J. Korean Math. Soc. 47 (2010), No. 1, pp. 123-134
DOI 10.4134/JKMS.2010.47.1.123

MORSE INEQUALITIES FOR MANIFOLDS WITH
BOUNDARY

MOSTAFA ESFAHANI ZADEH

ABSTRACT. The aim of this paper is to provide a proof for a version of
the Morse inequalities for manifolds with boundary. Our main results
are certainly known to the experts on Morse theory, nevertheless it seems
necessary to write down a complete proof for it. Our proof is analytic and
is based on the J. Roe account of Witten’s approach to Morse Theory.

1. Introduction

The Morse inequalities is among the most fundamental results in differential
topology. For a Morse-Smale function on a closed manifold these inequalities
follow from the fact that the homology of the Thom-Smale complex is isomor-
phic to the singular homology of the manifold, c.f. [7]. In his very influential
paper [10], Witten used the Morse function to deform the de Rham complex
of the manifold and gave a purely analytic proof for the Morse inequalities.
In fact the Thom-Smale complex can be identified with a finite dimensional
subcomplex of the deformed de Rham complex. This subcomplex corresponds
to the small eigenvalues of the deformed Laplacian. This identification was
established by Helffer and Sjostrand by using methods of the semi-classical
analysis. A simple proof of this identification is provided by Bismut-Zhang.
For a thorough discussion of this proof and other related matters we refer to
[11]. In this paper we will deal with the Morse inequalities when the underlying
manifold has non empty boundary.

Let M be a smooth manifold with boundary OM # () and let f: M — Rbea
smooth function whose critical points are either isolated nondegenerate located
in M\OM or located on the boundary such that each connected component of
the boundary is a non degenerate critical sub manifold of index 0 or 1 in the
sense of Bott [4]. More precisely let M = Ny U N_ be a disjoint union of
closed manifolds so that f(u,y) = 2u® in a collar neighborhood [0,1) x N

while f(u,y) = —3u? in a collar neighborhood [0,1) x N_. The Bott index of
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each component of N, is 0 while each component of N_ has Bott index 1. In
both case f satisfies the Neumann condition

(1.1) g—z(o,y) =0.

Let Ny = Nyy UN,; and N_ = N,_ LU N,._ be disjoint union of closed man-
ifolds. The subscripts “a” and “r” refer respectively to absolute and relative
boundary condition that we explain in below. In sequel we consider a Rie-
mannian metric on M which is Euclidian around non degenerate critical points
with respect to coordinates provided by Morse lemma. Moreover in the collar
neighborhood (1, 0] x M it is assumed to take the product form g = d?u + go
where gg is a Riemannian metric on M. So the flow of V f, the gradient of f
with respect to this metric, is defined for ¢ € R and limit points of each integral
curve is either a non degenerate critical point in the interior of M or a point
on OM;. Put

By = dim Hy, (M, N,),

o = dim Hj, (N, ),

mi = dim HY, (N,).
We denote by cj the number of nondegenerate critical points of Morse index k.

The aim of this note is to provide a proof for the following theorem by using
the Witten approach to Morse theory [10].

Theorem 1. The following inequalities hold for 0 < k <n

fe = fr—1 + -+ (1) 0 = B — Be—1 + -+ (=1)* By,
where
Hie = Ck + Nk + Vr—1-
The equality holds for k = n.

Notice that the equality for k = n reads

n

(1.2) Z(_l)n_kck = X(M, N;) + X(Na+) — X(Nr—).
k=0

As a special case let dim M be an odd integer and let f be a Morse function
on M such that OM = N,;. Then the above relation reads

D (=) e, = x(M) + x(0M).

k=0

Now consider the Morse function — f for which OM = N,_, we get the following
relation

=Y (=" Fep = x(M).
k=0
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Comparing these two relations one gets the following relation proving that the
parity of the Euler character is a cobordism invariant.

(M) = —2x(M).

