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ON FILLING DISCS IN THE STRONG BOREL DIRECTION

OF ALGEBROID FUNCTION WITH FINITE ORDER

Yingying Huo and Yinying Kong

Abstract. Using Ahlfors’ covering surface method, some properties on
the strong Borel direction of algebroid function of finite order are ob-
tained. The main object of this paper is to prove existence theorem of a

strong Borel direction and the existence of filling discs in such direction,
which briefly extends some results of meromorphic function.

1. Introduction and main results

Suppose that Av(z), . . . , A0(z) are analytic functions without common zeros
on the whole complex plane C and the indecomposable equation

(1) Av(z)w
v +Av−1(z)w

v−1 + · · ·+A0(z) = 0

defines a v-valued algebroid function w(z) on the complex plane (if Av(z)= 1,
then w(z) is called a v-valued integral algebroid function), where A0(z) ̸≡ 0,
otherwise (1) is an reducible algebriod function; where Av(z) ̸≡ 0, otherwise it
is v−1 valued or less. In particular, when v = 1, w(z) is exactly a meromorphic
function.

The value distribution theory of meromorphic functions due to Nevanlinna
(see [2] and [14]) such as the growth and the singular direction can be extended
to the algebroid function in despite of its multivaluedness and the complexity
of its branch points (see [8], [12], [3] and [10]). For instance, G. Valiron [13]
conjectured that there exists at least a Borel direction for any v-valued alge-
broid function of order 0 < ρ < +∞. Lü and Gu [6] proved that there exists a
direction such that the number of Borel exceptional values is 2v at most. Later,
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Sun [10] investigated the growth relationship of algebroid function and its co-
efficients, and obtained a basic in-equation between the maximum modulus
function and Nevanlinna characteristic function.

Given an algebroid function defined on the z-plane, the existence of its filling
discs was proved by Sun in [9]. Gao proved in [1] that for an algebroid function
of positive order ρ, there exists a Borel direction of the largest type and a
sequence of filling discs in this direction, which extends some results of A.
Rauch [7] for meromorphic function. In this paper we will prove existence
theorem of a strong Borel direction and the existence of filling discs in such
direction by using a Type-function from [5], which improve the results of [6],
[9], [1], [7] and some similar results of [4]. To arrive at our main results, we
introduce some definitions and notations, which can be found in [3] and [10].

The single-valued domain R̃z of definition of w(z) is a v-valued covering

of the z-plane and it is a Riemann surface. A point in R̃z is denoted by z̃
provided its projection on the z-plane is z. The open set which lies over |z| < r
is denoted by |z̃| < r. Let n(r, a) be the number of roots, with due count of
multiplicity, of the equation w(z) = a in |z̃| ≤ r, n(r, a) be the number of
distinct roots of the equation w(z) = a in |z̃| ≤ r. Specially, n(r,∆(θ, ε), a)
denotes the number of distinct roots of the equation w(z) = a in the angular
domain {|z̃| < r} ∩∆(θ, ε), where ∆(θ, ε) = {θ|θ − ε < arg z̃ < θ + ε}. Let

m(r, w) =
1

2vπ

∫ 2π

0

ln+ |w(reiθ)|dθ,

N(r, w) =
1

v

[∫ r

0

n(r, w)− n(0, w)

r
dr + n(0, w) ln r

]
,

Nχ(r, w) =
1

v

[∫ r

0

nχ(r, w)− nχ(0, w)

r
dr + nχ(0, w) ln r

]
,

S(r, w) =
1

π

v∑
n=1

∫∫
|z̃|≤r

( |w′
j(z)|

1 + |wj(z)|2

)2

dw z = reiθ,

T0(r, w) =
1

v

∫ r

0

S(r, w)

r
dr, T (r, w) = N(r, w) +m(r, w),

where nχ(r, w) is the number of the branch points of R̃z in |z̃| ≤ r, counted
with the order of branch. Moreover, S(r, w) is a conformal invariant and is
called the mean covering number of |z̃| ≤ r into w-sphere. We call T (r, w) the
characteristic function of w(z). It is known from [3] or [11] that

(2) T (r, w) = T0(r, w) +O(1), Nχ(r, w) ≤ 2(v − 1)T (r, w) +O(1).

