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GOTTLIEB SUBSETS WITH RESPECT TO
A MORPHISM IN THE CATEGORY OF PAIRS

JIYEAN KiM AND KEE YOUNG LEE

ABSTRACT. We introduce the concept of cyclic morphisms with respect
to a morphism in the category of pairs as a generalization of the concept
of cyclic maps and we use the concept to obtain certain sets of homotopy
classes in the category of pairs. For these sets, we get complete or partial
answers to the following questions: (1) Is the concept the most general
concept in the class of all concepts of generalized Gottlieb subsets intro-
duced by many authors until now? (2) Are they homotopy invariants in
the category of pairs? (3) When do they have a group structure?

1. Introduction

In his paper, “Generalized Gottlieb group” [13], K. Varadarajian introduced
the concept of cyclic maps as a generalization of cyclic homotopies introduced
by D. H. Gottlieb [2]. He also studied the concept of cocyclic maps as a dual
concept of cyclic maps to fit well in the general set-up of Eckmann-Hilton
duality. He studied the role of cyclic maps and cocyclic maps in the set up of
Eckmann-Hilton duality. In [6, 8], Lee and Woo introduced the concept of the
G-sequence under the homotopy sequence and its generalization. Moreover,
they introduced the concept of cyclic morphisms with respect to a continuous
map as a generalization of the concept of cyclic maps in [7].

It is our purpose in this paper to apply these concepts to objects in the cat-
egory of pairs to induce further generalizations of cyclic maps appeared in the
set up of Eckmann-Hilton duality and make further studies of the generalized
Gottlieb subgroup. We introduce the concept of “cyclic morphism with respect
to a morphism” in the category of pairs as a generalization of the cyclic map
and we use the concept to define certain sets of homotopy classes in the cate-
gory of pairs. We study the conditions for the sets to be homotopy invariants
or groups. We also use the sets to study the role of cyclic morphisms in the
category of pairs.
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In Section 2, we review the concepts of cyclic maps [13] and cyclic morphisms
with respect to a continuous map in the category of pairs studied in [7].

In Section 3, we generalize the concept of cyclic morphisms with respect
to a continuous map to that of cyclic morphisms with respect to a morphism
and study the sets of homotopy classes of cyclic morphisms with respect to a
morphism in the category of pairs.

In Section 4, we study properties of cyclic morphisms with respect to a mor-
phism in the category of pairs. Especially, we characterize the cyclic morphisms
with respect to a morphism by certain sets of homotopy classes in the category
of pairs. Moreover, we find some conditions such that the sets are homotopy
invariants in the category of pairs.

In Section 5, we find some sufficient conditions to ensure the set to be a
group.

Throughout this paper, all spaces will be connected, based and of the ho-
motopy type of CW-complexes. Hence the exponential law of function spaces
holds and all base points denoted by * are non-degenerate.

2. Preliminaries

In this paper, we shall consider two kinds of well-known categories in [4].

First, we shall consider the category of topological spaces with base points.
The objects are pairs (X, *) with X a space and * in X, and the maps are
maps of these spaces which carry base point into base point. All homotopies
considered will keep base points fixed. TI(A, B) is the collection of homotopy
classes of maps of A into B. In the case A = S™, the n-sphere, II(A, B) is a
group, namely the n-th homotopy group. It is also well known that if A has a co-
H-structure, II(A4, B) has a group structure for all B and if B has a H-structure,
II(A, B) has a group structure for all A. The reduced suspension of X, denoted
X, is the space obtained from X x I by identifying X x 0U X x 1Ux* x I to
*, where I is the unit interval I = [0,1]. More generally, we denote the n-folds
suspension of the spaces X by ¥"X = (X" 1X). If o : X — Y is a map,
then the n-suspension map X"« : ¥"X — XY of « is the map defined by
Sra((z,ty, ..o te)) = (a(x),t1,. .., tn), where (z,t1,...,t,) is an element of
Y™ X which is the equivalence class of (z,t1,...,t,) € X xI"™ . It is well-known
fact that S™ = ¥(S%). The cone of X, denoted by C'X, is the space obtained
from X x I by pinching X X 1 U * x I to . Clearly X is embedded in CX
by the natural inclusion map « — (z,0). If we now squeeze X C CX to * we
obtain the second definition of ¥ X which is obviously equivalent to the first.
We can summarize by saying we have the following “exact” sequence of spaces:

x> X > CX =5 XX — *.
There is a natural map ¢’ : ¥ X — XX V XX defined by

, (((z,2t),%)  if0<t<1/2
¢(x’t):{(*,<m,2t—1>) if1/2<t<1.
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It is easy to show that ¢’ is a co-H-structure on ¥ X. Thus for n > 1, the set
("X, B) =1I,,(X, B) is a group.

