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THREE SOLUTIONS TO A CLASS OF NEUMANN DOUBLY
EIGENVALUE ELLIPTIC SYSTEMS DRIVEN BY
A (p1,...,pn)-LAPLACIAN

GHASEM A. AFROUZI, SHAPOUR HEIDARKHANI, AND DONAL O’REGAN

ABSTRACT. In this paper we establish the existence of at least three weak
solutions for Neumann doubly eigenvalue elliptic systems driven by a
(p1,-..,pn)-Laplacian. Our main tool is a recent three critical points
theorem of B. Ricceri.

1. Introduction

Here and in the sequel,  C RV (N > 1) is a non-empty bounded open set
with a boundary 99 of class C!, p; > 2 and a; € L*(Q) with essinfqa; > 0
for 1 <i<n.

In this paper we are interested in multiplicity results for the following Neu-
mann elliptic system

_Amul + al(z)|u1|p172u1 = AFU1 (I7 ULsy-- -y un)
+ uGy, (T, u1, ... uy)  in Q
—Ap,ug + a(2)|ua|P? " 2uy = Ay, (@, u1, . .., uy,)

—|—,uGu2(x,u1,...,un) in Q7

—Ap, Up + an()|Un Pr=2y = AR, (zyu1, ... uy)
+ uGay, (z,uq,. .. u,) in 9,
%73:0 for1<i<n on 012,

where A, u; =div(|Vu, Pi=2V¥y;) is the p;-Laplacian operator, p; > N for
1<i<n, A p>0,F:QxR"— Risa function such that F(-,t1,...,t,)

is continuous in Q for all (t1,...,t,) € R® and F(z,-,...,-) is C! in R™ for
almost every x € Q, G : Q@ x R® — R is a function such that G(-,t1,...,t,)
is measurable in € for all (¢1,...,t,) € R® and G(x,,..., ) is C! in R™ for
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almost every z € , F,, and G, denotes the partial derivative of F' and G
with respect to u;, respectively, and v is the outward unit normal to 0f2.

A weak solution of (1) is any u = (u1,us, ..., u,) € WHPL(Q) x WP2(Q) x
oo x WhPn(Q) such that

/szi |Vu,(x)

— (/\/Q ; Fu (z,ui(z),. .., up(x))vi(z)de + /I,/Q ; Gu, (@, ur (), ... ,un(flt))’l)i(.??)dl'> =

for every (v1,v2,...,v,) € WHPH(Q) x WEP2(Q) x -+ x W (Q).

In the literature many papers [5, 10, 12-14, 16, 17, 22, 23] discuss quasilinear
elliptic systems. For example in [12] the authors studied a class of quasilinear
elliptic systems involving the p-Laplacian operator where the right hand side is
closely related to the critical Sobolev exponent and they proved the existence of
at least one nontrivial solution under suitable assumptions on the nonlinearities.
In [10], Y. Bozhkova and E. Mitidieri using the fibering method, introduced by
Pohozaer, established the existence of multiple solutions for a Dirichlet problem
associated with a quasilinear system involving (p, ¢)-Laplacian operators. In
[16], A. Kristaly using an abstract critical point result of B. Ricceri established
the existence of an interval A C [0, +o0o[ such that for each A € A the quasilinear
elliptic system

P2y, (x)v; () dx

Pi—QVui(z)Vvi(x)dx+/Q_Zai(17)|ui($)

—Apu = AF,(z,u,v) in Q,
(2) —Av = AF,(z,u,v) in £,
u=v=0 on 0},

where (2 is a strip-like domain and A > 0 is a parameter, has at least two distinct
nontrivial solutions. In [23], the authors studied the Nehari manifold for a class
of quasilinear elliptic systems involving a pair of (p,¢)-Laplacian operators
and a parameter, and proved the existence of a nonnegative solution for the
system by discussing properties of the Nehari manifold, and they obtained
global bifurcation results. We also refer the reader to [1, 2, 4, 6-9, 11, 17-19]
where the three critical points theorem of B. Ricceri [20] is used. Chun Li and
Chun-Lei Tang in [17] established the existence of an interval A C [0, +oco[ and
a positive real number p such that for each A € A problem (2) admits at least
three weak solutions whose norms in W, () x Wy'?(£2) are less than p. In [1]
a similar result was obtained for the quasilinear elliptic system

