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APPROXIMATION OF QUADRIC SURFACES USING SPLINES
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ABSTRACT. In this paper we present an approximation method of quadric surface using quar-
tic spline. Our method is based on the approximation of quadratic rational Bézier patch using
quartic Bézier patch. We show that our approximation method yields G* (tangent plane) con-
tinuous quartic spline surface. We illustrate our results by the approximation of helicoid-like
surface.

1. INTRODUCTION

Approximations of conic section and quadric surface by Bézier curve and surface are im-
portant tasks in CAGD (Computer Aided Geometric Design) or CAD/CAM. In the recent
twenty years, many works on the approximation of conic section including circular arc or
quadric surface by Bézier curve or surface with high order approximation have been developed
[1,6,7,8,17,19, 20, 22].

In particular, Fang presented the quintic Bézier curve approximation of circular arc[10]
and of conic section[11], and presented rational quartic representation for conic sections[12].
Floater found the approximation of conic section by quadratic Bézier curve[14] and Bézier
curve of odd degree n with error bound analysis[15], and presented the approximation of ratio-
nal curve by Bézier curve having the optimal approximation order 2n[16]. Recently, Ahn has
presented the quartic Bézier curve approximation of conic section with error bound analysis[3].

In this paper we present an approximation method of quadric surface using quartic spline
using the approximation method in [3]. We find the necessary and sufficient condition that the
quartic approximate spline is G' (tangent plane) continuous. We also obtain the error bound of
our approximation method using the error analysis in [15].

In §2, we present the method of the quartic spline approximation of the quadric surface, and
find the some properties of our approximation method. In §3, we illustrate our assertions by
some examples.
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2. APPROXIMATION METHOD OF QUADRIC SURFACE USING QUARTIC BEZIER SURFACE

In this section we present an approximation method of quadric spline by the G'! quartic
spline. Quadric spline consists of quadratic rational Bézier patches, and the quadratic rational
Bézier patch is the extension of quadratic rational Bézier curves to two variables, which is also
called by conic section. Conic section is represented in the standard rational quadratic Bézier
form
_ poBi(t) + prwBi(t) + p2B3(t)
I'(t) - 2 2 2 ’

By(t) + wBi(t) + B3(t)

where po, p1, p2 € R? are the control points, w > 0 is the weight associated with p, and
B (t) is the Bernstein polynomial of degree n given by

t€10,1]

BN (t) = i!(n”ii)!tiu —O" o te o).

(Refer to [5, 13, 15].) Also the quadratic rational Bézier patch R(t, s) has the representation
2 2
> im0 2 j—o Pijwij BY(t) B3 (s)
2 2
> i0 ijo w;; B} (t)BJZ(S)

where p;;, (0 <4, j < 2) are control points, and w;; are weights. In this paper we assume that

R(t,s) =

: t,s€[0,1] @2.1)

ois 1wy 1 1
w = [ wz-j ]5;0:1:2 = w1 wiw2 wq = w1 [ 1 w9 1 ] . (2.2)
1 wo 1 1

Quartic spline consists of quartic Bézier patches. The quartic Bézier patch S(¢, s) can be
expressed by

4 4
S(t,s) =Y > byBl(t)B}(s), t,s € [0,1]
i=0 j=0

where b;;, 0 < i,j < 4, are the control points, and b;; also called control net of S(t,s).
Actually, the quartic Bézier approximation method for given quadratic rational Bézier patch
means looking for the control net b;; for the given control points p;; and weights w;.

Recently, we found an approximation method of conic section by quartic Bézier curve in
[3]. In the method, for given conic section r(t) having the control points p;, i = 0, 1,2, and
weight w, the quartic Bézier approximation b(t) = Z?:o BZ(t)b; has the control points

by = po
b; = (1-a)po+ap:
1-— 1-—
by = 5 Bpo + Bp1 + 5 ﬁp2 (2.3)
b3 = api+(1—a)p2

by, = po
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where
2w 3
“ = uri 1’
5 2(w? —w+ 2+ 2(w—1)Vw + 1)
3w(w + 1) '
Also, we had the error bound analysis[3],
du(b,r) < Ey(w)|po — 2p1 + P2 (2.4)
where
Ea(w) 1 1 lw — 12 (w + 2 — 2y/w + 1)?
w) = — max
4 28 w2l w?(w + 1)

for 0 < w < YT ~ 5.562.

Now, we construct the quartic Bézier surface approximation of quadratic rational Bézier
surface. Let R(t, s) be given quadratic rational Bézier patch as in Equation (2.1). We use the
quartic Bézier curve approximation method[3] of conic section as two variables case. Thus we
have the matrix form of the quartic Bézier curve approximation in Equation (2.3)

(bo, -+, ba)" = Aw(Po, P1,p2)” (2.5)
or equivalently, (bg, - - -, by) = (po, 1, P2) AL, where A, is 5 x 3 matrix
1 0 0
l—-a « 0
A= | g 1
0 a 11—«
0 0 1
Finally, we present the quartic Bézier surface approximation
4 4
S(t,s) =Y > biyBi(t)Bj(s)
i=0 j=0

where the control net b;; is
§=0,- §j=0,1,2 4T
(bij)iz =0, 4 = A, (Pij)i= 0,1,2A
As an example, we plot the quadratic rational Bézier patch and its quartic Bézier approximation

in Figure 1. For more detailed description, we define the intermediate surface H(¢, s) as the
quartic Bézier curve approximation of R(t s) in view point of the variable s. Then

> hy; wzoB (t)
E = —-"B; 2.6
Z szB2 ) J (8) ( )
where the control points (hjg, - - - , hiy)? = Ay, (Pio, Pi1, Pi2)” fori = 0,1, 2, or equivalently,

(hio, -+, hig) = (Pio, Pi1, Piz) AL, - 2.7)
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FIGURE 1. (a) The quadratic rational Bézier patch having the control net
(pm)fzgllg . (b) The quartic approximate Bézier patch having (bw)iig f.