Definition 1. Let w(z) be the v-valued algebroid function, the order of w(z)
is defined by

ρ = lim
r→+∞

lnT (r, w)

ln r
.
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When ρ ∈ (0,+∞), we say that w(z) is a v-valued algebroid function of finite
order.

Definition 2. Let w(z) be the v-valued algebroid function. If ∀ε > 0, ∀a ∈
C : = C ∪∞, we have

lim
r→+∞

ln+ n(r,∆(θ0, ε), a)

ln r
= ρ,

with at most 2v possible exceptional values of a, then ray L(θ0) = {z : arg z =
θ0} is called a Borel direction.

By [5], we can introduce a Type-function V (ln r) = rρ(r) from Valiron’s. If
w(z) is a v-valued algebroid function of finite order ρ ∈ (0,+∞), where ρ(r) is
a non-decreasing continuous function and satisfies

(3) lim
r→+∞

ρ(r) = ρ, lim
r→+∞

ρ
′
(r)r ln r = 0.

We can see that V (ln r) is a non-decreasing continuous function and Type-
function satisfies

(4) lim
r→+∞

T (r, w)

V (ln r)
= 1, lim

r→+∞

V (ln r)

ln2 r
= ∞.

V (ln r) is called Type-function of w(z) with finite order and ρ(r) the proximate
order of w(z).

Definition 3. Let w = w(z) be the v-valued algebroid function of finite order
and V (ln r) = rρ(r) be its Type-function. If ∀ε ∈ (0, π/2), ∀a ∈ C, we have

lim
r→+∞

n(r,∆(θ0, ε), a)

V ′(ln r)
= Cε > 0,

with at most 2v possible exceptional values of a. The ray L(θ0) = {z : arg z =
θ0} is called a strong Borel direction of w(z) based on V (ln r), where Cε is a
positive constant defined by ε.

Theorem 1. Suppose that w(z) is a v-valued algebroid function of finite order
ρ on the whole complex plane, then there exists a strong Borel direction L(θ0) =
{z : arg z = θ0} of w(z) on Type-function V (ln r).

Theorem 2. Suppose that w(z) is a v-valued algebroid function of finite order,
then the strong Borel direction L(θ0) = {z : arg z = θ0} of Theorem 1 is also a
Borel direction.

Theorem 3. Suppose that w = w(z) is a v-valued algebroid function of finite
order ρ on the whole complex plane. If L(θ0) = {z : arg z = θ0} (0 ≤ θ0 < 2π)
is a strong Borel direction of w(z) on V (ln r), then there exists a sequence of
filling discs

Dn = {z : |z − zn| < σn|zn|}, n = 1, 2, . . .

such that

n(Dn, w = b) ≥ V 1−εn(|zn|) and εn → 0 (n → ∞),
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holds for any complex value b ∈ C except at most some possible exceptions
which can be enclosed by spherical circles of radius V − 1

40 (ln |zn|), where zn =
rne

iθn , limn→∞ rn = ∞, lim
n→∞

σn = 0 (σn > 0).

Remark. For any complex number b ∈ C, with some possible exceptions, we
can find a point z ∈ Dn such that w(z) = b at least V 1−εn(|zn|) times, that
is to say the complex plane C can be almost covered by the certain disc Dn

through w(z) at least V 1−εn(|zn|) times, so Dn is called a filling disc in a strong
Borel direction of w(z).

2. Lemmas and their proofs

Lemma 1. Let V (ln r) = rρ(r) be a Type-function of w(z) of finite order
and ρ(r) be the proximate order of w(z). Then V ′(ln r) is a non-decreasing
continuous function on r and satisfies

V ′(ln r) = V (ln r)(ρ+ o(1)).

Moreover

(5) lim
r→+∞

V (ln rh)

V (ln r)
= hρ, lim

r→+∞

V ′(ln rh)

V ′(ln r)
= hρ, lim

r→+∞

V (ln rh)

V ′(ln r)
=

hρ

ρ
,

holds for any h > 1.

Proof. As ρ(r) is a nondecreasing continuous function,

lnV (ln r) = ρ(r) ln r ⇒ V ′(ln r) = V (ln r)[rρ(r) ln r + ρ(r)],

and then V ′(ln r) is also a nondecreasing continuous function on r. By (3), it
follows that

V ′(ln r) = V (ln r)(ρ+ o(1)) (r → +∞).

