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1 . Introduction

It is well known that time delays may deteriorate 

system performance or even cause instability [1-2]. Since 

time delays occur in many systems such as networked 

control systems, neural networks, chemical processes and 

so on, the subject of stability analysis of systems with 

time-varying delays has been received considerable 

attentions during the last two decades. For examples, see 

[1-11] and references therein.

In the field of stability analysis for systems with time 

delays, an important index for checking the conservatism 

of stability criteria is to enlarge the feasible region for 

guaranteeing the concerned system to be asymptotically 

stable  with a given time-derivative condition of delays. 

Therefore, how to choose Lyapunov-Krasovskii's 

functional and obtain the bound of its time-derivative 

along the trajectories of time-varying systems play 

important roles to enhance the feasible region of stability 

criteria. In this regard, He et al. [9] introduced 

free-weighting techniques and the superiority of proposed 

methods through numerical examples. In Wei et al. [10], 

further improved method was proposed by extending the 

method of free-weighing and consideration of cross 

terms. However, the inclusion of free-weight matrices 

increases the computational burden and time cost. 

Recently, without introducing free-variables, Sun et al. 

[11] investigated delay-dependent stability criterion of, the 

following linear systems with time-varying delays:

 

   ∈
            (1)

where ∈  is the state vector,  ∈×  are 

known system matrices, ∈  is a given vector 
valued initial function,   represents time-varying 

delays which satisfies ≤≤  ≤
≤ . 

Here,  
  denotes the Banach space of 

continuous vector functions which maps the interval 

   into 
 .

The contribution of the work [11] is the use of triple 

integral form of Lyapunov-Krasovskii's functional. 

However, there are rooms for further improvement of 

stability criteria. 

Motivated by the above discussion, improved LMI 

criteria to find maximum delay bounds for guaranteeing 

the time-varying delay systems to be asymptotically 

stable will be proposed based on the methods of [11]. 

The main contributions of this paper can be summarized 

as follow:

• Unlike the method of [11], new augmented variables 

such as 
 

   



   and 
 

  



  

will be taken to utilize information about time-varying 

delay. Therefore, the derived stability criteria contain 

more information about time-varying delays such that the 

feasible region of stability criteria are enlarged. To the 

best of author's knowledge, this idea has not been 

proposed. The detail explanation of this contribution will 

be discussed in Remark 1.

• In this paper, we propose a new Lyapunov- 
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Krasovskii's functional  

 


 









 


 

⋆ 



 






 


 









 


 

⋆ 



 






(2)

where 



 


 

⋆ 
 and 




 


 

⋆ 
 are positive matrices. 

To the best of author's knowledge, the Lyapunov - 

Krasovskii's functional of the form (2) has not been 

proposed in any literature. The  motivation of Eq. (2) and 

some discussions will be introduced in Remark 2. The 

enhancement of feasible region of stability criteria by 

considering Eq. (2) will be shown in Section 4 through 

numerical examples. 

Up to now, many researchers have studied the 

methods and techniques to improve the feasible region of 

stability criteria as mentioned before. Therefore, these 

new considerations discussed above will contribute to the 

research of stability and stabilization for systems with 

time-varying delays. With these considerations and by 

utilizing convex-hull properties, sufficient conditions are 

derived in terms of LMIs which can be easily solved by 

various efficient convex optimization algorithms [12].  

Through two numerical examples, improved results are 

shown by comparing our obtained results with the recent 

ones in [9]-[11]. 

Throughout this paper, ⋆ represents the elements below 

the main diagonal of a symmetric matrix. The notation 

, where   and   are matrices of same dimensions, 

means that the matrix   is positive definite,  denotes 

the identity matrix whose dimensions can be determined 

from the context.   is the n-dimensional Euclidean 

space, ×  denotes the set of ×  real matrix. 

2 . Problem Statements

The objective of this paper is to develope a 

delay-dependent stability criteria for system (1) which 

was introduced in Section Introduction.

For the condition ≤≤  let us define   in the 

following set

 ∈               (3)
where Co  denotes the convex hull and 

    and 


  . Then, there exist parameters     where 

 ≥  and 
 



    such that   can be expressed as a 

convex combination of the vertex values as follows:

 
  




 .                   (4)

If the elements of matrix   are affinely dependent 

on , then   whose elements include   can be 

expressed as a convex combination of the vertex values

 
  




 .               (5)

Before deriving the main result, we need the following 

fact and lemma.

Lemma 1 (Finsler's Lemma). [13] Let 

∈ ∈×  and ∈×  such that . 
The following statement is equivalent:

i) ∀  ≠

ii) ⊥⊥  

where ⊥  is a right orthogonal complement of .

Lemma 2. [11] For any constant matrix   and a 

scalar function    such that the following 

integrations are well defined, then

1) 
  



 

≤
   







  




2) 


  








 

≤ 
   












   










3. Main Results

For simplicity of matrix expression, let us define the 

following notations. 