As the dual concept of the suspension of a space, we here recall the concept
of the loop space. Let us denote the collection of mappings of X into Y with
the compact-open topology by Y. The loop space of X, QX is the subspace
of X! characterized by ¢ € QX such that £(0) = £(1) = *. There is a natural
map

6: QX x QX = QX

defined by
£1(2t) ifo<t<1/2

(b, &)() = {52(215 —1) if1/2<t<1.

Continuity of ¢ follows from a standard argument in the compact open topology.
It is easy to see that ¢ is a H-structure on QX.

Given a map f : XA — B, we define the adjoint map of f x(f) = f: A —
QB by

fa)(t) = f(a,t).

A standard topological argument shows that f is continuous if and only if f is
continuous. Thus & is one to one correspondence between B*4 and (QB)4.

Any map g : A’ — A induces a transformation g* : II(A, B) — II(4’, B)
defined by ¢*([f]) = [f o g], where the bracket ‘[ |’ denotes the homotopy class
of the enclosed map. Clearly (gh)* = h*g*. Similarly, h : B — B’ induces
a transformation h, : II(A, B) — II(A, B’) defined by h.([f]) = [ho f]. The
identity map on X will be denoted by 1x or idx, * shall stand for the base
point of a space and also the map which takes everything into the base point.

Second, we shall consider the category of pairs [4]. The category of pairs is
the category in which the “object” are maps (A4, *) — (B, *) and a “map” from
a to B is a pair of maps (f1, f2) such that the diagram

Ay *Q>A2

lfl ifz
B
B1 e BQ
is commutative, i.e., 8f; = foa. We shall call the maps in this category just

“morphisms” to distinguish from maps between spaces. Moreover, we shall
sometimes denote the morphism by the formula:

(f1, f2) (AL = Az) = B(B1 — Ba)
or more simply,

(f1,f2) Lo — ﬁ

Two morphisms (f1, f2),(g1,92) : @ — B are called homotopic if there is a
morphism (Hy, Hs) : X 11 — ( such that H; is a homotopy between f; and
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g1 and Hs is a homotopy between fo and g, where 1; is the identity map of
the unit interval I into itself.

The set II(«a, 8) is the family of all homotopy classes of morphisms from
a to B in the category of pairs. In particular, II,(a, 8) = I(X"a,B) is a
group if n > 1 and abelian n > 2. If & = i, : 2" 14 — CE" 1A is the
natural inclusion, I1(c, 3) is denoted by IL,,(4, 3). If 3 is inclusion and A = S°,
we get the ordinary relative homotopy groups. Furthermore, if 8 : * — B,
I, (A, 8) =11,(A,B) and if 8: B — x, I1,,(4, 8) = 1I,,_1(A, B).

A map f: A— X is said to be cyclic [13] if there exists amap H : Ax X —
X such that the diagram

PN

Avx L xvx

is homotopy commutative, where j is the inclusion map and V is the folding
map.

We denote the set of all homotopy classes of cyclic maps from A to X by
G(A, X) [13], that is, G(A, X) = {[f] € H(A, X) | f is a cyclic map}, equiva-
lently, G(A4, X) = w,(I(A, X¥)), where w : X* — X is the evaluation map.
In particular, G(X"A, X) is denoted by G,,(A, X). Clearly, w, (I, (A, X¥)) =
Gn(4, X).

The subgroup G, (A4, X) is a generalization of G(A4, X) and the Gottlieb
group Gp(X) [2]. In fact Go(A, X) = G(A, X) and G,(S°, X) = G,(X).

Let h : B — X be amap. A map f: A — X is called a cyclic map with
respect to h : B — X [10] if there exists a map H : A x B — X such that the
diagram

is homotopy commutative.

Here, we review the concept of cyclic morphisms with respect to a continuous
map in the category of pairs studied in [7].

Let h : X — Bj; be a map. A map (f1, f2) : a — [ is called a cyclic
morphism with respect to h if there exists a map (Hy, H2) : @ X 1x — 8 such
that (Hy, Ha)|la = (f1, f2) and (Hy, Ha)|1, = (h,Bh), that is, the following
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diagram commutes:
Vh
A1 VX L’ Bl vV Bl
J \%
Hy
A1 XX ——> Bl
axl1 B
H>
AQ XX ———> BQ
J \Y%

h
A, v x 22 By B,

The morphism (Hy, Hy) is called an affiliated morphism of (f1, f2) with respect
toh. If h : By — By is the identity, then (f1, f2) is called just a cyclic morphism.

We define the subset G"(a, 3) of II(a, 3) as the set of homotopy classes of
cyclic morphisms with respect to h. That is,

G"(a, B) = {[f1, f2] € (cv, B)|(f1, f2) is a cyclic morphism with respect to h}.