For example the Euler characteristic of a manifold which is the boundary of a
contractible odd dimensional manifolds, e.g. S?” equals —2. A similar argu-
ment gives the relation x(OM) = 2x(M,9IM). Of course these relations can be
obtained by homotopy theory and Poincare duality.

2. Analytical properties of deformed Laplacian with
boundary conditions

To give a proof for Theorem 1, we begin by studying the Laplacian oper-
ator, and its deformation, on the de Rham complex endowed with boundary
conditions. Let w be a differential k-form on M. In collar neighborhood U of
OM it takes the following form

Wiu = wl(uvy) +du /\CUQ(U,Z/),

where w;’s are u-depending differential forms on M. Differential form w sat-
isfies the relative boundary condition B, if

0
(2.1) w1(0,y) =0  and ﬂ(O,y) =0.
ou
Differential form w satisfies the absolute boundary condition B, if
0
(2.2) %(0, ) =0 and  w(0,y)=0.
u

Clearly w satisfies B, if and only if *w satisfies B,, where x is a locally defined
Hodge star operator with respect to a local orientation. From now on we impose
the relative boundary condition on N, and the absolute boundary condition
on N, and denote this setting of boundary condition by B. By performing the
completion of the set of smooth differential forms satisfying the boundary condi-
tions B with respect to appropriate Sobolev norm, we obtain the Sobolev spaces
WY M, AN*T*M; B). The inclusion W (M, A*T*M; B) — WY M,A\*T*M) is
an isometry with closed image. So all classical theorems in the theory of the
Sobolev spaces, e.g. Sobolev embedding theorem, Rellich’s theorem and the
elliptic estimate hold also in this context.

Let 1 be an another differential form on M taking the form n = n; +duAng
in collar neighborhood of OM. The Green formula for D := d+ 4§ (c.f. [3, page
24]) takes the following form in our context

(2.3) <Dwm*w0m:*/

<W1,772>+/ (wa2,m1).
oM oM

So the operator D is formally self adjoint provided w and 7 satisfy both the
relative or the absolute boundary conditions. Consequently D is a formally self
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adjoint operator on Q*(M, B) and Laplacian operator A := D? is a formally
positive second order elliptic operator on Q*(M, B) and

ker A = ker D.

The heat kernel of e~ ** may be constructed by means of heat kernels of bound-
ary problems on half cylinder RZ° x M and heat kernel of Laplacian on closed
manifold M Ugpr M (see [1, page 55]). Since the function f satisfies the Neu-
mann condition (1.1), the multiplication by e**f preserves the boundary con-
dition B. Here, and so on, s is a non negative real number. Let d, := e */d e/
and §; = e*/de=*f and put

D, :=ds+ 0, and Ng = Dz.
As in above Dy is formally self adjoint, so the Witten Laplacian Ay is a formally
positive elliptic differential form and
(2.4) ker Ay = ker D, = ker dg N ker 4.
The Hessian of the function f is the following 2-tensor
H(X,)Y)=X.(Y.f) = (VxY).f .

Let {e;} be a local orthonormal basis for TM and o € A¥T*M. Put L., (a) :=
el.a and R, (a) := (—1)Fa.e’, where dot “.” denotes the Clifford multipli-
cation. More explicitly L, (@) = e; A a + e;ua and R, () = e; A o — e;aa,
where 1 denotes the interior multiplication, cf. [8, page 49]. The following
relation defines a smooth section of End(A*T*M) which is independent of the
orthonormal basis

H=> H(es e;)Le,Re,.

2
With these notation we have the following relation [8, Proposition 9.17]
(2.5) A% = A? 4 sH 4 s%[df |2

Notice that the operator H preserves clearly the boundary condition B. More-
over, due to the relation (1.1) the multiplication operator |df| preserve this
boundary condition too. Using (2.5) and the Duhamel formula (see, e.g. [2]),
one can construct the heat operator e~ *®s by means of e~ *®. The heat op-
erator is a smoothing operator on L?(M, A*T*M), so the Sobolev embedding
theorem implies that it is a compact self adjoint operator on this Hilbert space.
So, for each 0 < k < n, the Hilbert space L?(M, A*T*M) may be decomposed
to orthogonal sum of eigenspaces of AF.