Ay up + AFy,, (2 u,u2, ... up) =0 in Q,
Ap,ug + AFy, (z,u1,ug, ..., up) =0 in Q,

Ay, un + AFy, (01, U, ... up) =0 in €,
u; =0for1<i<n on 0f).
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In [8], G. Bonanno and P. Candito using Ricceri’s three critical points theorem,
proved the existence of an interval A C [0, 400 and a positive real number ¢
such that for each A\ € A the problem

(4) {—Aw ar(@)[ulPuy = Mf(z,u) in Q,

g—gzo on 092,

where  C RY(N > 1) is a nonempty bounded open set with a boundary 9
of class C, a € L* () with essinfoa >0, p> N, A>0and f: QxR - R
is a continuous function, admits at least three weak solutions whose norms in
W1P(Q) are less than ¢. Finally, B. Ricceri in [21] extended and revisited the
three critical point theorem he obtained in [20], and in [15] the results were
used to study the problem

u” + (Mf(t,u) + g(u)h(t,u') = pp(t,w)h(t,u') in (a,b),
(5) { (@) = u(b) = 0. "

where f : [a,b] x R — R is a continuous function, g : R — R is a Lipschitz
continuous function, A > 0, h : [a,b] x R — R is a bounded function, pu >
0and p : [a,b] xR — Ris a L!-Carathéodory function for every (¢,u) € [a, b] xR.

2. Preliminaries

First we recall the three critical points theorem [21].

Theorem 1. Let X be a reflexive real Banach space, I C R an interval, ® :
X — R a sequentially weakly lower semicontinuous Ct functional bounded on
each bounded subset of X whose derivative admits a continuous inverse on X*
and J : X — R a C! functional with compact derivative. Assume that

lim (®(z)+ AJ(z)) =40

[lz|[—+o0
for all X € I, and that there exists p € R such that

sup in)f(((b(x) +A(J(z)+p)) < in)f( sup(®(z) + A(J(z) + p)).
AET TE T€X \gJT

Then, there exist a non-empty open set interval A C I and a positive real
number q with the following property: for every A € A and every C functional
U X — R with compact derivative, there exists 6 > 0 such that, for each
w € [0,6], the equation

&' (u) + A\ (u) + p¥' (u) =0
has at least three solutions in X whose norms are less than q.

In the proof of our main result we use the next result to verify the minimax
inequality in Theorem 1.



1238 GHASEM A. AFROUZI, SHAPOUR HEIDARKHANI, AND DONAL O’REGAN

Proposition 1 ([Bonanno, 7]). Let X be a non-empty set and ®, J two real
functions on X. Assume that ®(x) > 0 for every x € X and there exists
ug € X such that ®(ug) = J(ug) = 0. Further, assume that exist uy € X, r >0
such that

(k1) ®(uy) >,

(K2) SUPg(ay<y(—T (%)) < 757
Then, for every v > 1 and for every p € R satisfying

r) — supg ) (—J(2)) —J(uy)
S () <P )
one has
sup Jnf (®(x) + A(J(z) +p)) < inf A21[1)1730_]@(:6) + A(J(2) + p)),
where

vr
o=

T ;J(Sil)) - Sup@(z)<r(7‘](x))

In order to apply Theorem 1 to our problem, let X be the Cartesian prod-
uct of the n Sobolev spaces WP1(Q), WLrz(Q) ... WiPr(Q), ie., X =
WhP1(Q) x WhP2(Q) x -+ - x WhPn(Q) with the norm