We denote G"(X"a, B) by G'(a, ), where ¥"a : X"A; — X"A, is the
suspension map of a. In particular, if i, : ¥"A — CX"A is the natural
inclusion, then we denote G"(i,,, ) by G"(A, 3). Moreover, we denote G (A4, 3)
by G.(A,B) if h: By — Bj is the identity map. G, (A4, ) is a generalization
of GEeY(By, By) because G,(S°,i) = GE!(By, By), where i : B; — By are the
inclusion.

Define 3 : (Bi*,h) — (B, 8h) by B(g) = Bg, where 3 : By — By is a map
and let wy : BfX — By and wy : B5X — By be evaluation maps. Then (wq,ws) :
B — 3 is a morphism and it induces a map (wy,ws)s : (o, B) — (o, B).

Theorem 2.1 ([7]). Let B8 : By — By be a map and B : (BiX,h) — (Bs<, Bh)
be the map mentioned above. Then (w1, ws).I(c, B) = G"(a, B).

By above theorem, if « is a suspension map, then G"(a, ) is a group. In
particular, G"(a, B) is a group, for n > 1.

Let (g1,92) : 7 — « be a morphism. If (f1, f2) : @ — £ is a cyclic morphism
with respect to h, then the composition (f1, f2)o(g1,92) : v — [ is a cyclic mor-
phism with respect to h. Thus the induced map (g1,92)* : II(«, 8) — (v, B)
carries G"(a, B) into G"(v,B). Moreover, if (g1,g2) : @ — 7, then the in-
duced map (g1, 92)« : II(a, B) — TI(a, ) carries G"(a, B) into G9*"(a, ). If
axlx:A; x X — Ay x X is a cofibration, then G"(a, 3) is determined by the
homotopy class of h. That is, if h is homotopic to h/, then G"(a, ) = gh' (o, B).
Suppose « is a cofibration. Then if (g1, g2) : v — « is a homotopy equivalence,
(g1,92)* : G"(a, B) = G"(7, B) is an isomorphism. Similarly, if (g1, g2) : @ — 7
is a homotopy equivalence, then (g1, g2)« : G"(a, ) — G9*" (v, ) is an isomor-
phism. Therefore we have the following theorem.
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Theorem 2.2 ([7]). The subgroup G, (A, 3) of IL,(A, B) is a homotopy invari-
ant with respect to two variables.

3. Cyclic morphisms with respect to a morphism and their
homotopy classes

In this section, we introduce the concept of cyclic morphisms with respect

to a morphism and study the set of their homotopy classes in the category of
pairs.
Definition. Let a : Ay — Ay, 8: By = Bs and n: X — Y be objects and
(h1,h2) : 7 — B be a morphism in the category of pairs. A map (f1, f2) :
a — [ is called a cyclic morphism with respect to (hy, ha) if there exists a map
(Hl,HQ) raxXn — 6 such that (Hl,H2)|a = (fl; f2) and (H17H2)|?7 = (hl,hQ),
that is, the following diagram commutes:

h
A, vx 2 povB,
J v
H,
A1 XX ——> B1
axmn B
Hy
A2 X Y4>B2
J \Y%
f2Vha

As VY —— By V Bs.

In this case, the morphism (Hy, Hs) is called (hi, ho)-affiliated morphism of
(f1, f2) or (f1, f2) has (hy, ho)-affiliated morphism (Hy, Hs).

Remark 1. If n = idx, then it is clear that (f1, f2) is a cyclic morphism with
respect to (h1, hg) if and only if (fi, f2) is a cyclic morphism with respect to
hi. If By = %, then it is clear that (fi, f2) is a cyclic morphism with respect
to (h1,hs) if and only if f; is a cyclic map with respect to hy. In general, if
(f1, f2) is a cyclic morphism with respect to (h1,hs), then f; is cyclic with
respect to hy and f; is cyclic with respect to ho. Moreover, if i, : S*"~1 — B"
and i4 : A — X are the inclusions, then it can be shown easily that a pair map
(B, S"1) — (X, A) is relative cyclic if and only if (f|gn-1,f) : in — ia
is cyclic morphism [7]. So the concept of the cyclic morphism with respect to
a morphism is a generalization of the cyclic morphism with respect to a map
and the relative cyclic map.

Definition. We define the subset G("1-%2)(a, B) of TI(av, B) as the set of homo-
topy classes of all cyclic morphisms with respect to (hi,he) : 7 — . That
is,

Grh2) (o, BY = {[f1, f2] € H(a, B)|(f1, f2) : cyclic morphism w.r.t (hy, hs)}.
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Ghuh2) (o, B) is called Gottlieb subset of (v, B) with respect to (hi, ha) in the
category of pairs.

For this set, we have three kinds of questions:

(1) Is it the most general concept in the class of all concepts of generalized
Gottlieb subsets introduced by many authors until now?

(2) Is it homotopy invariant in the category of pairs?

(3) When does it have a group structure?

In this paper, we shall give answers to these questions.