The boundary curves of both surface are plotted by thick lines.

H(t, s) is the conic section in direction of ¢ and quartic Bézier curve in direction of s. Also,
S(t, s) is obtained as the quartic Bézier curve approximation of H(¢, s) in view point of the
variable t. Thus (bgj, - -+ , baj)T = Ay, (hoj, hyj, hoj)T forj =0, 4.

We will find a sufficient condition that our approximation method yields G' continuous
quartic Bézier surface. Let R!(¢, s) and R" (¢, s) be two consecutive quadratic rational Bézier
patches with common boundary curve R'(1,s) = R"(0, s), s € [0,1]. Let péj and pj; be the
control points of R!(¢, s) and R (¢, s), respectively. Clearly, plzj = Ppg;» J = 0,1, 2. If the two
patches satisfy

pi,ph; = Apy;pi;,  (1=0,1,2) (2.8)
wl =l uh—up
for some constant A > 0, then our approximation method yields G continuous quartic spline.

Proposition 2.1. If any consecutive quadratic rational Bézier patches satisfy Equation (2.8) on
their common boundary, then our approximation method yields G continuous quartic spline.

Proof. Let S'(t,s) and S"(t, s) be the quartic Bézier surface approximations of R!(, s) and
R’ (t, s), respectively, with common boundary curve S'(1, s) = S"(0, s), s € [0, 1]. To show
that they are G continuous at the common boundary, it is sufficient[13, 18, 21] to show that
béjbﬁlj = )\bgj 71"j, (7 = 0,---,4), where béj and b;’j are the control nets of S! and S,
respectively.
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Let hl and h:], (i=0,1,2and j = 0, - - - , 4), be the control net of intermediate surfaces H'
and H", respectlvely Since wh = w}, we obtain Awé = Ayy and hlgj = hg; forj =0,---,4.
Let Ay, = (aw)f 81 )2

By Equation (2.7), for ¢ = 0,1,2and j = 0,--- ,4, h;; = 22:0 a;xPik- Thus for each
j=0,---,4,

2 2 2
> ajkph, — Y ajkpl, = Y ajkpiiphy 29)
k=0 k=0 k=0
2

= A a;kppi, = Ahj;hj
k=0

Fori=0,---,4andj =0,--- 4, bijzzz,oaikhkj.Andforeachj:0,~~- A,

b};bl, = Z asch; — Z agihi; Z(a4k — azk)hj;

k=0
0Pl § alkhk;] E aOkhk] E (a1x — aok)hy;
k=0
Since asp —asp = a12 —ap2 = 0, a41 —a3z1 = ajg—ago = —cand age —agze = a1 —ap1 = qQ,
we have
I wl ! Iy ol 1l
b3jb4j = Oé(hzj - hl]) = ahlthJ
r o _ r o\ o r o1
0;P1; = o 15 — Oj) = ah(]j 1

By Equation (2.9) we finally have
bh;bl,; = Ab{,bi;
O

Corollary 2.2. If we use this approximation method for a quadric surface, then the G conti-
nuity at the boundary is automatically achieved.

We also present the error analysis of our approximation method as the following proposition.
Under the assumption Equation (2.2), the proof of the following proposition can be obtained
by the similar way in that of Theorem 4.2 in Floater[15] for odd degree. Thus we omit the
proof.

Proposition 2.3. For given quadric surface R(t, s), the quartic Bézier surface approximation
S(t, s) has the error bound

du(R,S) < Eq(w2) ax |Pio — 2Pi1 + Pia| + Ea(w) Jmax, |Poj — 2P15 + P2jl,

where dir (R, S) is the Hausdorff distance between two surfaces R and S. (For more knowl-
edge of the Hausdorff distance refer to [4, 9, 15].)
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Proof. See Theorem 4.2 in Floater[15]. O

3. EXAMPLES AND COMMENTS

In this section we apply our approximation method to two examples. One is to approximate
the quadratic rational Bézier patch by quartic Bézier surface. Let R(¢,s) be the quadratic
rational Bézier patch with the control points

(0,5,2 —1) (0,6,% —1) (0,6,%)
(i) = | (5.5.% ~1) (=6,6.% ~1) (~6,6,5r)
(—5, 0,m— 1) (—6,0,7r — 1) (—6, 0,7T)

and w1 = wo = 1/+/2, as shown in Figure 1(a). Using our approximation method, the quartic
Bézier surface S(¢, s) is obtained as shown in Figure 1(b), and Proposition 2.2 yields the upper
bound of error )
V2

The other is to approximate the helix-like surface by quartic spline. The helix-like surface
was constructed by the quadratic rational spline such as in [2]. The quadratic rational spline
satisfies the condition in (2.8) with A = 1 and wy = w; = % As shown in Figure 2(a),
the quadratic rational spline consists of 4 x 2 quadratic rational Bézier patches. Using our
approximation method, we have the quartic spline consisting of 4 x 2 quartic Bézier patches
as shown in Figure 2(b). On each common boundaries between consecutive quartic Bézier
patches, they are G continuous. Thus the quartic Bézier spline is an G approximation of the
quadric spline.

Our approximation method can be also applied to approximate spheres and torii. It is easy
to see that the approximate quartic splines of these surface are also G' continuous and have

very small upper bounds of error.

di(R,S) < Ey(—=) x (6v2 4+ V/3) ~ 2.08 x 107°.
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