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CONJUGACY SEPARABILITY OF GENERALIZED
FREE PRODUCTS OF FINITELY
GENERATED NILPOTENT GROUPS

WEI ZHou, GoANsU KiMm, WUJIE SHI, AND C. Y. TANG

ABSTRACT. In this paper, we prove a criterion of conjugacy separability
of generalized free products of polycyclic-by-finite groups with a non-
cyclic amalgamated subgroup. Applying this criterion, we prove that
certain generalized free products of polycyclic-by-finite groups are conju-
gacy separable.

1. Introduction

Let S be a subset of a group G. Then G is said to be S-separable if, for
each z € G\ S, there exists a normal subgroup N, of finite index in G such that
& N,S. If S = {1}, then G is residually finite. If for each z € G, G is {x}-
separable, where {z}“ is the conjugacy class of z in G, then G is said to be
conjugacy separable. Residual and separability properties are of interest to both
group theorists and topologists. They are related to the solvability of the word
problem, conjugacy problem (Mal’cev [10], Mostowski [12]). Topologically they
are related to problems on the embeddability of equivariant subspaces in their
regular covering spaces (Scott [15], Niblo [13]).

Known classes of conjugacy separable groups are not too many. In [4], Black-
burn proved that finitely generated nilpotent groups are conjugacy separable.
Formanek [7] showed that polycyclic groups are conjugacy separable. Fine and
Rosenberger [6] showed that Fuchsian groups are conjugacy separable.
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In this paper we use generalized free products to get more classes of conju-
gacy separable groups. Most papers constructed by this way use cyclic amal-
gamated subgroups (see [14], [5]). Baumslag [2] constructed a generalized free
product of two finitely generated nilpotent groups, amalgamating a subgroup
isomorphic to Z x Z, which is not residually finite. However generalized free
products of polycyclic-by-finite groups, amalgamating central subgroups, are
conjugacy separable [8]. Recently, Allenby, Kim, and Tang [1] considered the
case when the amalgamated subgroup is a direct product of two cyclic groups
and showed that most of Seifert groups are conjugacy separable.

In this paper, we consider the conjugacy separability of generalized free prod-
ucts of polycyclic-by-finite groups amalgamating a finite extension of central
subgroup. In particular we prove the following criterion:

Corollary 2.8. Let G = A xyg B, where A, B are polycyclic-by-finite groups.
Let C C Z(G) with |H : C| < co. Then G is conjugacy separable if and only
if,

(C1) Foru € H\C and c € C, if uc g u, there exist M <y A and N <y B
such that MNH = NNH and, in G = Axpy B, U¢ o4 1, where A = A/M7B =
B/N, H=HM/M = HN/N.

Using this criterion, we shall prove that certain generalized free products are
conjugacy separable in Section 3.

2. A criterion

Throughout this paper we use standard terms and notations.

The letter G always denotes a group.

If » € G, {2}9 denotes the set of all conjugates of z in G.

T ~¢g Yy means x,y are conjugate in G.

x ¢ y means x,y are not conjugate in G.

Z(G) means the center of G and Z»(Q) satisfies Z2(G)/Z(G) = Z(G/Z(G)).

N < G means N is a normal subgroup of G with finite index.

If G = A xy B then ||z|| denotes the free product length of = in G.

The following results are important for the study of the conjugacy separa-
bility of generalized free product, which will be used extensively in this paper:

Theorem 2.1 ([9, Theorem 4.6]). Let G = Axy B and let x € G be of minimal
length in its conjugacy class. Suppose that y € G is cyclic reduced, and that
r~aGgy.

(1) If ||z]| = 0, then ||lyl] < 1 and, if y € A, then there exists a sequence
hi,ha, ... h,. of elements in H such thaty ~a h1 ~p ha ~a -+ ~(B) hr = .

(2) If ||z]| = 1, then ||y|| = 1 and, either z,y € A and x ~4 y, or z,y € B
and x ~p y.