H (uhu?»"'vun) || = HUlH + ||u2|| +ee ||un||7

where [|u;|| = ([o,(|Vui(2)|P* + ai(x)\ui(x)|pi)da?)1/pi for 1 <i<n.
Put

max_ .= |u;(x)|Pi
¢ = max sup mesz|pz.( ) s 1<i<ny,.
u; €W ri (Q)\{0} [[ui [P

Since p; > N for 1 < i < n, one has ¢ < +o0o. It follows from Proposition 4.1
of [3] that

maxmeﬁ ‘ul(x)‘pi 1

1<i<n

— —_ b

sup
w €Wiri (@)\{0} ||

where [|a;|[1 = [, ai(z)|dz for 1 <i<n,and so —t— <cfor1<i<n. In

IEAIR

pi laillr’

addition, if Q is convex, it is known [3] that

max, g [ui(2)|

sup
w; eWLPi (Q)\{0} ||
pi—1
pi—1 1 a1 di Q 7‘*1 TP i|]oo
<27 max{ ( )Pli; 1am1( )<p m(Q)) o]
|ail|1 N# \pi—N a1

for 1 <14 < n, where m(2) is the Lebesgue measure of the set ), and equality
occurs when € is a ball.
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3. Main results
‘We state our main result:

Theorem 2. Let F : Q x R — R be a function such that F(-,t1,...,t,)

is continuous in Q for all (t1,...,t,) € R™ and F(x,-,...,-) is C1 in R"
for almost every x € Q. Assume that there exist a positive constant r and a
function v* = (uj,...,u}) € X such that

(Gu) gy el s )

(j2) there is a positive constant n with

em(Q) lim sup : F(x’th” tl n) < L
([t2]eensltn )= (F00,rto0) prlta[Pr - 4 o= tnlPm 11
uniformly with Tespect to x € Q and satisfying
fQ T ,pu:(z))dx 7/ max  F(x,ty,...,t,)dzr > l
where K1 = {(t1,...,tn)| >y Itl‘lpb <ecr},

(js) F(z,0,..., 0) =0 for almost every x € Q.
Then, there exist a non-empty open interval A C|0,rn] and a positive real
number q with the following property: for every A € A and an arbitrary function
G : Q x R" — R measurable in Q for all (t1,...,t,) € R" and C! in R"™ for
almost every x € Q, there is 6 > 0 such that, for each p € [0,6] problem (1)
admits at least three weak solutions in X whose norms are less than q.

Let us first give a consequence of Theorem 2 for a fixed test function u*.

Corollary 1. Let F : Q x R® — R be a function such that F(-,t1,...,t,)
is continuous in Q for all (t1,...,t,) € R and F(z,-,...,-) is C* in R™ for
almost every x € Q such that Assumption (j3) in Theorem 2 holds. Assume
that there exist n + 2 positive constants 0;, T and n with 0; < 7 for 1 <i <mn
such that

(ja)

F(x,ty,...,t
em(92) lim sup T @b, 1") < c -7
(1], o )= (00,000 py [E1[PT o 4 ge[tn P gon =

uniformly with respect to x € Q0 and

n n
1 Ez 1115= 1,J¢1 /F )d
az”l

D HJ 1y pﬂp’

—/ max  F(x,ty,...,t )dm>f
(t1,eestn)EK2 n

L|Pi ori
where Ko = {(t1,...,t,)| Z?:l |t;\:’ < 2?21 o }-
n

Pq
Then, there exist a non-empty open interval A CJ0, 23 " | 9;, | and a positive
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real number q with the following property: for every A € A and an arbitrary
function G : Q x R® — R measurable in Q for all (t1,...,t,) € R" and C! in
R™ for almost every x € Q, there is § > 0 such that, for each p € [0, 3] problem
(1) admits at least three weak solutions in X whose norms are less than q.

