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Abstract

The notion of �-Externally disconnected fuzzy ideal topological spaces is introduced and studied. Many characteriza-
tions of the space are obtained.
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1. Introduction and Preliminaries

Ŝostak [17], introduce the fundamental concept of
fuzzy topological structure as an extension of both crisp
topology and Chang’s fuzzy topology [2], in the sense that
not only the object were fuzzified, but also the axiomat-
ics. Chattopdhyay et al. [3,4] have redefined the similar
concept. In [16] Ramadan gave a similar definition namely
”Smooth fuzzy topology”.

Fuzzy extremally disconnected spaces play an impor-
tant role in fuzzy set-theoretical topology, studying Stone-
Čech fuzzy compactification and the Stone spaces of any
complete Boolean algebra, the theory of Boolean alge-
bra, axiomatic set theory, functional analysis, C∗-algebra,
studying the space Seq (ζ) etc. In this paper, the class of
�-Fuzzy extremally disconnected ideal topological spaces
is introduced and studied. Also, properties of �-Fuzzy
extremally disconnected ideal topological spaces are dis-
cussed in Ŝostak sense. We must point out that; the concept
of fuzzy topological spaces, has been a significant concept
in string theory and E-infinity theory pertaining to quantum
particular physics ever since El-Naschie ([5-15]).

Throughout this paper, let X be a nonempty set
I = [0, 1] and I0 = (0, 1]. For α ∈ I, α(x) = α for
all x ∈ X. The family of all fuzzy sets on X denoted by
IX . For two fuzzy sets we write λqμ to mean that λ is
quasi-coincident (q-coincident, for short) with μ, i.e, there
exists at least one point x ∈ X such that λ(x) + μ(x) > 1.
Negation of such a statement is denoted as λqμ.

Definition 1.1[17]. A mapping τ : IX → I is called a
fuzzy topology on X if it satisfies the following conditions:

(O1) τ(0) = τ(1) = 1.

(O2) τ(
∨

i∈Γ μi) ≥ ∧
i∈Γ τ(μi), for any {μi}i∈Γ ∈

IX .
(O3) τ(μ1∧μ2) ≥ τ(μ1)∧τ(μ2), for any μ1, μ2 ∈ IX .

The pair (X, τ) is called a fuzzy topological space (for
short, fts).

Definition 1.2[1]. A mapping I : IX → I is called fuzzy
ideal on X iff:
(1) If λ ≤ μ, then I(λ) ≥ I(μ), for each λ, μ ∈ IX .
(2) For each λ, μ ∈ IX , I(λ ∨ μ) ≥ I(λ) ∧ I(μ) [finite
additivity].

Definition 1.3[1]. Let (X, τ, I) be a fuzzy ideal topological
space. Let μ, λ ∈ IX , the r-fuzzy open local function μ∗

r of
μ is defined by the union of all fuzzy points xt such that if
ρ ∈ Q(xt, r) and I(λ) ≥ r then there is at least one y ∈ X
for which ρ(y) + μ(y) − 1 > λ(y).

Theorem 1.1[4]. Let (X, τ) be a fts. Then for each
r ∈ I0, λ ∈ IX we define an operator Cτ : IX ×I0 → IX

as follows:

Cτ (λ, r) =
∧

{μ ∈ IX : λ ≤ μ, τ(1 − μ) ≥ r}.

For λ, μ ∈ IX and r, s ∈ I0, the operator Cτ satisfies the
following conditions:

(1) Cτ (0, r) = 0.
(2) λ ≤ Cτ (λ, r).
(3) Cτ (λ, r) ∨ Cτ (μ, r) = Cτ (λ ∨ μ, r).
(4) Cτ (λ, r) ≤ Cτ (λ, s) if r ≤ s.
(5) Cτ (Cτ (λ, r), r) = Cτ (λ, r).