By above definition, if [g1, g] € G"1"2)(a, B), then there exists a morphism
(f1, f2) : @« — B which is a cyclic morphism with respect to (hi,he) and ho-
motopic to (g1,¢92) in the category of pairs. Thus there is not a problem in
the definition of Gottlieb subset with respect to a morphism in the category
of pairs. But we are interested in the statement that the homotopic relation
preserves the cyclicity with respect to a morphism in the category of pairs,
that is, if two morphisms (f1, f2) and (g1, g2) from « to 8 are homotopic and
(f1, f2) is cyclic with respect to a morphism (hq, hs), then (g1, g2) is cyclic with
respect to (hq,ha). Is it true or false? If it is not true in general, when is it
true? In the following lemma, we shall concentrate on solving this problem.

Lemma 3.1. Let n : X — Y be a homeomorphism and (hi,hs) : n — 8
be a morphism for a map B : By — Bs. If a : A1 — Ay is an inclusion,
two morphisms (f1, f2) and (g1,92) from « to B are homotopic and (f1, f2) is
cyclic with respect to a morphism (hi, hs), then (g1,92) is cyclic with respect
to (hl, hg)

Proof. Suppose (f1, f2) and (g1, g2) are homotopic and (f1, f2) is cyclic with
respect to (hi, he). Then there is a homotopy (Fi, F») : o x id; — 8 between
(f1, f2) and (g1, 92), where idy is the identity map on unit interval I. Moreover,
there is an (hy, ho)-affiliated map (Hy, Ha) from « x 1 to 5 of (f1, f2). That
is, we have commutative diagrams

Al\/XM;Bl\/Bl

J \Y
Axx - o p
axmn B
Ay xy 2 o,
J v
f2Vha

AQ\/YHBQ\/BQ
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and

A x 12 B

laxidl J/ﬁ

A2 x I L B2.

Define Hy : Ay x #+ x TUx x X x [LUA; x X x 0 — By by

Fi(a,t) for (a,z,t) € Ay x x x I,

ﬁl(a,x,t): hi(x) for (a,z,t) € x x X x I,

Hi(a,z) for (a,z,t) € Ay x X x 0.
Then Hy is well-defined since Fi(%,t) = % = hi(x), F1(a,0) = fi(a) = Hi(a,*)
and Hj(*,z) = hq(z). But since A; x * Ux x X is a sub-complex of A; x X,
there is an extension H; : A1 x X x I — By of H,. Similarly, we obtain another

extension.A
Define Hy : Ao x * x TLUA; XY xT1IHAys xY x0— By by

Fy(a,t) for (a,y,t) € Ay x x x I,
Hy(a,y,t) = { BHi(a,n™"(y),1) for (a,y,1) € A x Y x I,
Hy(a,y) for (a,y,t) € Ay xY x 0,

where 7! : Y — X is the inverse of . Since BH;(a,n™'(x),t) = Fy(a,t) for

A

a € Ay, BHi(a,n" (y),0) = Ha(a,y) and Ho(a,*) = fola) = Fr(a,0), Hy is
well-defined. Since A; X Y U Ay X % is a sub-complex of Ay x Y, there is an
extension Hy : Ay X Y X I — By of Hy. Let

G = H1|A1><X><1 and Gp = H2|A2><Y><1-
Since for (a,x) € A; x X,
Gy(a xn)(a,z) = Ga(a,n(z)) = Ha(a,n(z),1)

= Hs(a,n(z),1) = BH1(a,n" ' (n(x)),1)
= ﬂHl(CL,Z,].) :ﬂGl(CL,SC),

(G1, Gs) is a morphism from « X 1 to 8. Moreover,

Gi(a,*) = Hi(a,*,1) = ﬁl(a, x, 1) = Fi(a,1) = g1(a),

Gala,*) = Hy(a,x,1) = Hy(a,*,1) = Fy(a,1) = ga(a),

Gl(*ux) = Hl(*7x7 ]-) = ﬁl(*virv 1) = hl(x)a
and
Ga(ry) = Ha(xy,1) = Ha(x,y,1) = BHi(+.07 (). 1)
= Bha(n () = ha(n(n™'(y))) = ha(y)-

Therefore, (G1,G3) is an (hq, ho)-affiliated morphism of (g1, g2). O
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By Remark 1, the subset G"1:81) (o, §) is just the subset G"* (a, 3). More-
over, GM*)(a, %) = GM (A, By), where o : Ay — By is a map. Here, we
denote G"1:12) (X, B) by g{pa-ha) (a, B), where X"« : X" A; — X" Ay is the
n-fold suspension map of a. In particular, if i, : X" A — CX"™A is the natural
inclusion, then we denote G(h1:h2)(3,,, 8) by GY""2)(A, B). Thus, we conclude
that if 7 = idy and ha : X — %, then GY""""2)(A, B) is just G (A, B). There-
fore, the Gottlieb subset of II(«, 5) with respect to a morphism (hq, hg) in the
category of pairs is the most general concept in the class of all generalized
Gottlieb subsets introduced by many authors until now.

