i ∈ J}
Y i ∈ J

f−1(Bi) ⊆ mInt(f−1(int(cl(Bi))))
G = {U(xiα) ∈ M : xiα ∈ U(xiα) ∈

f−1(int(cl(Bi))) xiα
∈ f−1(Bi), i ∈ J}

G m X m
J0 = {1, 2, · · ·n} ⊆ J

X ⊆ ∪i∈J0mInt(f−1(int(cl(Bi))))

f(X) ⊆ f(∪i∈J0mInt(f−1(int(cl(Bi)))))
⊆ ∪i∈J0f(f−1(int(cl(Bi))))
= ∪i∈J0int(cl(Bi)).

f Y

α

M

M M∗
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