For any h > 1, we have

lim
r→+∞

V (ln rh)

V (ln r)
= lim

r→+∞
[rρ(rh)−ρ(r) · hρ(rh)] = hρ,

then

lim
r→+∞

V ′(ln rh)

V ′(ln r)
= lim

r→+∞

V (ln rh)[rhρ(rh) ln rh+ ρ(rh)]

V (ln r)[rρ(r) ln r + ρ(r)]
= hρ,

and

lim
r→+∞

V (ln rh)

V ′(ln r)
= lim

r→+∞

V (ln rh)

V (ln r)[rρ(r) ln r + ρ(r)]
=

hρ

ρ
.

Lemma 1 is proved. □

From [6], we have Lemma 2.
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Lemma 2. Let w = w(z) (z ∈ C) be a v-valued algebroid function defined by
(1). For 0 < δ < δ0 ≤ π

2 , 0 ≤ θ0 < 2π, let

∆0 = {| arg z − θ0| ≤ δ0}, ∆ = {z | | arg z − θ0| ≤ δ},

S(r,∆, w) =
1

π

∫∫
∆̃

[
w′(z)

1 + |w(z)|2

]2
dw z = reiθ.

The part of R̃z which lies over ∆ ∩ {|z| < r} is denoted by ∆̃. Then ∀λ >
1, ∀α ∈ N+ and q (q ≥ 3) distinct points a1, a2, . . . , aq on the sphere (the
spherical distance of any two of which is no less than K), we have

(q − 2)S(r,∆, w) ≤ 2

q∑
j=1

n(λ2αr,∆0, aj) + (1 +
1

α
)nχ(λ

2αr,∆0, w)

+ (q − 2)S(λα,∆, w) +
2A ln r

(1−K) lnλ
,

where A is a constant depends only on a1, a2, . . . , aq; and K is a constant and
satisfies 0 < K < 1.

Lemma 3 ([9, Lemma 1]). Suppose that w(z) is a v-valued algebroid function
in |z| < R, and a1, a2, . . . , aq (q ≥ 3) are distinct points on the sphere, the
spherical distance of any two of which is no less than δ ∈ (0, 1

2 ). Then ∀r ∈
(0, R),

(q − 2)S(r, w) ≤
q∑

j=1

n(R, aj) + nχ(R,w) +
251π40vR

(R− r)δ38
.

Lemma 4. Let L(θ0) = {z : arg z = θ0} be a strong Borel direction mentioned
in Theorem 1. Then ∀ε ∈ (0, π

2 ), it follows that

lim
r→+∞

S(r,∆(θ0, ε), w)

V ′(ln r)
≥ Cε > 0.

Moreover,

lim
r→+∞

S(r,∆(θ0, ε), w)

V (ln r)
≥ Cερ > 0.

Proof. For any ε ∈ (0, π
2 ), there exists Cε > 0 such that ∀a ∈ C (with 2v

exceptions at most),

lim
n→+∞

n(r,∆(θ0, ε), a)

V ′(ln r)
> Cε.

Then ∀0 < η < Cε, there exists {rn} such that

n(rn,∆(θ0, ε), a) > (Cε − η)V ′(ln rn).

Let En = {a ∈ V | n(rn,∆(θ0, ε), a) > (Cε − η)V ′(ln rn)}. Then

πS(r,∆(θ0, ε), w) > (Cε − η)V ′(ln rn) ·mesEn,
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where mesEn is the Lebesgue measure of En. Since #{S −En} ≤ 2v, where S
is a complex sphere, mesEn = π, i.e.,

S(r,∆(θ0, ε), w)

V ′(ln r)
≥ Cε − η.

Then

lim
r→+∞

S(r,∆(θ0, ε), w)

V ′(ln r)
≥ Cε > 0.

By Lemma 1, V ′(ln r) = V (ln r)(ρ+ o(1)), we have

lim
r→+∞

S(r,∆(θ0, ε), w)

V (ln r)
= lim

r→+∞

S(r,∆(θ0, ε), w)(ρ+ o(1))

V ′(ln r)
≥ Cερ. □

3. Proofs of theorems

Proof of Theorem 1. We prove Theorem 1 in two steps.
Step i). First, let V (ln r) be a Type-function of w(z) in Lemma 1. Then for

m(m ∈ N+) domains ∆θi = {z | | arg z − 2iπ
m | < 2π

m } (i = 0, . . . ,m− 1), there
is at least a domain ∆θi0 such that

lim
r→+∞

n(r,∆θi0 , a)

V ′(ln r)
≥ 1

(4v + 3)m
> 0

holds for any a ∈ C, with at most 2v exceptions.
Otherwise, for every ∆θi (i = 0, . . . ,m−1), there will be q = 2v+1 complex

numbers aji (j = 1, . . . , 2v + 1) such that

lim
r→+∞

n(r,∆θi, a
j
i )

V ′(ln r)
<

1

(4v + 3)m
.