(2.6) L*(M,NFT*M) = ®x,>0EL .

The following sequence is exact for 0 # As € Spec(Ay)

d,

(2.7) oHEgsﬁEisﬁ...ﬁEglﬁE;ﬁ—>0.

Notice that as a part of assertion, the exterior differential preserves the bound-
ary conditions when it is restricted to eigenspaces of As. We refer to [5, page
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49] for a proof of this assertion. Since ds preserves ker A the above assertion
implies that the cohomology of the deformed de Rham complex

0—Q°(M,B) S QY (M,B) % - % Qn(M, B) — 0,
is isomorphic to ker A; and the isomorphism is induced from equality (2.4).
Moreover the multiplication by e*/ provides an isomorphism between this com-
plex and the ordinary de Rham complex corresponding to s = 0. The cohomol-
ogy of de Rham complex is the relative cohomology group H}.(M.N,). So, as
an immediate consequence of the above discussion we get the following relation

(2.8) Br = dimker A

The basic analytical tool in the next section is the finite propagation speed
property of wave equation that we are going to explain. Let w and w’ be two
differential p-forms on M which satisfy the boundary condition B. There is
a unique smooth ¢-depending differential p-form w; satisfying the boundary
condition B and the initial conditions wy = w and (Oswt)i—¢ = w’ such that w;
is a solution of the wave equation

82%

0%t
For the proof of the above facts and the following lemma we refer to [9, pages
145-148].

+D%w;=0.

Lemma 2 (unite propagation speed property of wave equation). With the
above notation if w is compactly supported then w; is supported inside the dis-
tance |t| of supp(w).

3. Derivation of the Morse inequalities

Let ¢ be a non negative rapidly decreasing function on RZ° satisfying ¢(0) =
1. The operator ¢(A¥) being a smoothing operator, is of trace class, so we can
define vi(s) := Tr¢(A¥). The following proposition is a generalized version
of the Proposition 14.3 of [8] in the presence of the boundary. We prove this
theorem by using the spectral resolution provided by eigenvectors of A.

Proposition 3. The following inequalities hold for 0 < k <n
(3.1)  we(s) —wvp_a(s) + -+ (=DFr(s) > Bk — Breo1 + - + (=1)*Bo.
and equality holds for k =n.
Proof. Consider the following exact sequence coming from (2.7)
ds

(3.2) 0—E) Lpl B S pl Bngh o

Obviously ¢(A) restricts to a linear operator on Imd*. The trace of this
restriction, denoted by r(¢, As, k), is non negative for 0 < k < n and is zero
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for k = n. Since Ay g, = Asid, the trace of the restriction of ¢(As) to Eﬁ\
equals ¢(Ag). dim Ef\ So

(¢, s, k) — tr WA]L\E;S) + tr ¢(A§:|2’;*1) — e (=)t qs(Aglegs) =0.

By summation over all A; # 0 and using the fact that ¢(0) = 1 and (2.8) we
get

D16 Ao k) = (i() = Br) + (1r—1(5) = Br—1) — -+ (=1)* (0 (s) = Bo) = 0.
As#0

These inequalities prove the assertion of the proposition because for 0 < k <n
one has r(¢, As, k) > 0 and equality holds for k = n. O

With above proposition, to prove the Morse inequalities of Theorem 1 we
have to study the traces vj(s) = Tr ¢(AF) when s goes to infinity. For a small
positive number p < 1/4, let M, denote the disjoint union of p-neighborhoods
of critical points and the p-collar neighborhood (p,0] x OM of the boundary.
The positive number p is so small that each connected component of My,
contains only one critical point or one connected component of boundary oM.
We recall that ¢(A¥) is a smoothing operator with smooth kernel K (s, z,z’) €
AT, M @ NFT, M.