4. Properties of cyclic morphisms with respect to a morphism

Let « : Ay — Ay, 8 : By — By and v : C; — C5 be maps. Then we have
the following lemma.

Lemma 4.1. Let n: X — Y be a map and (hi,he) : 7 — B and (g1,92) :
v = « be morphisms. If (f1,f2) : a — B is a cyclic morphism with respect
to (hi,he) : m — B, then (f1, f2) o (91,92) : ¥ — B is a cyclic morphism with
respect to (hi, hs).

Proof. Let (Hy,H2) : a x p — (3 be an (hy, he)-affiliated morphism of (f1, f2).
Then (Hi(g1 X 1x), Ha(g2 x 1x)) : ¥ xn — [ is an (hq, ho)-affiliated morphism
of (f1, f2) o (g1,92). It is clear by the following commutative diagram;

g1V1lx fiVh

CivVX—A VX —=B VB
J J \%

Cl><X

g1X1x H,
Al X X%Bl

XN axn B

CQXY

g2 X1y Hoy
Ay XY —2 = B,

J J \Y%

szygz\/ly AQ\/YMiBQ\/BQ O

Corollary 1. If (g1,92) : v — « is a morphism, then the induced map
(91,92)" : M(a, B) = TU(v, B) carries M) (o, B) into G1-h2) (v, B).

Corollary 1 shows that for fixed 8, G"1"2)(q, §) is a homotopy invariant in
the category of pairs. That is, we have the following theorem.

Theorem 4.2. Let (g1,92) : ¥ — « be a homotopy equivalence. Then (g1, g2)*
Ghuh2) (o, B) — GUh2) (v, B) s an one-to-one correspondence. Especially,
(g1,92)* is an isomorphism provided that G2 (a, B) and G1:"2)(~, B) are
groups.
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Lemma 4.3. If (g1,92) : B — 7 is a morphism and (f1, f2) : @« = S is a cyclic
morphism with respect to (hy, he) : n — 8, then the composition (g1, g2)o(f1, f2)
s a cyclic morphism with respect to (gihi, goha) : n — 7.

Proof. Let (Hy, Hs) : a X n — B be an (hq, ho)-affiliated morphism of (fi, f2).
Then (g1H1,92H2) : a x n — v is an (g1h1,g2ho)-affiliated morphism of
(91f1,92/2)- 0

Corollary 2. If (g1,92) : B — ~ is a morphism, then the induced map
(91,92)« : (e, B) = (e, ) carries G2 (a, B) into G9P1-9272) (@, ).

Is G(h1:h2) (o, B) a homotopy invariant in the category of pairs for fixed a?
It may not be true, since it does not follow from Lemma 4.3 or Corollary 2 as
Theorem 4.2. But we can give a partial solution of this question, by proving
the following lemma.

Lemma 4.4. Suppose o : Ay — As is an inclusion and n : X — Y is a
homeomorphism. Then if two morphisms (h1, ha) and (R}, hYy) from n to a map
B : By — By are homotopic, G12) (a, B) = Ghuh2) (o, B).

Proof. 1t is sufficient to show that one of them contains the other. Let us
show that G-"2)(a, ) ¢ G"1:h2)(a, B). By Lemma 3.1, it is sufficient to
show that there is an (R, hb)-affiliated morphism of (f1, f2) for each [f1, f2] €
G2 (o, B). Suppose [fi, fa] € G172 (a, B). Then there is an (hq, ho)-
affiliated morphism of ( f1, f2), that is, there is a morphism (Hy, Ha) : axn — 8
such that H;|a,x« = fi for i = 1,2, Hy|.xx = h1 and Ha|.xy = ha. Moreover,
there is a homotopy (F1, F3) : nxid; — (3 between (hq, h2) and (h}, h}). Define
Hi A xsxTUxx X xTUA; x X x0— By by

fi(a) for (a,z,t) € Ay x x x I,

f[l(a,x,t): Fi(x,t) for (a,z,t) € x x X x I,
Hy(a,z) for (a,z,t) € Ay x X x0.

