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ON ENERGY ESTIMATES FOR A LANDAU-LIFSCHITZ
TYPE FUNCTIONAL IN HIGHER DIMENSIONS

LONGXING QI AND YUTIAN LEI

ABSTRACT. The authors study the asymptotic behavior of radial mini-
mizers of an energy functional associated with ferromagnets and antifer-
romagnets in higher dimensions. The location of the zeros of the radial
minimizer is discussed. Moreover, several uniform estimates for the radial
minimizer are presented. Based on these estimates, the authors establish
global convergence of radial minimizers.

1. Introduction
Let B, = {x € R™; |z| < r}(n > 2). Denote
St ={z e R (") + (z%)* + - + (a"T1)? = 1}.
Consider the minimizers u. of the energy functional
B.(u, By) = 711/3 IVl dz + % A
on the function class W = {u(z) = (sin f(r)%,cos f(r)) € Wh"(By, S");

[=]?

(u"tH2dz, (e > 0),

f(1) = Z,r = |z[}. Sometimes we write

ue = (ulu?, . u ut ) = (ul,u ).

In the case of n = 2, the functional E.(u, B) was the Landau-Lifschitz type
introduced in the study of some simplified model of high-energy physics, which
controls the statics of planar ferromagnets and antiferromagnets (see [3, 7]).
The asymptotic behavior of minimizers of E.(u, By) has been considered in [3].
In particular, they discussed the asymptotic behavior of the radial minimizer
of E.(u,B) in §5. When the penalization term 51 fBl (u®)2dz is replaced by
oz fBl (1 — |u|?)?dz and S? is replaced by R?, the functional becomes the well-
known Ginzburg-Landau energy introduced in the theory of superconductors
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1208 LONGXING QI AND YUTIAN LEI

(cf. [1] and the references therein). 19 open problems were proposed in [1].
P. Mironescu studied problem 7 in [2, 6]. Afterwards, the results were extended
to the higher dimensions (cf. [5, Theorem 1.2]). In this paper, we will discuss
this problem for the radial minimizer of the energy functional E.(u, By) when
the dimension n > 2.

Similar to the argument of Remark 3 in [5, §3], we also have f € C[0,1]
and f(0) = 0 as long as u € W. Observing the functional F.(u, B;y), we can
assume f € [0, §] for simplicity. First we will verify in §2 that the zeros of u.
are located near the origin. Next, as in [5, §3], we will also consider whether

A= / (1 — |l )| Vul ["de,
By

U/

B. = / (1= Jul)° ol ||V i,
B

Jut]

C. = | det(Vul)|dz
By

have uniform upper estimates for any a > 0. We will prove in §3 the following:
Theorem 1.1. Assume uc is a radial minimizer of E.(u, B1). Then for any

a > 0, there exists a constant C > 0 which is independent of e, such that
A, <C when e — 0.

Theorem 1.2. Assume u. is a radial minimizer of E.(u,B1). Then for any
a > 1, there exists a constant C > 0 which is independent of e, such that
B, < C when e — 0.

Theorem 1.3. Assume u. is a radial minimizer of Ec(u,B1). Then there
exists a constant C' > 0 which is independent of €, such that Cc < C when
e —0.

According to Theorem 1.2 in [4], it is not difficult to obtain the local con-
vergence:

lim u. () = (ﬁ()) in WLn(B\ {0}).
£— x
We will set up the global convergence based on the uniform estimates in The-

orems 1.1, 1.2 and 1.3.

Theorem 1.4. Assume u. is a radial minimizer of Ec(u, B1). Then we can
find positive constants L1, Ly, L3 which are independent of €, such that as e —
0,

(1.1) (1 — [ul)¥|Vul|" — L16,, weakly star in C(By), Va >0,

uz
Viut]
(1.3) |det(Vue)| — L3d,, weakly star in C(B),

where d, is the Dirac mass at the origin 0.

n J—
(1.2) (1 — |ul])®|ul|™ — L9d,, weakly star in C(By), VYa>1,
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2. Location of zeros
From the direct method in the calculus of variations, it is easy to get:

Lemma 2.1. The radial minimizer ue € W satisfies

1
(2.1) —div(|Vu|""?Vu) = u|Vu|" + (E—n[u(u”Jrl)2 —u" e, 1] in By,
in the weak sense, where ep+1 = (0,0,...,0,1).