(3) If ||z|| > 2, then ||z|| = ||y|| and y ~g x* where x* is a cyclic permuta-
tion of x.
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Theorem 2.2 ([5, Theorem 4]). If A and B are conjugacy separable and H is
finite, then G = Axyg B is conjugacy separable.

By this theorem, we can easily see that the generalized free product of
finite groups is conjugacy separable, which will be used later. In order to
study the conjugacy separability of generalized free product with a non-cyclic
amalgamated subgroup, we need the followings.

Definition 2.3. A group G is H-conjugacy separable if, for each x € G such
that {z}¢ N H = (), there exists a normal subgroup N of finite index in G such

that {Z}¢ N H = ) where G = G/N.

Lemma 2.4. Let A be a polycyclic-by-finite group and C 1 A. If C < H < A
and |H/C| is finite, then A is H-conjugacy separable.

Proof. Let a € A and {a} N H = 0. Let A = A/C. Then {@*nH = 0.
Since A is also a polycyclic-by-finite group, A is conjugacy separable. As H is
finite, there exists N <1y A such that Na %Z/ﬁ Nh for all h € H. Let N be
the preimage of N in A. Then we have {Na}*/N N NH/N = §. O

A group G is central subgroup separable if G is H-separable for any finitely
generated subgroup H in Z(G). Here we note that Z(Axyg B) = Z(A)NZ(B) C
ANB=H.

Lemma 2.5. Let G = Axy B where A, B are central subgroup separable groups.
Let C C Z(Q) such that |H : C| < co. Then, for each M; <y A and N, <y B,
there exist M <1y A and N <y B such that M NH = NN H with M C M; and
N C M.

Proof. For every S <; C, we consider G = G/S = A/S *p/s B/S. Since A, B
are central subgroup separable, A/S and B/S are residually finite. Since H/S
is finite, G is residually finite [3]. Let C; = M;NN;NC. Then C; <s C. Hence
H/C; is finite and G = G/C} is residually finite. Thus there exists L <5 G
such that L N H = 1. Let L be the preimage of L in G. Let M = M; N L and
N = NyNL. Since LNH = C}, we have MNH = (MlﬁL)ﬂH =M NC; =C;
and, similarly, NN H = C;. ([

Lemma 2.6. Let G = A xyg B, where A, B are central subgroup separable
groups. Let C C Z(G) with |H : C| < co. Then G is residually finite and
H-separable.

Proof. Let 1 #2 € G. If x ¢ C, then, in G = A/C *p/c B/C, T # 1. Since G
is residually finite, there exists L < ¥ G such that T & L. Let L be the preimage
of Lin G. Then L <y G such that ¢ L. If z € C, there exists S <Iy C such
that © ¢ S. Let G = A/S ps B/S. Then T # 1. Since G is again residually
finite, as before we can find L <1y G such that ¢ L. Hence G is residually
finite.
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To show that G is H-separable, let z € G\H. Clearly 7 ¢ H in G =
A/C *gc B/C, where H = H/C. Since G is residually finite and H is finite,
there exists L <y G such that LNTH = (). Let L be the preimage of L in G.
Then x ¢ LH. Hence G is H-separable. (]

Theorem 2.7. Let G = A xyg B, where A, B are central subgroup separable
groups. Let C C Z(G) with |H : C| < oo. Suppose that A, B are H-conjugacy
separable and A/C,B/C are conjugacy separable. Then G is conjugacy sepa-
rable if and only if,

(Cl) Foru e H\C and c € C, if uc g u, there exist M <1y A and N <y B
such that MNH = NNH and, in G = A*HB, Uc e U, where A= A/M,B =
B/N, H=HM/M = HN/N.