Theorem 1.2[4]. Let (X, τ) be a fts. Then for each
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(4) ⇒ (5): Let μ be r-FSβIO set. Then Cl∗(μ, r) is
r-FSIO set. By (4), Cl∗(μ, r) is r-FPIO set. Therefore,
Cl∗(μ, r) ≤ Iτ (Cl∗(μ, r), r). Hence τ(Cl∗(μ, r)) ≥ r.

(5) ⇒ (6): Let μ be r-FSβIO set. By (5), we have
Cl∗(μ, r) ≤ Iτ (Cl∗(μ, r), r). Therefore, μ ≤ Cl∗(μ, r) ≤
Iτ (Cl∗(μ, r), r). Hence, μ is r-FPIO set.

(6) ⇒ (7): Let μ be r-FSIO set. Since a r-FSIO set is r-
FSβIO, then by (6) it is μ is r-FPIO set. Since μ is r-FSIO
and r-FPIO, therefore, μ is r-FαIO

(7) ⇒ (1): Let τ(μ) ≥ r, then Cl∗(μ, r) is r-FSIO set
and by (7), Cl∗(μ, r) is r-FαIO. Hence

Cl∗(μ, r) ≤ Iτ (Cl∗(Iτ (Cl∗(μ, r), r), r), r)
= Iτ (Cl∗(μ, r), r) ≤ Cl∗(μ, r).

Hence, Iτ (Cl∗(μ, r), r) = Cl∗(μ, r). Then,
τ(Cl∗(μ, r)) ≥ r and X is �-Fuzzy externally discon-
nected.

Theorem 2.3. Let (X, τ, I) be a fuzzy ideal topological
space, r ∈ I0. The following properties are equivalent:

(1) X is �-Fuzzy extremally disconnected.
(2) Cl∗(μ, r)qCτ (λ, r), for every τ(μ) ≥ r and every

λ is �-fuzzy open set where (λ is called �-fuzzy open set if
1 − λ = Cl∗(1 − λ, r)) denoted by τ∗(λ) ≥ r with μqλ.

(3) Cl∗(Iτ (Cl∗(μ, r), r), r)qCτ (λ, r), for every μ ∈
IX and every τ∗(μ) ≥ r with μqλ.

Proof. (2) ⇒ (1): Suppose that Cl∗(μ, r)qCτ (λ, r), for
every τ(μ) ≥ r and every τ∗(λ) ≥ r with μqλ. Let
τ(ρ) ≥ r. Since, τ(ρ) ≥ r and τ∗(1 − Cl∗(ρ, r)) ≥ r, are
ρq1 − Cl∗(ρ, r). Therefore, by (2), we have

Cl∗(ρ, r) qCτ (1 − Cl∗(ρ, r), r)
⇒ Cl∗(ρ, r)q1 − Iτ (Cl∗(ρ, r), r).

This implies that

Cl∗(ρ, r) ≤ Iτ (Cl∗(ρ, r), r) ≤ Cl∗(ρ, r).

Therefore, τ(Cl∗(ρ, r)) ≥ r and hence X is �-Fuzzy ex-
tremally disconnected.

(1) ⇒ (2): For every τ(μ) ≥ r and every τ∗(λ) ≥ r.
By (1) we have, τ(Cl∗(μ, r)) ≥ r and since τ∗(1 −
Cl∗(μ, r)) ≥ r, and Cl∗(μ, r)q1 − Cl∗(μ, r). Since
τ(Cl∗(μ, r)) ≥ r, Then,

Cτ (1 − Cl∗(μ, r), r) = 1 − Cl∗(μ, r).

Thus
Cl∗(μ, r)qCτ (1 − Cl∗(μ, r), r).

(2) ⇒ (3): Let for every μ ∈ IX and every
τ∗(λ) ≥ r with μqλ. Since τ(Iτ (Cl∗(μ, r), r)) ≥ r and
Intτ (Cl∗(μ, r), r)qλ, by (2),

Cl∗(Iτ (Cl∗(μ, r), r), r)qCτ (λ, r).