Then when r is sufficiently close to ∞, we have

(6) n(r,∆θi, a
j
i ) <

V ′(ln r)

(4v + 3)m
.

Let α be any positive integer and λ(> 1) be any positive real number. Put

θi,k =
2πi

m
+

2πk

αm
, ∆i,k = {z | |z| < λ2αr, θi,k ≤ arg z < θi,k+1},

where 0 ≤ i ≤ m− 1, 0 ≤ k ≤ α− 1 and r > 1. Since

{|z| < λ2αr} =
α−1∪
k=0

m−1∪
i=0

∆i,k,

there exists a k0 ∈ [0, α − 1], without loss of generality, we may assume that
k0 = 0, such that

m−1∑
i=0

nχ(∆i,0, w) ≤
1

α
nχ(λ

2αr, w).
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Put

∆i =

{
z | θi,0 + θi,1

2
≤ arg z ≤ θi+1,0 + θi+1,1

2

}
,

∆0
i = {z | θi,0 < arg z < θi+1,1}, 0 ≤ i ≤ m− 1.

Since ∆0
i overlaps only with one ∆0

j , namely ∆0
i+1 and ∆0

i

∩
∆0

i+1 = ∆i+1,0,
then

m−1∑
i=0

nχ(λ
2αr,∆0

i , w) ≤
(
1 +

1

α

)
nχ(λ

2αr, w).

For ∆i ⊂ ∆0
i , by Lemma 2, we have

(q − 2)S(r,∆i, w) ≤ 2

q∑
j=1

n(λ2αr,∆0
i , w = aji ) +

(
1 +

1

α

)
nχ(λ

2αr,∆0
i , w)

+ (q − 2)S(λα,∆i, w) +
2Ai ln r

(1−K) lnλ
(q = 2v + 1).

Adding the above inequality from i = 0 to m− 1 and by (6), it follows that

(q − 2)S(r, w) ≤ 2q

4v + 3
V ′(lnλ2αr) +

(
1 +

1

α

)2

nχ(λ
2αr, w) +O(ln r).

Dividing both sides of this inequality by r, and then integrating both sides
from 1 to r, by (2), we obtain

(q − 2)T (r, w) ≤ 2q

4v + 3

∫ r

1

V ′(lnλ2αt)

t
dt+

(
1 +

1

α

)2

λ2αNχ(λ
2αr, w)

+ (q − 2)T (1, w) + o(ln2 r)

≤ 2q

4v + 3
V (lnλ2αr) + 2(v − 1)

(
1 +

1

α

)2

λ2αT (λ2αr, w)

+ (q − 2)T (1, w) + o(ln2 r).

Dividing both sides by V (ln r) and letting r → +∞. Then from (4) and (5),
we have

2v − 1 = q − 2 ≤ λ2αρ 2q

4v + 3
+ 2(v − 1)

(
1 +

1

α

)2

λ2αρ+2α.

Let λ → 1 and α → ∞, it follows that

1 ≤ 2q

4v + 3
=

4v + 2

4v + 3
,

this is a contradiction. Therefore Step i) holds.
Step ii). By Step i), for any given positive integer m ≥ 4, there always exists

an angular domain

∆m =

{
z : | arg z − θm| < 2π

m

}
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such that

lim
r→+∞

n(r,∆m, a)

V ′(ln r)
> 0

for any value of a with at most 2v possible exceptions. By choosing a subse-
quence (we still note it by {θm}), we can assume that θm → θ0, when m → ∞.
Then the ray L(θ0) = {z : arg z = θ0} is called a strong Borel direction of w(z)
on V (ln r). □

Proof of Theorem 2. Let w(z) be a v-valued algebroid function of finite order.
Then ∀ε ∈ (0, π/2), ∀a ∈ C (with 2v exceptional values at most), we have

lim
r→+∞

n(r,∆(θ0, ε), a)

V ′(ln r)
= Cε > 0.