Proof. Choose u*(z) = (uj(x),us(z),...,ui(x)) = (1,7,...,7) for every z €
p/L K .7’

Q. Then we have ) . M =3, 7: l|aill;. Put r = %Z?:l agi . Now

since 0; < T, bearlng in mmd that < c¢cfor 1 < ¢ < n, one has

Hai\ll

S @ > r which is (j1). Also, since

er F(x,ui(z),...,ul(z))dz
Z?—l T

1 21 1 Ih * *
= g — 0 F(z,ui(z),...,u (x))dx
>ict s ailly Jo

(T~ py)
_ ML) B 5 /qu it (2))de
(H?:lpj)Zz 1 5 lailly '

= - — ¢ 1n I=hojti j_ ! /F(m,T,...,T)dl‘,
¢dica Hj:1,1¢ipj7'pl||ai||1 Q

(j4) guarantees (j2). O

Example 1. Consider the problem

~Agur + 2Dy = A@? + el (15 - )
+ uGu, (:C,y,ul,uz,ug) in Q,
2,2
—Aguy + 2y luy = Na? + y?)e " 2ubt (15 — us)
(©) + 1Guy (2, y, w1, ug,uz)  in Q,
2, 2
ngll,g =+ @h},ﬂu;g = )\(Sﬂz + y2)67u3ué4(15 . US)
+ uGug(xvyvuth,uS) in Q,

%—0 for1<i<3 on 0f),

where Q = {(z,y) € R% 2% +¢? < 9} and G : Q x R® — R is measurable in
Q for all (t1,t2,t3) € R? and is C! in R? for almost every z € . Note that

c= @ and we choose 6; = 1, 7 =10, a;(x,y) = M for 1 <4 < 3 and

3
F($7y7u17u27u3) = (xQ +y2> Ze_uiuz15

i=1
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for each (z,y) € Q and (ul, ug,u3) € R3. We see that

iy 15 —u,, 15 -
maX3<BZe < 3max(e “u;°) for1<i<3

w4 ud+uf u3<3
and so
1 i I, vt
-== 1n I=Lizti ], /F(m,T,T,T)dx
CZi:lHj:l,j#pij” aill1 Ja
_ max  F(z,y,t1,t2,t3)dz
/Svl(tl’t%ts)GKg ( Yt t2 3)
m? 81n
= 102710 — iy,
T - 3+u3+u§<sze ul
2 243
- 17(;241012 o Tﬂumg,g(e*"iu?) for1<i<3
m? 2437 s
= T q012e-10 _ 22T —Ba5
1024 € 5 ¢
and

F t1,to,t
lim sup (2., 11,2, t3) =0

(1] lt21,t2]) = (+00,+00,100) prlt1[Pr + o [t2|P2 + - [ts[Ps

since p; = 3 for 1 < i < 3. We can now apply Corollary 1 to problem (6) for
every

1
n= 72 _1012—10 _ 817r

ol —wig15°
1024 mMaxys 4yl +ud<3 Zz 1€ 7Y

We now point out a special situation of Corollary 1, in which the function
F has separated variables.

Corollary 2. Let f be a continuous function in Q0 and fz for1 <i<mnbea
function in C' in R™ for almost every x € Q). Assume that there exist n + 2
positive constants 0;, T and n for 1 <i <n with 0; < 7 for 1 <i <n such that

(5)

) v filti c
em(Q) f(x) lim sup Ty p}_[ L )1 e < —
(Italwoftnl) = (ho0,oo) r [E1 [P 4 oo oty 5o B

uniformly with respect to x €  and

1 Zz H 7¢1pjz
e I,

S I, pirillaill 27 e

t;|Pi 07
where Ky = {(tr,...,t)| 0, o < 00, G,
(i6) fi(0) =0 for 1 <i<n.
Pq
Then, there exist a non-empty open interval A CJ0, 23" 6;;_ | and a positive
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real number q with the following property: for every A € A and an arbitrary
function G : Q x R® — R measurable in Q for all (t1,...,t,) € R" and C! in
R™ for almost every x € Q, there is § > 0 such that, for each p € [0, 3] problem

~Apur + ar (@) 2y = Af@) ) | ] i)

1=1,521
+ pGoy (zyug, .oy Uy) n Q,

—Ap,uz + as(@)ualP*Puy = M (2) fy(us) | [ filw)
1=1,i22

(7) + uGo, (T, ur, . uy) in Q,

Ayt + (@) = A @) fo(w) | [ Filw)
i=1,izn
+/J'Gun(xaula'~-7un) mn 97

%:O for1<i<n on 0N

admits at least three weak solutions in X whose norms are less than q.