(3) ⇒ (2): Let for every τ(μ) ≥ r and every τ∗(λ) ≥ r
with μqλ. By (4), we have Cl∗((Iτ (Cl∗(μ, r)qCτ (λ, r).
Since Cl∗(μ, r) ≤ Cl∗((Iτ (Cl∗(μ, r), then

Cl∗(μ, r)qCτ (λ, r).

Definition 2.4. A fuzzy ideal topological space (X, τ, I)
is called �-Fuzzy normal if λ1qλ2 with τ(λ1) ≥ r and
τ�(λ2) ≥ r, implies there exist μi ∈ IX , for i = {1, 2}
with τ(1 − μ1) ≥ r, τ�(1 − μ2) ≥ r such that λ2 ≤ μ1,
λ1 ≤ μ2 and μ1qμ2.

Theorem 2.5. Let (X, τ, I) be an fits. Then the follow-
ing properties are equivalent:

(1) (X, τ, I) is �-Fuzzy normal.
(2) (X, τ, I) is �-Fuzzy extremally disconnected.

Proof. (1) ⇒ (2): Let (X, τ, I) be �-Fuzzy normal and
τ(λ) ≥ r, and since

Cl∗(λ, r) = Cl∗(Cl∗(λ, r), r).

Then, τ(λ) ≥ r, and τ�(1 − Cl∗(λ, r)) ≥ r, with λq1 −
Cl∗(λ, r). Since (X, τ, I) is �-Fuzzy normal. This implies
that there exist μi ∈ IX , for i = {1, 2} with τ(1−μ1) ≥ r,
τ�(1− μ2) ≥ r such that λ ≤ μ2, 1−Cl∗(λ, r) ≤ μ1 and
μ1qμ2. Since

Cl∗(λ, r) ≤ Cl∗(μ2, r) = μ2 ≤ 1 − μ1 ≤ Cl∗(λ, r).

Then, Cl∗(λ, r) = μ2. Since

1 − Cl∗(λ, r) ≤ μ1 ≤ 1 − μ2 = 1 − Cl∗(λ, r).

Then, 1 − Cl∗(λ, r) = μ1. Therefore, τ(Cl∗(λ, r)) ≥ r.
Hence, (X, τ, I) is �-Fuzzy extremally disconnected.

(2) ⇒ (1): Let λ1qλ2 with τ(λ1) ≥ r and τ�(λ2) ≥
r. Since (X, τ, I) is �-Fuzzy extremally disconnected,
τ(Cl∗(λ1, r)) ≥ r, then 1 − Cl∗(λ1, r) is r-fuzzy closed
set and τ�(1 − Cl∗(λ1, r)) ≥ r with λ1 ≤ Cl∗(λ1, r),
λ2 ≤ 1 − Cl∗(λ1, r) and λ1qCl∗(λ1, r). Thus, (X, τ, I) is
�-Fuzzy normal.

Definition 2.6. Let (X, τ, I) be a fuzzy ideal topological
space. For μ ∈ IX and r ∈ I0.

(1) μ is called r-FRIO set if μ = Iτ (Cl∗(μ, r), r).
(2) μ is called r-FRIC set if its complement is r-FRIO.

Theorem 2.7. Let (X, τ, I) be an fits. Then the follow-
ing properties are equivalent:

(1) (X, τ, I) is �-Fuzzy extremally disconnected.
(2) τ�(1 − μ) ≥ r, for each r-FRIO μ ∈ IX .
(3) τ�(μ) ≥ r, for each r-FRIC μ ∈ IX .

Proof. (1) ⇒ (2): For each r-FRIO μ ∈ IX . Then,
μ = Iτ (Cl∗(μ, r), r), Since τ(μ) ≥ r. By(1), we
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have τ(Cl∗(μ, r)) ≥ r. Thus, μ = Iτ (Cl∗(μ, r), r) =
Cl∗(μ, r) and hence τ�(1 − μ) ≥ r.