 









 


 


   





 
 

    









            

    

      ,


   

   
 

    ,


   

 
   

   
 


      

    
  

  


    

   
  


     

 
  

 
 




  

 
 

  , 
  

   
  

 


     

     
   


   

  
 

   
  

 


     

  
   

   
 


    

    
  

  , 
   


  

   
    

   
     
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   



 












 









 


 

 







 


 

 


    

  
   

    
 


     

  
    

     


  

   
   

  


    

   
  

           (6)

Then, we have the following theorem.

Theorem 1. For given hU >0,  and     the 

system (1) is asymptotically stable for ≤≤  and 

 ≤
≤  if there exist positive matrices   ×  

   ×  ×    such that the following 

LMIs hold

⊥ 
 ⊥                      (7)

where 
   and   are defined in (6), and ⊥  is the right 

orthogonal complement of . 

Proof. For positive matrices    × ,    ×  

   ×     let us consider the following 

Lyapunov function defined by

 
  



                   (8)

where 

  













 


 























 


 







,

  
 

 


 












 







  
   

 


 












 







   
 






 


  
 








 

  
 











 


                (9)

First, the time derivative of   along the solution of 

Eq. (1) is obtained by

  













 


 























 

 



 













 

 



















 

 



     













 


 

   






 
 

   














   
   
   

    
   

       ×













 

 


(10)

where

        
 

  






 
 

   

 
        

Second, differentiating V 2(t)  leads to

     (11)

Third, the upper bound of     can be obtained as

 



 












 










 












 










 









 


 

⋆ 




 










 

















 

⋆ 





×



 






   ≤



 









 


 

⋆ 




 










 
















  

⋆ 




×



 






(12)

Fourth, the time derivative of    leads to

  
 


 

 


           (13)

Note that


 

 


 
   

 


  

   


   (14)

With    ≤≤ , and Lemma 

2, an upper bound of the first integral term in the right 

side of Eq. (14) can be estimated as


   

 




  
   

 





  

 


≤ 
   

   

 





  

 




≤ 
     

(15)

With the similar method in (15), an upper bound of the 
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second integral term in the right side of Eq. (14) can be 

obtained as


 

    




  
 

    





 

    




≤  
 

    



  

 

    


≤ 
    


×  

(16)

where  ≤   and Lemma 1 were utilized in 

(16). Then, from (15) and (16), an upper bound of   

can be obatined as

≤ 
 




   

×  


    


×   

(17)

Fifth, by calculating , we have

  
 

 



 

 
 

  



 


 

    

 

≤ 
 

 
  








×
 

  






 
 

   




 

×
 

 

   


(18)

Lastly, calculating the time derivative of    leads to



 
 





 






 


 
  


   






 


 

   




 

  ≤ 
 





  






 



 

    




     


 ≤ 
 






  
  






  ×
   




 

   





×  



≤ 

 






 

   







 

   






 
 

   




×
 

 

   


(19)

From (7)-(19), an upper bound of  
  


  can be 

≤  

where 

        ,

  
   

    ,

  
     

 

           

      

    
  

 


 
 

  ,  
    

 

          

  
  

    
 

         

      
  

  ,   

             

          

            

       

      

(20)

Note that   where   was defined in (5).

From Lemma 1 and the properties of convex-hull, if LMI 

(6) holds, then system (1) is asymptotically stable for 

≤≤  and  ≤
≤ . This completes the 

proof.                                                ■

Remark 1.  In [11], by taking 
 



  and 




   

  as augmented vectors, the time-derivative 

of   
 














  was estimated as
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≤ 
 





 






 




≤ 
  




  











 








≤ 
  




  






× 



     ≤ 

 






    




 

   




×  



 

    


(21)

However, unlike the method mentioned above in (21), before 

taking the upper bound of 
 






 
  as 


  











 






, we 

divide the integral term 
 






 
  as


 






 




 
  






 



 

   




 




(22)

In the integral term 
 

   




 
, since 

 ≤≤  and ≤≤ , it can be estimated as


 

   




 




 
 

   




   





 

   


  

 


≤ 
 

   




   


(23)

With the new augmented vectors 
 

  



  and 



 
 

   

, au upper bound of   can be



≤ 
  




 

  







 

  






 
 






×
 

 




(24)

This consideration may lead to less conservative stability 

region of system (1). Through numerical examples, we 

will show the improvement of stability region of system 

(1).

Remark 2. In delay-dependent stability analysis, as 

mentioned in Section Introduction, an important index for 

checking of conservatism of stability criterion is how to 

choose Lyapunov-Krasovskii's functional and derive its 

time derivative upper bound to reduce the conservatism 

of stability region. Therefore, the utilization of information 

of time-varying delay plays a key role to increase the 

stability region of time-delay systems. Also, the proposed 

method utilizes the convex-hull properties of time-varying 

delays . Can a Lyapunov-Krasovskii's functional 

which is dependent on   enhance the feasible region of 

stability criterion for time-varying systems? With this 

regard, the authors propose the following new 

Lyapunov-Krasovskii's functional which has not been 

considered in other literature

   


 









 


 

⋆ 



 






 


 









 


 

⋆ 



 






    

(25)

With the new Lyapunov-Krasovskii's functional in (25), a 

new delay-dependent stability criterion will be introduced 

as Theorem 2. 