Proof. Set
F(z,ug,... up) = f(x) (H ﬁ-(ui)>
i=1
for each (z,u1,...,u,) € Q x R, and note that
F(z,ty,... ty)ds = fi(t; d
/Q(tl,..l?zi})(em (z, 1 )dx (tl’.%i>)<€K2il;[1f( )/Qf(x) x
and

/QF(ac?T7 o, T)de = H fi(r) | f(x)dz,

and from (j5) and (jg), it is easy to verify that all the assumptions of Corollary
1 are satisfied. Hence, the proof is complete. O

Corollary 3. Let F : R® — R be a C' function and assume that there exist
n + 2 positive constants 0;, T and n for 1 < i <n with 6; < 7 for1 <i<n
such that

(i7)
F(tl,...,tn) c

< -
Pn n 05)1
nd et ey

em(92) lim sup
(1]s-enlbn )= (460,.rF00) prlt1[PL Ao Sty
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and

(Q)( Y [T 10 PO F(r,...,7)— max F(t17-~-7tn)) >1’

¢y 1HJ 1 piPi | ailly (t1estn ) € K2 n
" o7+
where Kz = {(t1,..., 1) Zz 1 p = Zz 1 p; h
(JS) F(0770>_0 -
Then, there exist a non-empty open interval A CJ0, 2 v iji | and a positive

real number q with the following property: for every A € A and an arbitrary C*
function G : R™ — R, there is 6 > 0 such that, for each p € [0, 0] problem

(8)

—Ap ur + ay(x)|ug [P~ 2uy = AFy, (un,y .. tn) + pGo, (U, ... up)  in Q,
—Ap,us + ag(2)|uaP2 2ug = MFoy (ur, - . oy up) + UGy (U1, - oy up)  in Q)

—Ap, Up + U () [ [P "2y = AFy, (U1, ..o upn) + G, (U1, .. un)  in Q,

%“1—0 for1<i<n on 0N

admits at least three solutions in X whose norms are less than q.

We now look at a consequence of Corollary 3 in the ordinary case p; =
2 for 1 < i < n. For simplicity, we fix Q = (0,1). Note in this situation we
have ¢ — 2 maxc{|Jas|[;, llai o llasl 7% 1< < .

Corollary 4. Let F : R™ — R be a C! function and assume that there exist
n + 2 positive constants 0;, T and n for 1 <i <mn with 0; < 1 for1 <i<n
such that

(jo)

. F(tl,...,t ) 4¢
em(Q) lim sup )
sl s o) SILP S[Ea2 W, 67

where ¢ = max{||ai||f1, ||ai|\go||ai|\f2; 1<i<n} and

02) F(r,.... )
(Zz 121) ( 7-) max F(tl,...,tn)>*,
2¢(m2 300 ||ai||1) (t155tn) €K n

whereK3:{(t1,... n)lzz 1 Z<Z’L 1 'L}

(j1o) F(0,...,0) =0.
Then, there exist a non-empty open interval A CJ0, 1t >0 | 2] and a positive
real number q with the following property: for every A € A and an arbitrary C*
function G : R™ — R, there is § > 0 such that, for each u € [0,9] such that,
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problem
—uy + ar(x)uy = AFy, (U1, ..y un) + uGa, (w1, ..y uy)  in (0,1),
—uly 4+ as(x)ug = AFy, (U1, .y up) + Gy (U, ..y uy)  in (0,1),

—ul + an(T)uy = AFy, (U1, ..oy un) + uGa, (U1, ... u,)  in (0,1),
Qui(0)=2(1)=0 forl<i<n

admits at least three weak solutions in X whose norms are less than q.