Proof. Suppose that G is conjugacy separable. Let u € H\C and ¢ € C such
that uc 7 u. Then there exists T <iy G such that in G = G/T, uc % u. Let
M=TnAand N =TnNB. Then M <y A and N <y B. By Theorem 2.2,
G = A/M x5 B/N is conjugacy separable, where H = HM/M = HN/N.
Since there is a natural homomorphism ¢ : G— G, we have 0é *e .

Conversely, suppose that condition (C1) is satisfied in G.

Let z,y € G such that = #¢ y. Without loss of generality we can assume
that x and y are of minimal length in their conjugacy classes in G. Since G is
residually finite (Lemma 2.6), we may assume that x # 1 # y. To prove the
theorem, we shall find M << A and N < B such that M N H = N N H such
that Z 75 J, where G = A/M s B/N is conjugacy separable. If this is done,
there exists T' <ty G' such that 2T g7 yT', which means that G is conjugacy
separable.

Case 1. [|z][ = [[y|| = 0.

Subcase 1. x € C and y € H (or y € C and x € H). Suppose that x € C.
Clearly,  # y. Since G is residually finite by Lemma 2.6, there exists L <y G
such that z7ly ¢ L. Let A = A/(ANL) and B = B/(BnN L). Consider
G = Axg B, where H = HL/L. Obviously T £z 7 because z € C C Z(G)
and T # 7 by the choice of L. By Theorem 2.2, G is conjugacy separable, as
required.

Subcase 2. 2,y € H\C. Now consider G = A/C *m/c B/C. By assumption
A/C, B/C are conjugacy separable. Hence G is conjugacy separable. If & *e b,
then there is nothing to prove. So we suppose that & ~5 g. Then § = §~'2g
for some g € G. Hence y = g 'zgc = g 'acg for some ¢ € C. Thus, since
x g Yy, v ¢ xc. By condition (C1), there exist M <y A and N <y B
such that M N H = NN H and, in G = A/M x5 B/N, T¢ +g T, where
H = HM/M = HN/N. Then G is conjugacy separable, and T %z ¥, as
required.

Case 2. ||z|| =1 and ||y|]| =0 (or ||y|]| =1 and ||z|| = 0).

Without loss of generality, let + € A\H and y € H. Since z is of the
minimal length 1 in its conjugacy class, {x}¢ N H = (). Hence {z}* N H = ().
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By assumption, A is H-conjugacy separable. There exists My <1y A such that,
in A/My, {xM}*M 0 HM,/M; = (. By Lemma 2.5, there exist M <y A
and N <y B such that M C M;, N C B,and MNH = NNH. Let G =
A/M *7 B/N, where H = HM/M = HN/N. Since A/M, B/N are finite, G is
conjugacy separable. By the choice of M C M, we have {z}* N'H = (). Hence
7 is of the minimal length 1 in its conjugacy class in G = A/M 5 B/N. Since
y € H, by Theorem 2.1, T 5 ¥, as required.

Case 3. ||z = Ilyl| = 1.

Subcase 1. z,y € A\H (or x,y € B\H). Since x is of minimal length in its
conjugacy class, {z}“ N H = (). Hence {x}* N H = (). By assumption, A is H-
conjugacy separable. There exists My <y A such that, in A/M;, {x M }A M0
HM, /M; = 0. Since A is conjugacy separable, there exists My <y A such that
xMs #a M, yMa. By Lemma 2.5, there exist M <1y A and N <y B such that
M CMNMy, NCB,and MNH =NnH. Let G = A/M s B/N, where
H=HM/M = HN/N. Since A/M,B/N are finite, G is conjugacy separable.
By the choice of M, N, we have {Z}ANH = () and T *=7 7. Hence, by Theorem
2.1, T %5 7, as required.

Subcase 2. Suppose that x € A\H and y € B\H. As in Subcase 1, there
exist M <y A and N <y B such that MNH = NN H, {tM}*/MnHM/M = ()
and {yN}P/N N HN/N = (. Let G = A/M %z B/N, where H = HM/M =
HN/N. Then T and 7 are of the minimal length 1 in their conjugacy classes,
respectively. Hence, by Theorem 2.1, T % ¥, as required.