(2) ⇒ (1): Suppose that τ�(1 − μ) ≥ r, for each r-
FRIO μ ∈ IX . Let τ(μ) ≥ r. Since μ = Iτ (Cl∗(μ, r), r),
is r-FRIO then it is τ�(1 − μ) ≥ r. This implies that

Cl∗(μ, r) ≤ Cl∗(Iτ (Cl∗(μ, r), r), r)
= Iτ (Cl∗(μ, r), r) ≤ Cl∗(μ, r),

Thus, Cl∗(μ, r) = Iτ (Cl∗(μ, r), r). Therefore,
τ(Cl∗(μ, r)) ≥ r, and hence (X, τ, I) is �-Fuzzy exter-
nally disconnected.

(2) ⇔ (3): Obvious.

Remark 2.8. The union of two r-FRIO sets need not
to be r-FRIO.

Theorem 2.9. If (X, τ, I) is a �-Fuzzy extremally dis-
connected ideal space and μ, λ ∈ IX , r ∈ I0. Then the
following properties are hold:

(1) If μ and λ are r-FRIC, then μ ∧ λ is r-FRIC.
(2) If μ and λ are r-FRIO, then μ ∨ λ is r-FRIO.

Proof. (1) Let X be �-Fuzzy externally disconnected.
Let μ and λ be r-FRIC. Since τ(1 − μ) ≥ r and
τ(1−λ) ≥ r, by Theorem 2.2, then τ(1− Int∗(μ, r)) ≥ r
and τ(1 − Int∗(λ, r)) ≥ r. This implies that

μ ∧ λ ≤ Cτ (Int∗(μ, r), r) ∧ Cτ (Int∗(λ, r), r)
= Int∗(μ, r) ∧ Int∗(λ, r)
= Int∗(μ ∧ λ, r)
≤ Cτ (Int∗(μ ∧ λ, r), r).

On the other hand, we have

Cτ (Int∗(μ ∧ λ, r), r) = Cτ (Int∗(μ, r) ∧ Int∗(λ, r), r)
≤ Cτ (Int∗(μ, r), r)
∧Cτ (Int∗(λ, r), r) = μ ∧ λ.

Thus, Cτ (Int∗(μ ∧ λ, r), r) = μ ∧ λ. Therefore, μ ∧ λ is
r-FRIC.

(2) It follows from (1).

Theorem 2.10. Let (X, τ, I) be a fuzzy ideal typolog-
ical space, and r ∈ I0. The following statements are
equivalent.

(1) X is �-Fuzzy extremally disconnected.
(2) τ(Cl�(μ, r)) ≥ r, for every r-FSIO μ ∈ IX .
(3) τ(Cl�(μ, r)) ≥ r, for every r-FPIO μ ∈ IX .
(4) τ(Cl�(μ, r)) ≥ r, for every r-FRIO μ ∈ IX .

proof. (1) ⇒ (2) and (1) ⇒ (3). Let μ is r-FSIO
(r-FPIO) set. Then μ is r-FSβIO and by Theorem 2.2,
τ(Cl∗(μ, r)) ≥ r.

(2) ⇒ (4). Let μ is r-FRIO set. Then, μ is r-FPIO set
and hence, τ(Cl∗(μ, r)) ≥ r.

(3) ⇒ (4). Let μ is r-FRIO set. Then, by Theorem 2.7,
we have μ = Cl∗(μ, r) and

μ = Intτ (Cl∗(μ, r)
≤ Cl∗(Intτ (Cl∗(μ, r), r), r)
= Cl∗(Intτ (μ, r), r).

Thus, μ is r-FSIO set and hence, τ(Cl∗(μ, r)) ≥ r.
(4) ⇒ (1). Suppose that τ(Cl�(μ, r)) ≥ r, for ev-

ery r-FRIO μ ∈ IX . Let τ(μ) ≥ r. This implies that
μ = Intτ (Cl∗(μ, r), r), then μ is an r-FRIO set. Then
τ(Cl∗(Intτ (Cl∗(μ, r), r), r)) ≥ r. We have

Cl∗(μ, r) ≤ Cl∗(Intτ (Cl∗(μ, r), r), r)
= Intτ (Cl∗(Intτ (Cl∗(μ, r), r), r), r)
= Intτ (Cl∗(μ, r), r).