Proposition 4. Let ¢ be a rapidly decreasing even function such that the
fourier transform of function ¢ defined by 1 (t) := ¢(t?) is supported in (—p, p).
When s goes toward infinity, the kernel K(s,z,x) of ¢(A¥) goes uniformly to
0 for x in M\M,,.

Proof. In the complement of My, one has |df| > ¢ for some positive constant
¢. So, using the relation (2.5), one get the following estimate

1
(3.3) (D2w,w)y > §csz||w||% if  supp(w) C My,.

Using this inequality, the finite propagation speed property of Lemma 2 and
classical theorem of Sobolev spaces W*(M, AT*M; B), the proof of the Propo-
sition 14.6 in [8] goes over verbatim and prove this proposition. (I

Let 3 be a smooth function on M which is supported in M3, and is equal
to 1 on Mj,. The above lemma shows that
(3.4) lim Trp(AF) = lim Tr Bp(AF),
§— 00 §— 00
where 3 is the pointwise multiplication by 3. So, the next step is to study the
asymptotic behavior of Tr B¢(A¥) when s goes to infinity. From now on we
consider My, either with coordinates given by Morse lemma around the non
degenerate critical points, or by collar coordinates (u,y) in (4p,0] x IM. We
assume that the Riemannian structure is Euclidian around critical points and
is of product form du? + gg in the collar neighborhood. Using these coordinates
we can identify the differential form supported in My, with differential forms
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supported either in the 4p-neighborhood of origin in R™ or in product space
(4p,0] x OM. In the neighborhood of a critical point xg € M with Morse index
r, the function f takes the following form

1 1 1
(3.5) flxy, ..., mn) = fzo) — =28 — o — 22 4 4 —22.

2 2 2
So the deformed Laplacian A¥ given by relation (2.5) coincides with the fol-
lowing operator acting on QF(R™)

(3.6) LE=-Y" o + s%2? + s€; 7).
j=1

Here ¢; = £1 is the sign of the coefficient of x? in the expression (3.5). Moreover

Zj = [dx; A .,dz;L.]. In the collar neighborhood [0,1) x Ny we have f(u,y) =
1,2

5u”. So the expression (2.5) for AF gives the following operator acting on

@e:O,lQE([Oa 1)7 B) ® Qk—e(N+)

(3.7) LY = (A + A%, & (AL + AFY,
where
€ 82 2 2 e+1
As:*w+3 u®+ (=) s,

In the collar neighborhood [0,1) x N_ we have f(u,y) = —3u?. So the expres-
sion (2.5) for A¥ gives the following operator acting on @0 192¢([0,1), B) ®
Qk—e(N_)

(3.8) L = (A7 + A% ) @ (A7 + AR,

where
2

0
€ __ 2 2 €
As—_W“’S u” 4+ (—1)%s.
In above discussion A?\al and A?Vil are, respectively, the Laplacian operators
on Ny and N_.

Proposition 5. Let L% denote any one of operators given by (3.6), (3.7) or
(3.8) and let B be the corresponding operator defined in above. The following
equality holds

Tr B¢(A9)) = Tr Bo(LY).
Here ¢(A¥) and ¢(L¥) are bounded operator on different L?-Hilbert spaces.
Proof. Clearly Ay = D? and L, = A? where A, is a differential operator which

is equal to Dy in My,. Define the function 1 by () := ¢(t*). To prove the
proposition it suffices to prove the following equality,

Y(Ds)w = P(As)w

provided that w is supported in Ms,. For this purpose notice that the relations
wy = cos(tDs)w and w; := cos(tAs)w are smooth solutions of wave equation
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with the same initial conditions. Therefore the unite propagation speed prop-
erty of Lemma 2 implies the equality w; = wj for |t| < p. Using the fact that

1 is an even function supported in [—p, p] we get

W(Dy)w = % /_pp D) dt
1 (7.
_ Dy)wd
. /0 D() cos(tDy)w dt

= i/opqﬁ(t) cos(tLs)w dt

= P(4s)w.
This completes the proof of the proposition. O

In view of the above proposition, for computing vy (s) when s goes toward
o0, it suffices to compute ’IT(BL’;), at s = oo, where L’; is given by relations
(3.6), (3.7), and (3.8).