Then ﬁl is well-defined. Since A1 x *Ux* x X is a sub-complex of A; x X, there
is an extension H; : A x X x I — By of H;. Similarly, we obtain another

extension.A
Define Hy : Ao x * x TLUA; XY xT1UAys xY x0— By by

fa(a) for (a,y,t) € Ag x x x I,
ﬁ2(aay7t) = 5]_{1(@,77_1(9),75) fOI‘ (a7y7t) € Al XY x I7
Hs(a,y) for (a,y,t) € A2 xY x 0,

where n71 : Y — X is the inverse of . Since BHi(a,n71(x),t) = Bfi(a) =
fa(a) for a € Ay, ﬁHl(am*l(y)&)) = BHi(a,n"'(y)) = Ha(a,y) for a € Ay
and Ha(a,*) = fa(a) for a € Ag, Ho is well-defined. Since A; x YU As x % is a
sub-complex of Ay x Y, there is an extension Hy : Ay x Y x I — By of ﬁQ. Let

G = H1|A1><X><1 and Gp = H2|A2><Y><1-
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Since for (a,x) € Ay x X
Ga(axn)(a,z) = Ga(a,n(z)) = Ha(a,n(z),1)

= ﬁ2(a7n(x)’ 1) = 5H1(a777_1(77(93))a 1)
= BHy(a,z,1) = BGi(a,z),

(G1, Gs) is a morphism from « X 1 to 8. Moreover,
Gi(a,*) = Hi(a,*,1) = fll(a, x,1) = fi1(a) for a € Ay,
Gy(a, ) = Hy(a,*,1) = Hy(a, 1) = fo(a) for a € As,
Gi(*,z) = Hy(*,2,1) = Hy(*,z,1) = F(z,1) = b} (z) for = € X,
and fory e Y
G2(*7y) = HQ(*ay71) :I?Q(*ayal) :ﬁgl(*7n_l(y)a1)
BF(n~ (y),1) = BRI (™' (y), 1) = hy(n(n"(y))) = hs(y).
Therefore, (G1,G2) is an (h}, h))-affiliated morphism of (f1, f2). O

Theorem 4.5. Suppose o : A1 — As is an inclusion, n: X — Y is a home-
omorphism and (g1,g2) : B — 7 is a homotopy equivalence. Then (g1,g2)« :
Ghuh2) (o, B) — Glorhi.g2h2) (o ) is an one-to-one correspondence. Especially,
(g1,92)« is an isomorphism provided that G""2)(a, B) and G9111:9212) (o, ~)
are groups.

Proof. Let (g1,95) : ¥ — 8 be a homotopy inverse of (g1, g2). Then
(91, 95)+ (G922 (o, 7)) € GUiot92922) (o, ) = GMR2) (a, B)
by Corollary 2 and Lemma 4.4. Thus
(91, 92)x : GU9212) (o, ) — Go) (a, )

is the inverse function of (g1, g2)«. O

Lemma 4.1 also gives us an information which characterizes the cyclic mor-
phism as follows.

Theorem 4.6. Let §: By — Bs and n : X — Y be maps. If the identity
morphism (idp,,idp,) : B — B is cyclic with respect to a morphism (hy,ha) :
n — B, then G2 (o, B) = T(a, B) for any map a.

Proof. Suppose (idg,,idp,) : B — [ is cyclic with respect to (hi,hs) and

[fl,fg] € H(Oz,ﬂ). Since (fl,fg) = (idBl,ide)(fl,fQ), (fl,fg) 1S CYCHC with
respect to (hy, hy) by Lemma 4.1. Thus [f1, f2] € G2 (a, B). O

The reverse implication may not be true because the homotopic relation does
not preserve the cyclicity in the category of pairs in general. But under the hy-
pothesis that 8 : By — Bs is an inclusion and 77 : X — Y is a homeomorphism,
it is true and thus we have the following theorem.
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Theorem 4.7. Let 8 : By — By be an inclusion. Then the identity morphism
(idp,,idp,) : B — B is cyclic with respect to a morphism (hi,he) : n — B if
and only if GMh2)(a, B) = TI(a, B) for each map «.

Proof. By Theorem 4.6, it is sufficient to prove the ‘only if’ part. Suppose
Ghuh2) (o, B) = TI(a, B) for each map a. Especially, G"1:72) (5, 3) = TI(3, B).
Thus

[idBNide] S H(ﬁ7ﬂ) - g(h17}L2)<575)'
Therefore, there is a morphism (f1, f2) : 8 — 8 which is cyclic with respect to
(h1, he) and homotopic to (idp, ,idp,) in the category of pairs. By Lemma 3.1,
(idp,,idp,) is cyclic with respect to (h1, ha). O

5. Group structures of Gottlieb subsets with respect to a morphism

In this section, we shall investigate group structures of G(*1-%2)(a, B). First,
we shall check the possibility that the Gottlieb subset with respect a morphism
is an image of the induced map from an evaluation morphism in the category
of pairs.

Let wy : Bf( — By and wy : B%/ — Bs be evaluation maps at a base
point * € X and * € Y, respectively. Let 3 : Bi¥ — BY be an object
and (wy,ws) : B — B a morphism. Then (wy,ws)« : H(a, B) — I(a, B) is a
homomorphism.

Definition. An object n7: X — Y is called a right invertible object if it has a
right inverse, that is, there is an object 6 : Y — X such that no 8 = idy.

Example 1. (a) The identity map idx : X — X is a right invertible object.
(b) The natural projection p: X x Y — Y is a right invertible object.
(¢) Every homeomorphism is a right invertible object.
(d) Every Hurewicz fibration with a cross-section is a right invertible object.