Then ∀δ > 0, when r is sufficiently large, we have

n(r,∆(θ0, ε), a) ≤ (Cε + δ)V ′(ln r).

And there exists {rn} verifying

n(rn,∆(θ0, ε), a) ≤ (Cε − δ)V ′(ln rn).

By Lemma 1, we have

n(r,∆(θ0, ε), a) ≤ (Cε + δ))rρ(r)(ρ(r) + o(1)),

n(rn,∆(θ0, ε), a) ≤ (Cε − δ)rρ(rn)n (ρ(rn) + o(1)).

Let r → +∞ and by ρ(r) → ρ, we have

lim
r→+∞

lnn+(r,∆(θ0, ε), a)

ln r
= ρ. □

Proof of Theorem 3. We prove this theorem in two parts.
Case i). Put

Bp = {ap−1 ≤ |z| < ap+2}
∩{

z : | arg z − θ0| <
a− 1

a

}
, p = 1, 2, . . . .

For arbitrarily constant ε ∈ (0, ρ) and R > 1, there exists an a0 ∈ (1, 2) (which
defined by ε and R) such that for any a ∈ (1, a0), the following assertion is
true:

If L(θ0) = {z : arg z = θ0} be a strong Borel direction of w(z) on V (ln r),
then there exists at least a p0 with ap0 > R so that

n(Bp, w = b) ≥ V 1−ε(ln ap0)

holds for any complex value b except at most [ (2v−2)(2a3)ρa3

ρCa ln 2 ]+2 possible excep-

tions enclosed by spherical circles of radius δ = V −1/40(ln ap0) on the Riemann
sphere, where [x] denotes the maximal integer not more than x.

Otherwise, ∃ε0 > 0, R > 1, ∀a0 ∈ (1, 2), ∃a ∈ (1, a0), ∀p > lnR
ln a , there are

q = [ (2v−2)(2a3)ρa3

ρCa ln 2 ]+3 distinct complex numbers {aj = aj(p)}qj=1 with spherical
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distance of any two of them is equal to or larger than δ = V −1/40(p ln a), such
that

(7) n(Bp, w = aj) < V 1−ε0(p ln a).

Taking r > R arbitrarily and setting N = [ln r/ ln a], then aN < r < aN+1.
For any positive integer M , put

rp,t = ap+
t
M , t = 0, 1, . . . ,M − 1,

∆

(
θ0,

a− 1

a

)
=

{
z : | arg z − θ0| <

a− 1

a

}
,

Ωp,t = {rp,t ≤ |z| < rp,t+1}
∩

∆

(
θ0,

a− 1

a

)
.

Since

{a−1 ≤ r ≤ aN+3}
∩

∆

(
θ0,

a− 1

a

)
=

M−1∪
t=0

N+2∪
p=1

Ωp,t,

then there is a t0 (0 ≤ t0 ≤ M − 1) depending on N , without loss of generality,
we may assume that t0 = 0 such that

N+2∪
p=1

nχ(Ωp,t, w) ≤
1

M
nχ(a

N+3, w).

Put

B0
p =

{
rp,0 + rp,1

2
≤ |z| < rp+1,0 + rp+1,1

2

}∩
∆

(
θ0,

a− 1

a

)
,

Bp = {rp,0 ≤ |z| < rp+1,1}
∩

∆

(
θ0,

a− 1

a

)
.

Then B0
p ⊂ Bp ⊂ Bp.

Since Bp overlaps only with one Bp′ , namely Bp+1, and it holds

Bp

∩
Bp+1 = Ωp+1,0,

thus
N+1∑
p=1

nχ(Bp, w) ≤
(
1 +

1

M

)
nχ(a

N+3, w).

Obviously, there is a conformal mapping which maps {Bp} into the unit disc
|ζ| < 1 and its center to ζ = 0. Correspondingly, it maps B0

p into |ζ| < K < 1.

Since, for each p > lnR
ln a , {Bp} and {B0

p} are similar. Then K is a positive
constant independent of p. From Lemma 3, ∀aj (1 ≤ j ≤ q), we have

(q − 2)S(B0
p , w) ≤

q∑
j=1

n(Bp, aj) + nχ(Bp, w) +
251π40v

(1−K)δ38p
.