Case 4. ||z|| # |y|| and ||z|| > 2 (or ||y|| > 2). Since x is of minimal length
of its conjugacy class, we can suppose that © = a1by - - - a4y, by, where a; € A\H
and b; € B\ H. Without loss of generality, suppose that y = ¢1d; - - - ¢, d;, where
¢; € A\H and d; € B\H. Since G is H-separable by Lemma 2.6, there exists
L <1y G such that all a;,¢j,b;,d; € HL. Let M = ANL and N = BN L. Then
M <y A and N <y B, and G = A/M 5 B/N is conjugacy separable, where
H = HM/M = HN/N. Moreover we have ||Z|| = ||z|], ||| = ||y||. Thus z,7
are cyclically reduced and ||Z|| > 2. Tt follows that T is of minimal length in
its conjugacy class. Since [|Z|| # [[7]|, by Theorem 2.1, T ¢ 7, as required.

Case 5. ||z]| = ||y|]| > 2. As before, suppose that = a1by - - - amby, and y =
cidy -+ - emdpm, where a;,c; € A\H and b;,d; € B\H. Let X = {h~'2*h| h € H
and z* is a cyclic permutation of x}. Since C C Z(G) C H, |H : Z(G)| is
finite. It follows that X is finite and y ¢ X. Since G is residually finite, there
exists Ly <y G such that yL; N{zL;| z € X} = (. Now G is H-separable by
Lemma 2.6. As before, there exists Ly <1y G such that all a;,¢;,b;,d; & HLs.
By Lemma 2.5, there exist M <1y A and N <y B such that M NH = NNH and
M,N C LiNLy. Then, in G = A/Mx*3B/N, we have |[Z|| = [|z]| = ||y|| = ||¥]|-
Since A/M and B/N are finite, G is conjugacy separable. By the choice of L1,

we have § o477 *. Hence, by Theorem 2.1, T #& ¥, as required. O
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Note that quotient groups of polycyclic-by-finite groups are polycyclic-by-
finite and polycyclic-by-finite groups are subgroup separable [11] and conjugacy
separable [7]. Hence, by Lemma 2.4, we have the following from Theorem 2.7:

Corollary 2.8. Let G = A xyg B, where A, B are polycyclic-by-finite groups.
Let C C Z(G) with |H : C| < co. Then G is conjugacy separable if and only

if,
(C1) Foruw e H\C and c € C, if uc #¢ u, there exist M <y A and N <y B

such that MNH = NNH and, in G = A*HB, Uc g 1, where A = A/M,B =
B/N, H=HM/M = HN/N.

3. Conjugacy separability of certain generalized free products

In this section, we prove certain generalized free products of polycyclic-by-
finite groups are conjugacy separable.

Theorem 3.1. Let A, B be isomorphic polycyclic-by-finite groups under the
isomorphism ¢ and let G = Axg B, where H = ¢(H). Suppose that C C Z(Q)
with |H : C| < co. Then G is conjugacy separable.

Proof. To use Corollary 2.8, we prove that (C1) holds. Let u ¢ uc, where
u € H\C and ¢ € C. Then u #4 uc. Since A is conjugacy separable, there
exists M <1y A such that u % uc, where A = A/M. Then N = ¢(M) <y B
and in G = A x5 B, where B = B/¢(M) and H = H/N = ¢(H)/¢p(M), we
show that @ ¢ 7uc.

If 4 ~z ue, then there exist h; € H = ¢(H) such that

(1) ﬂNzﬁl Ngﬁz NZ“-NZETNFT.

Sill(;e h; = ¢(h;), each of hy ~5 hsy1 implies hy = ¢~ (h;) ~§-1(B) ¢ (hsi1)
= hsy1. Hence (1) implies

(2) HNZENZEQ NngN;"'Nzhr ~7 uc.