Concerning the operator L¥ given by (3.6), the following relation holds, cf.
[8, Lemma 14.11]

(3.9) lim Tr( 6(LY)) = { 0, kv

8§—00 ]., k=r.

Now we are going to compute lim, .o Tr (86(L¥)) for L¥ of relations (3.7)
and (3.8). For this purpose, we summarize some basic properties of the one
dimensional harmonic oscillator operator (see [8, Chapter 9])

32
——— + s%u*: S(R) — S(R),

9%u
where S(R) denotes the space of smooth rapidly decreasing functions on R. The
eigenvalues of this operator are (2p+1)s for p =0, 1,2, ... and each eigenvalue

has multiplicity one. The corresponding eigenfunctions have the following form

p 2
Up(s,u) = (2psp+1p!)_% (—d + su) e T,

du

In particular these eigenfunctions satisfy the Dirichlet boundary condition when
p is odd and the Neumann condition when p is even. Another basic property is
related to ¥y. If § is a rapidly decreasing continuous function defined around
0 € R, then

(3.10) T ((B()90(s, ), Bo(s, )} = B(0).

Obviously the harmonic oscillator operator may be considered as an operator
on the Schwartz space S(R) du of differential 1-forms. The eigenvalues of this
operator are the same and the eigenvectors are ¥, (s, u) du.

In what follows we will need to consider a sequence ¢,,; m € N of rapidly
decreasing non negative even functions on R satisfying ¢,,(0) = 1 such that
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the Fourier transforms t,, is supported in (—p,p) where 1, (t) = ¢m(t2).
Moreover the sequence ¢,, converges uniformly to zero outside the compact
neighborhoods of 0 € R.

3.0.1. Cylindrical operators arising from N4. On the product space R=%x N
we consider the deformed Laplacian operator L¥ = AS + Ay, given by (3.7)
and acting on Q¢([0,1), B,) ® Q¥=¢(OM). Here

e 0? 2,2 e+1
(3.11) AS = a2 TEu Tt (=) s.
Let {1/}’)“% }a, be a spectral resolution for A¥. So the eigenvectors of the restric-
tion of L* to RZ% x N,, with respect to boundary condition (2.1) are

D1 @Yy, ;  Vndu@i 1=0,1,2,...
SO
Tr B¢m(L’;lR20xNT+) = Z (s +4ls + )‘k)<ﬂ(')1921+1(37 ), 192[+1(S, )>
U, Ak
+ ) bm(25 +4ls + Mem1) (B() (s, ), D (s, ).
LA k-1

The function ¢,, is rapidly decreasing at infinity and the arguments of ¢,
appearing in above formula go to infinity when s do, so

(3.12) Jim Tr B¢ (Lyjpzoy,, ) = 0-

: k
Now we consider the case of Ligzoxn,,

boundary conditions (2.2). According to above discussion, the eigenvectors of
this operators are

, given by (3.8), with respect to absolute

Iy @k, Pypdueyl !, 1=0,1,2,....
So we have
Tr Bom(Legzo,n,.) = Y Sm(dls + \e)(B()02(s, ), Dauls, )
U, Ak
+ D Gm(Bs+4ls + M 1) (B( )24 (s, ), D211 (5, )
L Ak—1

The argument of ¢,, is second summation appearing in above equalities go all
toward infinity when s do, so this sum has no contribution when s goes to infin-
ity. The arguments of ¢,, in the first summation, except those corresponding
to I = A\ = 0, have no contribution because ¢,,’s are rapidly decreasing at
infinity and because the sequence {¢., }m converges uniformly to zero out of
compact neighborhoods of 0 € R. Therefore

i Te fom(Lipzos,,) = 1> om(0)(F()0(s,), 0o (s, ))-

S,Mm— 00
Ar=0
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Now using the relation (3.10) and using the Hodge theory on N, we conclude
(3.13) Jim T B¢m(L’;mzoxNa+) = k.