Thus τ(Cl∗(μ, r)) ≥ r and hence X is �-Fuzzy extremally
disconnected.

3. The fuzzy δ-I-closure

Definition 3.1. Let (X, τ, I) be a fuzzy ideal topologi-
cal space, μ ∈ IX and xt ∈ Pt(X).

(1) xt is called r-fuzzy δ-I-cluster point of λ if for every
μ ∈ Qτ (xt, r), we have Intτ (Cl∗(μ, r), r)qλ.

(2) The family of all r-fuzzy δ-I-cluster point of λ is
called the fuzzy δ-I-closure of λ and is denoted CδIτ (λ, r).
An λ is called is r-δ-I-closed iff CδIτ (λ, r) = λ and the
complement of r-δ-I-closed set is called r-δ-I-open.

Lemma 3.2. Let (X, τ, I) be a fuzzy ideal topological
space, if λ is r-FSβIO set then Cτ (λ, r) = CδIτ (λ, r).

Proof. (⇐). Let xt �∈ Cτ (λ, r). Therefore, there exist
μ ∈ Qτ (xt, r) such that μqλ. We have

λ ≤ 1 − μ

⇒ Cl∗(λ, r) ≤ Cl∗(1 − μ, r) ≤ Clτ (1 − μ, r) = 1 − μ

⇔ 1 − Cl∗(λ, r) ≥ μ.

Then μqCl∗(λ, r). This implies that

Intτ (Cl∗(μ, r), r)qCl∗(Intτ (Cl∗(λ, r), r), r).

Since μ is r-FSβIO set. Then, we have
Intτ (Cl∗(λ, r), r)qμ. Thus xt �∈ CδIτ (λ, r). Therefore
Cτ (λ, r) ≥ CδIτ (λ, r). Hence, we have Cτ (λ, r) =
CδIτ (λ, r).

(⇒). Suppose Cτ (λ, r)CδIτ (λ, r). Then there exists
x ∈ X and t ∈ (0, 1) such that

Cτ (λ, r)(x) > t > CδIτ (λ, r)(x).
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Therefore xt ∈ Pt(X) is not a r-δ-I-cluster point of λ. So,
there exists μ ∈ Qτ (xt, r), Intτ (Cl∗(μ, r), r)qλ. Thus

λ ≤ 1 − Intτ (Cl∗(μ, r), r) = Cτ (Int∗(1 − μ, r), r).

Since Cτ (Int∗(1 − μ, r), r) is r-fuzzy closed set. By defi-
nition Cτ we have

Cτ (λ, r)(x) ≤ (Cτ (Int∗(1 − μ, r), r))(x) < t.

It is a contradiction. Thus Cτ (λ, r) ≤ CδIτ (λ, r).

Definition 3.3. Let (X, τ, I) be a fuzzy ideal topologi-
cal space, an fuzzy ideal I is called a condense if τ ∧ I = 0.

Lemma 3.4. Let (X, τ, I) be a fuzzy ideal topological
space and I be condense. Then Cτ (μ, r) = Cl∗(μ, r) for
every r-fuzzy semi open set μ ∈ IX .

Proof. Obvious.

Theorem 3.5. Let (X, τ, I) be a fuzzy ideal topological
space and I be condense. If μ is a r-FSβIO set, then
Cl∗(μ, r) = Cτ (μ, r) = CδIτ (μ, r) for every μ ∈ IX and
r ∈ I0.

Proof. Let μ is a r-FSβIO set. Then
μ ≤ Cl∗(Intτ (Cl∗(μ, r), r), r) and

Cl∗(μ, r) = Cl∗(Intτ (Cl∗(μ, r), r), r),
and hence, Cl∗(μ, r) is r-FSIO. Since every r-FSIO set
is r-FSO, then Cl∗(μ, r) is r-FSO and by Lemma 3.4,
Cτ (Cl∗(μ, r), r) = Cl∗(Cl∗(μ, r), r). Therefore,

Cτ (μ, r) ≤ Cτ (Cl∗(μ, r), r)
= Cl∗(Cl∗(μ, r), r)
= Cl∗(μ, r).