Thus @ ~ uc, which contradicts our choice of N. Therefore u Xz uc. It
follows from Corollary 2.8 that G is conjugacy separable. O

Theorem 3.2. Let G = A xg B, where A, B are polycyclic-by-finite groups
and H = K x C such that C C Z(G) and K s finite. Then G is conjugacy
separable.

Proof. Since C' is a finitely generated abelian group, C' = K; x C; where K;
is finite and C7 is torsion-free. Hence we may assume that C' is torsion free.
Under this assumption, we show that (C1) holds.

Let x € H\C and ¢ € C such that © #g zc. Since H = K x C, we
may assume that z € K. Let S <y C such that ¢ ¢ S. Let G = G/S =
A/S xps B/S. We shall show that T ;¢ Tc. Suppose that T ~ Tc. Then,
by Theorem 2.1, there is a sequence hy,...,h, of elements in H such that
T~z hy ~F ho ~g o~ h, ~F Tc. Since T ~7% hy for some a1 € A,
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we have T = 6;15161. Let hy = k1¢; where k1 € K and ¢; € C. Then
T’lﬁflﬁlﬁl = Efl. Hence m’laflklal € C. Let xilaflklal =z € C. Then
a7 'kia; = xz. Since ky,x € K are of finite orders, let m = lem{|x|, |k;|}. Then
1 = a;'kPPay = ™2™ = 2™. However C is torsion-free. Hence z = 1. Thus
x~ a1 “'kiay = 1. Tt follows that ¢, = 1 and hy = k. Similarly, since hy ~5 ha,
if hg = koG, co € C and ky € K, then ¢ = 1 and hy = k. Inductively, we can
see that if h, = k,¢,, then ¢, = 1 and h, = k,. Now, since k, = h, ~5 5 Y = ¢,
as before, we have ¢ = 1, contradicting the choice of S.

Consequently, T # Te. Since H is finite, G is conjugacy separable (The-
orem 2.2). Hence there exists L <y G such that Lz *a/T Lze. Let L be the
preimage of L in G. Let M = LNA and N = LNB. Then M<lfA N<lfB and
MNH=NNH and, in G = A Bx%GJ:c where A = A/M, B = B/N,
H=HM/M = HN/N.

This proves that (C1) holds. Hence, by Corollary 2.8, G is conjugacy sepa-
rable. ]

Theorem 3.3. Let G = A xy B, where A, B are polycyclic-by-finite groups.
Let C C Z(G) with |H : C| < oco. If H C Z(A), then G is conjugacy separable.

Proof. To show that (C1) holds, let x € H\C and ¢ € C such that x %¢g xc.
Since B is conjugacy separable and x ¢¢p wc, there exists N; <1y B such that
Niz g/n, Niwe. Let NynC = S. Then S <y C. Let G =G/S =
A/S xps B/S. We shall show that T st Tc. Suppose that T ~ Zc. Then,
by Theorem 2.1, there is a sequence hi,...,h, of elements in H such that
xwfhlw hQN "'NZh 5 TC. SlnceHCZ(A),lth kfor hk € H
thenh—k Hence we havex-hl N*hg —h3 NgNEh —1 —h N§$C
Thus T ~5 T¢ which contradicts our choice of N;. Therefore, Z /45 T¢. Then,
as in the proof of previous theorem, we can find M <1y A and N <y B such that
MNH=NNH and, in G = Axy B, & 4 i¢, where A = A/M,B = B/N,
H =HM/M =HN/N.

This proves that (C1) holds. Hence, by Corollary 2.8, G is conjugacy sepa-
rable. O

Theorem 3.4. Suppose that G = A xg B, where A, B are finitely generated
nilpotent groups. Suppose that H C Z3(A), H C Z3(B) and C = Z(A)N H =
Z(B)NH = {c) with |H : C| < co. Then G is conjugacy separable.