3.0.2. Cylindrical operators arising from N_. On the product space RZ%x N_

we consider the deformed Laplacian operator L, = AS + Ag) W given by (3.8)
and acting on Q¢([0,1), B,) ® Q7 (OM). Here

(3.14) AS = —aa—; + s%u? 4 (—1)%s.
The eigenvectors of L¥ with respect to boundary condition (2.1) are
Dy @YY, Indu@i !, 1=0,1,2,...
therefore
Tr Bém(LEpzocn, ) = O dm(3s+4ls + M) (B()Vars1(s, ), Do (s, )
L Ak
+ Y mAls + Mem1)(B()(s, ), Ouls, ).
LAk—1

All arguments of ¢,, in the first summation go to infinity when s do, so this
summation has no non-vanishing contribution at s = co. The sequence ¢,,
converges uniformly to zero out of compact neighborhoods of 0 € R. So in
the second summation, only the terms corresponding to | = A\y—; = 0 may
have non vanishing contribution when s and m go to infinity. Therefore using
relation (3.10)

lim Tr B (Lipzoxy, )= lm > ¢u(0)(B()o(s, ), do(s, "))

8$,m— 00 8,Mm—00 N
(315) = Yk—1-

A similar discussion gives the following relation

(3.16) lim Tr Bém(Ligzo,n, ) = 0.

Now we are ready to give the proof of Theorem 1.

Proof of Theorem 1. Put py(m,s) := Tr ¢,,(L¥). Let 3 be a continuous func-
tion supported in small neighborhoods of critical points of f and in collar
neighborhood (1,0] x M of boundary. The value of this function on critical
points and on boundary is assumed to be 1. Moreover in collar neighborhood
(1,0] x OM it is assumed to be a function of u. We denote by (3 the pointwise
multiplication of differential forms by 3. From relation (3.4) we get

Slingo vp(m,s) = Slinolo Tr Bpm(AF).

Proposition 5 implies

Tr B (AF) = Tr B (LE),
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where the sum is taken over connected component of My,. Now relations (3.9),
(3.12), (3.13), (3.15), and (3.16) together imply

lim ZTr B (LE) = e + i + -1

S,Mm—00

This relation with analytic Morse inequalities given in Proposition 3 give the
desired results of the theorem. O

Remark 1. At the beginning of the paper we assumed that the Morse function
f+ M — R takes the form f(u,y) = :I:%u2 in the collar neighborhood [0, 1) x
OM. This condition may be weakened and we could consider smooth functions
which are Morse both in the interior and on the boundary of M. The restriction
of such a function, f: M — R, to the boundary is a Morse function too and the
inductive proof of the Morse lemma (see [6]) shows that the Morse functions f
takes the following form with respect to a local coordinates u,y1,...,Yn_1

fu,y) = flzo) + %uz + %yf £t %yiq-

Here (y1,...,yn—1) is a local coordinates system for M around the critical
point zog € OM. For a connected component N of the boundary OM, let
¢,k (IN) denote the number of those critical points zy € N of f such that
ind,, f = k and ind,, fxy = k’. As before let ¢; denote the number of critical
points of f with Morse index k which are in the interior of M. Put u :=
¢k + ckx(Na) + k-1 (N,) and By = dim Hg,. (M, N,). The above discussion
about cylindrical operators and boundary properties of eigenfunctions of the
harmonic oscillator can be applied to the operator L* appeared in relation (3.9)
to deduce the following Morse inequalities

fi — -1+ -+ (1) p0 > B — Be1 + -+ + (=1)*Bo.
As before the equality holds for k& = n.
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