4. Existence results in the case n =1
Consider the following Neumann elliptic problem
{ —Apu+ a(@)|ulP"?uy = Af(z,u) + pg(r,u) in Q,

%:0 on 012,

(10)

where Q € RV (N > 1) is a nonempty bounded open set with a boundary 9 of
class C1, a € L>=(Q) with essinfoa >0,p> N, A\, p>0and f,g: QxR - R
are two L'-Carathéodory functions. Let X be the Sobolev space W1P(Q)
equipped with the norm

|W|=<A}VM@W+a@NM@W¢OUA

Corresponding to f and g we introduce the functions F :  x R — R and
G: QxR — R, respectively as follows

me:Af@@a
and .
G@ﬂ=%g@@%

for each (z,t) € Q x R. Put

k — Sup manEﬁ |’U,(.’,C)|
wEW L ()\{0} ]

Since p > N, one has k < +oco. It follows from Proposition 4.1 of [3] that

k> —1r, where ||a||1 = [, |a(z)|dz.

llall?
Now, we present the following result as an application of Corollary 1. Note
that F(x,0) =0 for all z € Q.

Corollary 5. Assume that there exist three positive constants 0, T and 1 with
0 < 7 such that
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(J11) m(Q) imsupyy_, 4 o F|(,5Tpt) < nw uniformly with respect to x € {0 and
0 )d 1
(- )fQ z7) . max F(z,t)dx > —.
k 7P||al|1 Q t€[-9,6) n

Then, there exist a non-empty open interval A CJ0, %(%)p] and a positive real
number q with the following property: for every A € A and an arbitrary L'-
Carathéodory function g :  x R — R, there is 6 > 0 such that, for each
i € [0,0] problem (10) admits at least three weak solutions in X whose norms
are less than q.

We conclude this section by giving a simple consequence of Corollary 5 when
N =1 and p = 2. For simplicity, we fix Q = (a,b). In this case, we have

_1 _1 -
k= v2max{|al|; *, (a+b)(b — a)~2[al|o][allT '}

Corollary 6. Assume that there exist three positive constants 0, T and n with
0 < 1 such that

(J12) (b —a)limsupyy_ 4o l(tglﬁzt) < # uniformly with respect to x € (a,b)
and

b T, T)ax b
(%)2]}1 F( ’ )d

1
5 - max F(z,t)dx > —
72[lallx o tE[=0, 0] n

Then, there exist a non-empty open interval A C0, 2(£)?] and a positive real
number q with the following property: for every A\ € A and an arbitrary L'-
Carathéodory function g : [a,b] x R — R, there is 6 > 0 such that, for each
w € [0,0] problem

" + a(w)u =M (5, u) + pg(a, w),
u'(a) =u'(b) =0
admits at least three weak solutions in X whose norms are less than q.
5. Proof of Theorem 1

We introduce the functionals ®, J : X — R for each u € X, as follows

(11) Z
and
(12) J(u) = — /Q F(x,u(x),. .. u,(z))de.

Note @ is bounded on each bounded subset of X, it is continuously differentiable
and sequentially weakly lower semicontinuous functional, its differential admits
a continuous inverse on X* and since p; > N for 1 < ¢ < n, J is a continuously

|Pz
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differentiable functional with compact derivative. In particular, for each u =
(u1,...,up),v = (v1,...,v,) € X one has

n

o' (u)(v) = /QZ(Wui(w)|’"—2wi<w>wm> + aq (@) g (2) P2 (2) i () ) der,
=1
and

- /Q Z F,,(z,u1(z), ... up(z))v;(x)de.