Since τ ≤ τ∗ then, Cτ (μ, r) ≥ Cl∗(μ, r), and hence
Cτ (μ, r) = Cl∗(μ, r). It is follows from Lemma 3.2, that

Cl∗(μ, r) = Cτ (μ, r) = CδIτ (μ, r).

Theorem 3.6. Let (X, τ, I) be a fuzzy ideal topologi-
cal space, and I be condense, the following properties are
equivalent:

(1) X is �-Fuzzy extremally disconnected.
(2) The τ(CδIτ (μ, r)) ≥ r for every r-FSIO set μ ∈

IX and r ∈ I0.
(3) The τ(CδIτ (μ, r)) ≥ r for every r-FSβIO set

μ ∈ IX and r ∈ I0.
(4) The τ(CδIτ (μ, r)) ≥ r for every r-FPIO set μ ∈

IX and r ∈ I0.
(5) X is Fuzzy extremally disconnected.

proof. (1) ⇒ (2) Let X is �-Fuzzy extremally dis-
connected. Let μ is r-FSIO set. By Theorem 3.5, we

have Cτ (μ, r) = CδIτ (μ, r). Since X is �-Fuzzy ex-
tremally disconnected, by Theorem 2.10 and Theorem
3.5, we have Cl∗(μ, r) = Cτ (μ, r) = CδIτ (μ, r). Thus,
τ(CδIτ (μ, r)) ≥ r.

(2) ⇒ (1) Let τ(μ) ≥ r then μ is r-FSIO set. By (2)
we have, τ(CδIτ (μ, r)) ≥ r. then CδIτ (μ, r) is r-FSβIO
set and since I cadence by Theorem 3.5, we have

Cτ (μ, r) = Cl∗(μ, r) = CδIτ (μ, r).

Therefore, τ(Cl∗(μ, r)) ≥ r, and hence X is �-Fuzzy ex-
tremally disconnected.

(1) ⇒ (3). Let μ be a r-FSβIO set. By Theo-
rem 2.2, τ(Cl∗(μ, r)) ≥ r, and hence, by Theorem 3.5,
τ(CδIτ (μ, r)) ≥ r.

(3) ⇒ (2) (3) ⇒ (4). Let μ be a r-FSIO (r-FPIO) set.
Since every r-FSIO (r-FPIO) set is r-FSβIO, by (3), we
have τ(CδIτ (μ, r)) ≥ r.

(2) ⇒ (5) (4) ⇒ (5). Let τ(μ) ≥ r. Every τ(μ) ≥ r is r-
FSIO (r-FPIO). By (2)(resp (4)), we have τ(CδIτ (μ, r)) ≥
r, and hence, by Theorem 3.5, τ(Cτ (μ, r)) ≥ r. Therefore,
X is Fuzzy extremally disconnected.

(5) ⇒ (1). Let τ(μ) ≥ r. By (5) and Theorem 3.5.
Cτ (μ, r) = Cl∗(μ, r) and τ(Cl∗(μ, r)) ≥ r, and hence X
is �-Fuzzy extremally disconnected.

Definition 3.7. Let (X, τ, I) be an fuzzy ideal topologi-
cal space, then

(1) μ is called r-FS∗IO if μ ≤ Cτ (Int∗(μ, r), r) for
each μ ∈ IX .

(2) μ is called r-FS∗IC if its complement is r-FS∗IO.

Lemma 3.8. Let (X, τ, I) be an fuzzy ideal topologi-
cal space, then μ ∈ IX is a r-FS∗IO set if and only if
Cτ (μ, r) = Cτ (Int∗(μ, r), r), for r ∈ I0.

Proof. Let μ is r-FS∗IO. We have μ ≤ Cτ (Int∗(μ, r), r)
and hence Cτ (μ, r) ≤ Cτ (Int∗(μ, r), r). Since
Cτ (μ, r) ≥ Cτ (Int∗(μ, r), r), then,

Cτ (μ, r) = Cτ (Int∗(μ, r), r).