Proof. Suppose that x,y € H. If x ~4 y, then there exists a € A such that
a~lza = y. Since H C Z3(A), there exists z € Z(A) such that a=lza = xz.
Thus we have y~'z = 271 € HN Z(A) = (c). This means that if the elements
x,y of H are conjugate in A then z,y have to be in the same coset of C in H.
In the same way, in A = A/(c*), if T ~5 7, then z,y are in the same coset of
C in H. Similarly, in B = B/(c*), if T ~5 ¥, then z,y are in the same coset of
Cin H.
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To prove (C1), suppose that h € H\C and h g hc!. Then h £ 4 hc! and
h op hl.

(1) Suppose that h £ 4 hc' (similarly h £ het) for all i # 0. In this case, we
have hc! ~4 hc? if and only if i = j. Moreover, for any k > 0, in A = A/(c¥),
het ~3 hé if and only if ¢ = @. Since h #p hc!, there exists N <y B such
that Nh %B/N Nhet. Let NN {(c) = (ck) for some k > 0. We shall show that,
in G = Gk, T g i

If h ~a hé, then, by Theorem 2.1, there exist hi,...,h, € H such that
hw—hlw h2~ <+~ by~ T

We have proved that 1f h; ~A(B) hz+1, then h; and h;4; are in same coset
of C in H. Hence h,hy,ha,..., h.,he! are in the coset hC. Therefore, we
have h; = hcl for some [;. Note hé' ~+ hé if and only if ¢ = ¢. Hence, if
h; ~7 hlﬂ, then hei ~7 Rt Wthh 1mphes i = ¢t Thus h; = Ei+1.
Therefore we have h = h1 ~5 hy = - = h, ~5 hét. Thus h ~5 hét which
contradicts our choice of N. Therefore h Vel he'.

(2) Suppose that there exist positive integers ki, ks such that h ~4 hck
and h ~p hc*2. Since h 4 he!, we can choose m to be the minimal positive
integer such that h 4 he™ but h ~4 he™tL. Thus we have

hoba het, hoba he?, ..., h by he™, but h ~4 he™t,
This implies that h ~ hc® if and only if ¢! € (¢™*+1). Similarly, there exists
the smallest positive integer n such that h £g hc™ and h ~pg hc™t!. This also
implies that h ~p hc® if and only if ¢* € (" T1).

Since h ~4 h¢™t! and h ~p h¢™t1, we have

h~a hc/\(m+1) ~p hc/\(m+1)+,u,(n+1)

for all integers A, u. Let d = gcd{m+ 1,n+1}. Hence h ~g hc? for all integer
k. Thus, since h g hc!, we have ¢ ¢7< 4y,

Now consider G = G/( 4y = A x4 B, where A = A/(c?), B = B/(c?), and
H = H/(c%). We note that

(3) h ~A(B) he' if and only if ¢ = 1.

We shall show that, in G, h es hé. Suppose that h ~G hé. By Theorem
2.1, there exist hq,...,h, EHsuchthathN h1~ ---Nzh hc
As before, h, hi, ha, ..., hy, he! are in the coset hC Hence h; = hcbi for some
li. Since h ~5 hy = hcll, we have @ = 1 by (3) and h; = h. Since h =
hi ~5 hy = hcl“’, we have @2 = 1 by (3) and hy = h. Similarly, we have

713*1* o=¢rand hg =--- = h, = h. Frnally,smcehfhw hé, we
have C, = 1 by (3), which contradicts the fact that ¢! ¢ (c?). Hence we have
h e he.

Since H is finite, G is conjugacy separable (Theorem 2.2). Hence there exists
T <y G such that hT %G/T he'T. Let T be the preimage of T in G and let

M=TnNAand N =TNB. Then MNH = NNH and, in G = A/M xz B/M,
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we have h *ea hét. This proves that (C1) holds. Thus, by Corollary 2.8, G is
conjugacy separable. O
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