Furthermore from (jo) there exist two constants o, 8 € R with 0 < a < #
such that

1 1
em(Q)F(z,t1,...,tn) < a(p—|t1|p1 4+t F|t”|pn) + A
1 n

for a.e. z € Q and all t € R. Fix u = (uq,...,u,) € X. Then

« 1 1
F(z,ui(z),...,un(z)) < (— |u1( P —un(2)[P)

em(Q) " p Pn

(13 )
fi .e. Q.
+ cm(Q) or a.e. r €
Then, for any fixed X €]0, rn], since
(14) sup |u; (2)[P* < cffug| |
z€eN

for 1 <4 <n, from (11), (12) and (13), we have

n

P(u) + AJ(u Z |pl —)\/ F(x,ui(x Uy (z))dx

i"

/\ul )[Prdx + - +f/| up (x)|Prdr) —
pl

||
—arn Z Hul | @7

and so
lim  (®(u) + AJ(u)) = +o0.

[|u]| =00

To check the other assumption in Theorem 1 we use Proposition 1. From (ji)
and (11) we obtain (k7). Moreover, from (14) we have

Sup2M <Y

€N i—1 Pi
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for each u = (uq,...,u,) € X, and so for each r > 0

(] — o0, 7[) = {u=(u1,uz,...,un) € X; ®(u) <r}

n
w; |[|Pi
:{u:(u17u2""aun) EX; Z% <T}
i=1 ¢

n ) Di
C{u=(u1,ug,...,up) € X; ZM(pxﬂgcr for each z € Q}.
=1 @

Now since
Flx,uj(z),...,u)(x))dz 1
TfQ ( 1( ) S ( )) _/ max F(x,tl,...,tn)dx>f>0
Z?:l Hu;,” - Q (t1,tn) €KL n
we have

max F(xz, t1,...,ty)dxe <r ,
A(tl ..... tn)EKl ( b ’ n) < Z?_l ||u:Hp1

and we obtain (see (14))

sup (—J(u)) = sup /F(x,ul(x),...,un(x))dg;
u€d—1(]—o0,r[) n M<T Q

< / max  F(x,t1,...,t,)dz
(9] (t1)~<~7tn)eK1

Jo F(z,ui(x), ... uj(z))de
T
)
O(ur(x))

<r

where K7 = {(t1,...,tn)| >oiey % <cr}, so

sup (=J(w) <r —
wed—1(]—o0,r[) P (u)

which means that (k) is fulfilled. Next recall from (j2) that
1

r ;{2113) — SUPyea—1(J—oo,r) (= (1))

v=n ( T s <—J<u>>) 7

ueP—1(]—o0,r()

n >

Choose

and note v > 1. Also, since
1

0> —5— ,
) — SUD et (1o (—J (1))
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we have ) J(ut)
—J(u
sup (=J(w) + = <r——">+5,
u€P—1(]—o0,r[) n (I)('LL )
and so with our choice of ¥ we have
—J(u*
r <I>('(u*)) - SupuE@*I(]—oc,r[)(_J(u)) 7J(U*)

sup (—=J(u)) + <r —.
wed—1(]—o00,r[) v P (u*)

Now from Proposition 1 (with uy = 0 and u; = u*) for every p € R satisfying

—J(u™)
r ) SUPycd—1(]—co,r (_J(U’)) —J(u*
wp (W) 4 2D €@-1(j—o0,r]) (u™)

ueP—1(]—o0,r]) v (I)(’LL*) ’

we have (note o = rn)

sup inf (®(u) + AJ(u) + pA) < inf  sup (P(u) + AJ(u) + pA).
AeRueX u€X xe[0,rn]

For any fixed function G : @ x RY — R as in the statement of the theorem, set

W) = — /QG(J;,ul(x), o (2))da

It is well known that ¥ is a continuously differentiable functional whose differ-
ential U'(u) € X*, at u € X is given by

V' (u)v = —/ Z Gy, (z,ur(x), ..., up(z))vs(x)de for every (v1,...,v,) € X,
Q=1

such that ¥’ : X — X* is a compact operator. Now, all the assumptions of
Theorem 1, are satisfied. Hence, applying Theorem 1, and taking into account
that the critical points of the functional ® + AJ + p¥ are exactly the weak
solutions of the problem (1), we have the conclusion.
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