Before introducing Theorem 2, let us define the following 

notations for simplicity.

   ×   ×

 


 


       

       
  



 


       

       



   

 
 

  
  


 

  
  

(26)

Theorem 2. For given hU>0,  and     the 

system (1) is asymptotically stable for ≤≤  and 

 ≤
≤   if there exist positive matrices 

   × ,    × ,    ×     ×

   ×      such that the following LMIs 

hold

⊥



  

  ⊥             (27)

where ⊥  and 
   are the same ones in Theorem 1, and  


   is defined in (26).

Proof. For positive matrices    × ,    ×

   × ,   ×     ×     let us 

consider the following Lyapunov function defined by

 
  



                   (28)
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where     are the same ones in (8) and    

is in (25). By taking the time-derivative of , we 

have



 


 









 


 

⋆ 



 









 









 


 

⋆ 




 









 









 


 

⋆ 



 






 


 









 


 

⋆ 




 






≤ 


 









 


 

⋆ 



 









 









 


 

⋆ 




 









 









 


 

⋆ 



 






 


 









 


 

⋆ 




 







  
+   


   

(29)

By using the similar method of the proof of Theorem 1, 

it is straightforward that if LMI (27) holds, then system 

(1) is asymptotically stable for ≤≤  and 

 ≤
≤ . This completes our proof. ■          

 

As a special case, when    , Theorem 1 is 

simplified as Corollary 1. Before introducing Corollary 1, 

we define the following notations.


 



 


  

  



  

 
 



  ,

        

  
    

  
        

       
  

 
        

  
         

  
         

        .

(30)

Corollary 1. For given hU >0,  the system 

    is asymptotically stable if there 

exist positive matrices    × ,    ×    

such that the following LMIs hold


⊥  

⊥                  (31)

where   and   are defined in (30), and 
⊥  is the right 

orthogonal complement of .

Proof. Let us consider the following Lyapunov- 

Krasovskii's functional

 
  



                   (32)

where

  













 


 





















 


 






  
 

 


 












 







   
 






 




  
 








 

  
 











 
                 (33)

With the defined augmented vector , the time 

derivative of   can be estimated as

≤
 .               (34)

Therefore, by Lemma 1, 
    with   is 

equivalent to (31). Therefore, if LMI (32) hold, then 

system     is asymptotically stable. 

This completes our proof.                             ■

4 . N umerical E xamples

Example 1. Consider the following systems 

 


 


 

 




 


 

 
     (35)

When  ≤
≤ , by applying Theorem 1 and 2 

to system (35), maximum delay bounds for guaranteeing 

system (35) to be asymptotically stable are listed in 

Table 1. For different  , obtained results from Theorem 

1 are larger than those of [9]-[11]. When time-varying 

delay dependent Lyapunov-Kraosvskii's functional shown 

in (25) is included in Theorem 2, one can see further 

improved results are obtained from Table 1. Therefore, 

our proposed method gives larger delay bounds than the 

ones in [9]-[11]. 

Example 2. Consider the following systems 

 


 


 

 




 


 

 
         (36)

Assume  ≤
≤ . Table 2 contain maximum 

delay bounds obtained from Theorem 1 and 2. Except the 

result comparing with the one in [11] when   , the

 results of Theorem 1 gives larger delay bounds than the 

ones in [9]-[11]. However, the results obtained from 

Theorem 2 provide improved delay bounds for 

     and . 
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표  1 예제 1에서   변화에 따른 안정성을 보장하는 

hU의 상한 값

Table 1 Upper bounds of   for guaranteeing stability in 

Example 1 with different  .

 0.2 0.4 0.6 0.8

Ref. [9] 1.6070 1.4119 1.2430 1.1077

Ref. [11] 1.6412 1.5124 1.4264 1.3640

Ref. [10] 2.1150 1.8663 1.6666 1.4951

Theorem 1 2.1770 1.9855 1.8538 1.7573

Theorem 2 2.1804 1.9869 1.8553 1.7603

표 2 예제 2에서   변화에 따른 안정성을 보장하는 

hU의 상한 값

Table 2 Upper bounds of   for guaranteeing stability in 

Example 2 with different  .

 0.1 0.5 0.9

Ref.[9] 3.6053 2.0439 1.3789

Ref.[10] 3.6224 2.2038 1.6064

Ref. [11] 3.7304 2.5021 2.0982

Theorem 1 3.6998 2.5167 2.1276

Theorem 2 3.7454 2.5184 2.1313

5 . Conclusions

In this paper, new delay-dependent stability criteria for 

linear systems with time-varying delays were proposed. 

By introducing new augmented vectors including 

time-varying delay functional and utilizing convex-hull 

properties, improved stability criteria were proposed in 

Theorem 1. Also, new Lyapunov-Krasovskii's functional 

which contains time-varying delays was introduced in 

Theorem 2 and its improvement was shown through two 

numerical examples.  
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