1222 YINGYING HUO AND YINYING KONG

Thus

(q − 2)
N+1∑
p=1

S(B0
p , w) ≤

N+1∑
p=1

q∑
j=1

n(Bp, aj) +
N+1∑
p=1

nχ(Bp, w) +
N+1∑
p=1

251π40v

(1−K)δ38p
.

By (7), we have

(8)

(q − 2)

[
S

(
aN+1,∆

(
θ0,

a− 1

a

)
, w

)
− S

(
a2,∆

(
θ0,

a− 1

a

)
, w

)]
≤ q(N + 1)V 1−ε(ln aN+1) +

(
1 +

1

M

)
nχ(a

N+3, w)

+
251π40v(N + 1)

(1−K)
V

38
40 (ln aN+1).

Moreover

q(N + 1)

V
ε
2 (ln aN+1)

<
q ln aN+1

V
ε
2 (ln aN+1)

<
q ln aN+1

a
ε
2 (N+1)ρ(aN+1)

→ 0 (N → +∞).

Taking N(= [ln r/ ln a]) sufficiently large, then r is sufficiently large too and
r ∈ (aN , aN+1). By (8), we have

(q − 2)

[
S

(
r,∆

(
θ0,

a− 1

a

)
, w

)
− S

(
a2,∆

(
θ0,

a− 1

a

)
, w

)]
< (q − 2)

[
S

(
aN+1,∆

(
θ0,

a− 1

a

)
, w

)
− S

(
a2,∆

(
θ0,

a− 1

a

)
, w

)]
< V 1− ε

2 (ln aN+1) +

(
1 +

1

M

)
nχ(a

N+3, w) + V
39
40 (ln aN+1)

≤ V 1− ε
2 (ln ar) +

(
1 +

1

M

)
nχ(a

3r, w) + V
39
40 (ln ar).

Dividing both sides of the above inequality by r, and integrating both sides
from r to 2r, we obtain

(q − 2)S

(
r,∆

(
θ0,

a− 1

a

)
, w

)
ln 2 + constant

≤ V 1− ε
2 (ln 2ar) ln 2 + (2v − 2)a3

(
1 +

1

M

)
T (2a3r, w) + V

39
40 (ln 2ar) ln 2.

Dividing them by V (ln r) and letting r → +∞, we have

(q − 2) ln 2 · lim
r→+∞

S(r,∆(θ0,
a−1
a ), w)

V (ln r)

≤ ln 2 · lim
r→+∞

V 1− ε
2 (ln 2ar)

V (ln r)
+ (2v − 2)a3

(
1 +

1

M

)
lim

r→+∞

T (2a3r, w)

V (ln r)

+ ln 2 · lim
r→+∞

V
39
40 (ln 2ar)

V (ln r)
.
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Applying (4), (5) and Lemma 4, then

ρCa(q − 2) ln 2 ≤ (2v − 2)

(
1 +

1

M

)
(2a3)ρa3.

Let M → ∞, then

q ≤ (2v − 2)(2a3)ρa3

ρCa ln 2
+ 2,

which is contrary to q = [ (2v−2)(2a3)ρa3

ρCa ln 2 ] + 3.

Case ii). Let εn = 1
2n , Rn = 2n. From Case i), there are an ∈ (1, 1 + 1

n ), pn
and

Bpn = {apn−1
n ≤ |z| < apn+2

n }
∩{

| arg z − θ0| <
an − 1

an

}
, n = 1, 2, . . . .

Let zn = apn
n eiθ0 . Then |zn| = apn

n > Rn = 2n → ∞ (n → ∞). Since

(apn+2
n −apn+1

n )+[apn+1
n (an−1)] = 2apn+1

n (an−1) < 4apn
n (an−1) = rn4(an−1),

we can choose σn = 4(an−1) < 4
n , then σn → 0. PutDn = {z : |z−zn| < σnrn}

then Bpn ⊂ Dn, then from Case i)

n(Dn, w(z) = b) ≥ V 1−εn(pn ln an), n = 1, 2, . . .

holds for any complex value b ∈ C except at most [
(2v−2)(2a3

n)
ρa3

n

Canρ ln 2 ] + 2 possible

exceptions enclosed by spherical circles of radius δ = V −1/40(pn ln an) on the
Riemann sphere. Hence Dn are the filling discs in the strong Borel direction
L(θ0) of w(z). □
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LMAM, Université de Bretagne-Sud, BP573
56017 Vannes, France
E-mail address: kongcoco@hotmail.com