Lemma 5.1. Let : By — By and n: X =Y be objects and (h1,hs) :n—
be a morphism. If n is a right invertible object with the inverse 6, then there
exists an object B : B — BY such that B(h1) = ha, where BYX and By are
function spaces with compact open topology with base points hy, ho, respectively.

Proof. Define B : B — BY by B(g) = Bogof for each g € B{. Then f is
continuous since the adjoint 3 of § is the composition 3 = foev o (135 x )

and it is continuous, where ev is the evaluation map from B x X to B; given
by ev(f,x) = f(x). Moreover,

B(hl) = ﬁhle = hgnﬁ = h2. O

Lemma 5.2. Let o : Ay — Ay and §: By — By be objects, n: X =Y be
a right invertible map with the inverse 6 and (hi,h) : n — B be a morphism.
Then Gh:h2) (o, B) is contained in the image (w1, ws). (v, B).
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Proof. Let [f1, f2] € GP"2)(a, 3). Then there exists a morphism (Hy, Hy) :
a x 11— [ such that the following diagram is commutative:

Al\/XM;Bl\/Bl

J v

H;y
A1 XX — B
axmn B

H>

AQXY—> 2

J v

h
A, vy 22 By B,

Consider the adjoint maps I/Tl and }72 of A{fl jnd H,, respectively. Define
B: B — BY by B(g) =B80gof. Then (Hy, Hs) : a — B is a morphism. In
fact,

BH (a)(y) (B0 Hi(a) ©0)(y) = BH(a,0(y)) = Ha(a(a),nb(y))

Hy((a))(nf(y)) = Ha(a(a))(y).

Moreover,
wiH (a) = Hy(a)(+) = Hi(a,%) = fi(a), waHa(a) = Ha(a)(+) = fa(a).
Thus [.F’E,I?;] € (o, B) and (wl,wz)*[fzj{vz] = [W1E7W2ﬁ2] = [f1, f2].
O

Therefore G"1:72) (a, B) C (w1, ws)I(a, B).
Lemma 5.3. Under the same hypothesis in Lemma 5.2, we have

(w1,w2).I(a, B) € G012 (a, )
for the object B : Bi¥ — BY given by B(g) = Bg, where 0 is a right inverse of
7.

Proof. Let [f1, f2] € (wl,wz)*g(a,g). Then there exists a morphism (fy, f5) :
o — fBsuch that (wy,ws)«[f1, fo] =[f1, f2]. By the definition of GM197:72) (o, B),

we may assume (wi,w2)«(f1,f2) = (f1,f2). Consider the adjoint maps f; :
A; x X = By and fy, : Ay xY — By of f; and f, respectively. Define

ﬁ = f1(14, x 0n) and J/C\Q = fy. Then (ﬁ,fg) is a morphism from a x n to 8.
In fact,

Palaxm)(az) = falala),n(@) = Faalx)(n(z)) R
a)(n(z)) = Bf1(a)fn(z) = Bf(a,On())
]-A1 X 077)(a7x) = ﬂfl(aax)
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Furthermore,

~

Fila, %) = Fr(a,00(x) = F1(a)(+) = wif1(a) = fi(a),

~

Filem) = Fu(5,0n(2)) = F1(£)0n(x) = haOn(a),
J?z(éh *) = fz(a)(*) = Wz?z(a) = fz(a)

and
Ja(x, ) = ?2(*)@) = ha.
Thus [f1, fo] € GR1I12) (o, B). 0

By Lemma 5.2 and Lemma 5.3 , we have the following theorem.

Theorem 5.4. Let a: Ay — Ay and B : By — B be maps, n: X — Y be a
homeomorphism and (hi,he) : p — B be a morphism. Then we have
g(hl’h2)(a76) = (thUQ)*H(OZ,B),

where B : BiX — BY is defined by B(g) = Bgf for g € BiX and the inverse 6 of
7.

Definition. A map « : A; — A, is said to be co-H-object if there exists a
morphism a morphism (¢1,¢2) : @« = aV « such that j; o ¢; : A; — A; X A;
is homotopic to A; for i = 1,2, where (j1,72) : @« V@ = a X « is the inclusion

and (A1,A3) : @ = «a X « is the diagonal morphism. In this case, (¢1,¢2) is
called co-H-structure morphism of a.