Conversely, Since Cτ (μ, r) = Cτ (Int∗(μ, r), r), then,
μ ≤ Cτ (μ, r) = Cτ (Int∗(μ, r), r). Therefore, μ is r-
FS∗IO.

Theorem 3.9. Let (X, τ, I) be an fuzzy ideal topologi-
cal space, then the following properties are equivalent:

(1) X is �-Fuzzy extremally disconnected.
(2) If μ is r-FSβIO and λ is r-FS∗IO, then Cl∗(μ, r)∧

Cτ (λ, r) ≤ Cτ (μ ∧ λ) for every μ, λ ∈ IX and r ∈ I0.
(3) If μ is r-FSIO and λ is r-FS∗IO, then Cl∗(μ, r) ∧

Cτ (λ, r) ≤ Cτ (μ ∧ λ) for every μ, λ ∈ IX and r ∈ I0.
(4) Cl∗(μ, r)qCτ (λ, r) for every r-FSIO set and λ is

r-FS∗IO set with μqλ.
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Proof. (1) ⇒ (2). Let μ is r-FSβIO and λ is r-FS∗IO.
By Theorem 2.2, we have τ(Cl∗(μ)) ≥ r, we have

Cl∗(μ, r) ∧ Cτ (λ, r) = Cl∗(μ, r) ∧ Cτ (Int∗(λ, r), r)
≤ Cτ (Cl∗(μ, r) ∧ Int∗(λ, r), r)
≤ Cτ (Cl∗(μ ∧ Int∗(λ, r), r), r)
≤ Cτ (Cτ (μ ∧ Int∗(λ, r), r), r)
= Cτ (μ ∧ Int∗(λ, r), r)
≤ Cτ (μ ∧ λ, r).

Thus, Cl∗(μ, r) ∧ Cτ (λ, r) ≤ Cτ (μ ∧ λ, r).
(2) ⇒ (3). It follows from the fact that every r-FSIO is

r-FSβIO.
(3) ⇒ (4). Obvious.
(4) ⇒ (1). Let μ is r-FSIO set. Since μ and 1 −

Cl∗(μ, r) are r-FSIO and r-FS∗IO with μq1−Cl∗(μ, r) re-
spectively, by (4), we have Cl∗(μ, r)qCτ (1−Cl∗(μ, r), r).
This implies that Cl∗(μ, r) ≤ Intτ (Cl∗(μ, r), r). Thus,
τ(Cl∗(μ, r)) ≥ r. Hence, by Theorem 2.10, X is �-Fuzzy
extremally disconnected.

Lemma 3.10. Let (X, τ, I) be an fuzzy ideal topological
space, if μ is a r-FS∗IO set, then Cτ (μ, r) = CδIτ (μ, r).
for every μ ∈ IX and r ∈ I0.

Proof. Obvious.

Theorem 3.11. Let (X, τ, I) be an fuzzy ideal topolog-
ical space, then the following properties are equivalent:

(1) X is �-Fuzzy extremally disconnected.
(2) If μ is r-FSβIO and λ is r-FS∗IO, then Cl∗(μ, r)∧

CδIτ (λ, r) ≤ CδIτ (λ, r)(μ ∧ λ) for every μ ∈ IX and
r ∈ I0.

(3) If μ is r-FSIO and λ is r-FS∗IO, then Cl∗(μ, r) ∧
CδIτ (λ, r) ≤ Cτ (μ ∧ λ) for every μ λ ∈ IX and r ∈ I0.

(4) Cl∗(μ, r)qCδIτ (λ, r) for every r-FSIO set and λ is
r-FS∗IO set with μqλ.

Proof. It follows from Theorem 3.9 and Lemma 3.10.

References

-Fuzzy Extremally Disconnected Ideal Topological Spaces

5

[1] Abbas SE, Zahran AM, Saber YM. “On Fuzzy ideal  
topological spaces,” to appear in Applied, Mathematical 
Sciences, 2008. 

[2] Chang CL. “Fuzzy topological spaces,” J. Math. Anal. Appl, 
24, pp. 182–190, 1968. 

[3] Chattopadhyay KC, Hazra RN, Samanta SK. “Gradation of 
openness: fuzzy topology,” Fuzzy Sets and Systems vol. 49 pp. 
237–242, 1992. 

[4] Chattopadhyay KC, Samanta SK. “Fuzzy topology: fuzzy 
closure operator, fuzzy compactness and fuzzy connectedness,” 
Fuzzy Sets and Systems vol. 54 pp. 207–212, 1993. 

[5] EL Naschie MS, Rossler Oed G, “Information and diffusion 
in quantum physics,” Chaos, Solitions Fractals, vol.7(5),  
Special issue, 1996.

[6] El Naschie MS, “On the uncertainty of Cantorian geometry 
and the two-slit experiment,” Chaos, Solitons Fratals, vol. 9, 
pp. 517-529, 1998. 

[7] El Naschie MS, “On the unification of heterotic strings,M 
theory and ε ( )∞ theory,” Chaos, Solitons Fractals, vol. 11, pp. 
2397408, 2000. 

[8] El Naschie MS. “A review of E-infinity theory and themass 
spectrum ofhigh energy particle physics,” Chaos, Solitons 
Fractals, vol 19, pp.209-236, 2004. 

[9] El Naschie MS. “Quantum gravity from descriptive 
settheory,” Chaos, Solitons Fractals 2004;19:133944. 

[10] El Naschie MS. Quantum gravity, Clifford algebras, “fuzzy set 
theory and the fundamental constants of na-ture,” Chaos, 
Solitons Fractals 20:437-50, 2000. 

[11] El Naschie MS. “The simplistic vacuum, exotic quasi-particles 
and gravitational instanton,” Chaos, Solitons Fractals 
;22:1-11, 2004. 

[12] El Naschie MS. “On a fuzzy Kahler-like manifoldwhich is 
consistent with the two slit experiment,” Int J Nonlinear Sci 
Numer Simul 6:958, 2005. 

[13] El Naschie MS. “Topics in the mathematicalphysics of E-
infinity theory,” Chaos, Solitons Fractals vol. 30, pp. 656-663, 
2006. 

[14] El Naschie MS. “Elementary prerequisite for E-
infinity(recommended background readings in nonlinear 
dynamics, geometry and topology),” Chaos, Solitons Fractals 
vol. 30(3), pp.579-605, 2006. 

[15] El Naschie MS. “Advanced prerequisite for E-infinitytheory,” 
Chaos, Solitons Fractals vol. 30, pp. 636-641, 2006. 

[16] Ramadan AA. “Smooth topological spaces,” Fuzzy Setsand 
Systems, vol. 48, pp. 371-375, 1992. 

[17] Sostak AP. “On a fuzzy topological structure. Suppl. Rend. 
Circ.” Mat Palermo Ser II, vol. 11, pp. 89-103, 1985. 

[18] Zahran AM, Abbas SE, Abd El-baki SA, Saber YM. 
“Decomposition of fuzzy continuity and fuzzy ideal continuity 
via fuzzy idealization,” Chaos, Solitons Fractals 
doi:10.1016/j.chaos.2009.04.010. 

⋆



S. Ahmed Abd El-Baki

M.Sc: 1986
Ph.D: 1991
Department of Mathematics,
Faculty of Science
Assuit University, Assuit, Egypt
Research Area: Fuzzy topology
E-mail : mazab57@yahoo.com

Yaser Mohammed Saber

M.Sc. : 2006
Department of Mathematics, Faculty of Science (Assuit)
Al-Azhar University, Assuit, Egypt
Research Area: Fuzzy topology, General topology
E-mail : m.ah75@Yahoo.com

International Journal of Fuzzy Logic and Intelligent Systems, vol. 10, no. 1, March 2010

6