Example 2. If (Aj, 1) and (A, ug) are co-H-spaces and (g, p2) : o« = aV
is a morphism, then a : A1 — As is a co-H-object. Thus if f : C7 — Cy
is a map, then the suspension map Xf : ¥C; — XC5 is a co-H-object. Let
¢; : XC; — XC; V XC; be a co-H-structure given by

({c,2t),%) if0<t<1/2
¢i<c’t>:{(*,<c,2t—1>) if1/2<t<1

for ¢+ = 1,2. Then we have the following commutative diagram:

0, — 2 x0,vEQ
iE}% ivaEf
S0, — 250, VR0,
In fact,

((f(a),2t), %) for0<t<1/2

$2Xf(a,t) = ¢2((f(a),t)) = { (%, (f(a),2t — 1)) for1/2<t<1,



GOTTLIEB SUBSETS WITH RESPECT TO A MORPHISM 1325

(EfVESf)({a,2t),*) for0<t<1/2

(Bf VENrlat) = { (SFVEf)(k (0,2t 1)) for1/2<t<1

((f(a),2t), ) for 0 <t <1/2
| G (f@),2t - 1)) for 1/2<t<1.

It is well-known fact if «v is a suspension map, then II(«, 8) has a group structure
for each object 5.

Theorem 5.5. Let Ya : XA — Y Ay be the suspension map of a: Ay — Ao,
n: X =Y be a right invertible map with the inverse 6 and (hy,hs) : 1 — Za
be a morphism. Then G112)(Sa, B) is a subgroup of II(Xe, B) for each map
ﬁ : By — Bs.

Proof. By Lemma 4.1, it is sufficient to show that the group operation of
II(Za, ) is closed in GP1P2)(Sa, B). Let [f1, f2] and [g1,g2] be elements in
Ghuh2) (Sa, B). Then there are two (hy, ho)-affiliated morphisms (Hy, Hy) :
Yaxn — fand (G1,G2) : Ba xn = B of (fi,f2) and (g1,92), respectively.
Consider the adjoint maps E, (f?vl : A — BiX of H; and G respectively and
E/Q,a; : Ay — BY of Hy and G5 respectively. Then we have the following
commutative diagram:

A — A ya vea, M pxypx Y px 9 p

o e s b

A, —ZnA,vsa, Y gy ypy Y gy “2.p,

where (¢1, ¢2) : ¥a — YaVEa is a co-H-structure morphism and 3 : B — BY
is given by 8(g) = Bgf for each g € Bi*. In order to show that the diagram is
commutative, it is sufficient to check the commutativity of the second rectangle.

Since f(Hy(0)(z)) = S(Hi(a,)) = Ha(Za(@),n(z)) = Ha(Za(@)(n(z)), we
(BVB)(Hy v G)(a,%) = (BHi(a), BC1(¥))
(BH1(a)0, B(h1))
= (1?2201(‘1)7797 h2)7

(Hy V G2)(SaV Sa)(a, %) = (HyXa(a), GaSa(x)) = (HaSa(a), hy)

for each (a,*) € ¥ A; V X A;. Similarly, we can prove the equality for each
(%,a') € £A; VXA;. Consider the adjoint maps V(E Y ch) of V(E \Y CA};) for
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i =1,2. Then we have the following diagram:

A x X — 2 (B4, vEA)x X 2o B

lZaXn \L(Eavﬂa)xn \Lﬁ

SA xY — L (SAVEA) x Y A~ B,

where 1 = ¢1 X Lx, 1o = V(Hy V G1), 1h3 = ¢2 x 1y and vy = V(Hp V Ga).
Let us represent each element in X A;( or X As) as (a,t). Then we have
BY(Hy v G (¢ x 1x)(at),x) = BY(H VG
= BV(H1VG1)(¢1({a,
= )({a,2

= BH((a,2t))(x
= BH;({a,2t),x)
= ,2t), )
= Hy({a(a), 2)(n(@
= (HQVGQ

= ) ) > *)(n(x))
= (HQ\/GQ)
G>)

)
V(Hz V G2)(¢2(a(a )’ t),n(z))
= V(HzV G3)¢a(Za x n)({a,t), )

for 0 < t < 1/2. By the same way we can prove the equality for the case
1/2 <t < 1. Furthermore,

V(H, V G1)(¢1 % 1x)({a,1),%) = V@ v éj><¢1<<a,t>>, )
= V(M \//le)(f1(<aat>))(*)
= wl(Z(HliGl)@)(@ﬁ)
= wi(Hy +G1)({a,t)),

where ‘+’ is the group operation in II(3¥ A4, BiX) Similarly,
V(Hy V Ga)(¢2 x 1y)((a, 1), %) = wa(Ha + Ga2)({a, t)).
Since
V(H, V G1)(¢1 x 1x)(x,2) = v@ v éilsbl(*),z)
= (V(Hi(%),G1(%)(x) = h(x)
and V(Hy V G2) (g2 x 1y)(x,y) = ha(y),
w1 (Hy + G1),wa(Hy + Ga)) € G2 (3a, B).
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But

(wi,w2)«([H1, Ha] +[G1,Ga]) = [wiHi,woHo] + [w1G1,waGo)
== [flaf2]+[91792]
[fi + g1, fo + go] € GPM2) (2, B). O
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