Lemma 2.2. Assume u. is a radial minimizer of E.(u, B1). Then there exists
a constant C > 0 which is independent of €, such that

(2.2) E.(u,B)) < %(n—l)%|5”_1||ln6|+0.

Proof. Set
1 1
I(, R) = min {/ [Vu" + (u""'l)Q} dx;u. € Wl’"(BR,S”)} .
Br n 25”
Then,

1 1
I(e,1) = E.(ue,By) = —/ |Vue"de + — [ (ult!)?dx
n B: 2en B

1 1
= f/ \Vus|"dy+f/ (ut2dy = I(1,e71).
nJB 4 2JB.,

Assume w; is a solution to I(1,1). Define

x
Uy = Uy, T € By; us = m, x € B.-1\ By.
Since u. is a minimizer, we have E.(uc, B1) < E.(ug, By). Then

1 1
I(1,e7Y) < f/ |VuQ|”d$+f/ (uy ™) dx
B__1 2 B__1

n
1 [ 1 [ n 1

:7/ \Vuﬂ"da:—l—f/ dx—l—f/ (u} )% dx
n.JB nJB _1\B: 2 By

X

\Y

||

I(1,1) + ~( 1)S|5n—1|/81 L
’ n P
1 n
— 1(L1) + 2 - )57 e
1 n
< ﬁ(n —1)2|S" | Ine| + C.
Substituting this into I(g,1) = I(1,71), we have (2.2). O

Lemma 2.3. Assume € = ¢ is a subsequence which converges to 0, and u.
is a radial minimizer of E.(u,By). Then there exist a positive constant C
independent of € € (0,1), and a natural number kg, such that

1
(2.3) — [ @tz < C,
€k JB,
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when k > ky.

Proof. We use the idea in [8]. Denote V(¢) = inf E.(u, By),u € W. For fixed
u € W, the map € — E.(u, By) is not increasing, and

0 n
—FE.(u,By) = — 124y,
e (u, By) Senti /Bl(u )dzx

Since V(e + ) < E.1s(u, B1) < E.(u, B1) = V(¢) for the minimizer u = u. of
EE(U7B1)7

- 7’7/+1 / (u"+1)2d$€
en By

EE(u7B1) - EE+6(U7 Bl)

= lim

6—0 1)
S NCEEY
= —V'(e).

We claim that there exists a subsequence of €, which is still written as ey,
such that

—5kV’(ak) S M (Ek — 0),

where M > 1(n —1)2|S"~1|. Otherwise, we suppose that there exists g9 > 0
such that —V’(¢) > . Integrating over (,&¢), we obtain

€0
V(e) > V(eg) — / V'(e)dz > M|Ine| — C,
which contradicts (2.2) as long as € is small enough. O

Lemma 2.4. Assume u. is a radial minimizer of Ec(u, B1). Then there exist
positive constants A, p which are independent of € € (0, 1), such that if

1
(2.4) L (ur+)2de < g,
€ B1NBaje

where By is some ball of radius 2le with | > X\, then
/ 1
lu.(z)| > 2 Vo € By N By..

Proof. We use the idea in [1]. First, we observe that there exists a constant
Cy > 0, such that for any « € By, |By N B(x,r)| > Cyr™. To prove the
conclusion, we will use a consequence in [4, §2]. Choose A = ﬁ, w= %)\",
where C is the constant in (2.11) of [4]. Suppose that there is a point zy €
B N By, such that |u, (z0)| < 1. By (2.11) in [4], V& € B(zo, Ae),

lu_ () — u(z0)| < Cre~ta — xo| < Cre~'(Ae) = Oy A = i.
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’

Hence (u2™1)? =1 — (u.)? > %Va € B(xo, Ae), and

1 1
(2.5) / (W Y2dz > = |By A B(wo, Ag)| > Cs x —= x (Ae)™ = pe”.
B1NB(zo,\e) 16 16
Since xg € By N By and (By N B(xg, Ae)) C (B1 N Bae), (2.5) implies
1
n (’U/?+1)2d$ > W,
€ BlmB2ls

which contradicts (2.4) and thus Lemma 2.4 is proved. O

Let u. be a radial minimizer of E.(u,B;). « and p are the constants in

Lemma 2.4. If
1

n (U?+1)2dl‘ < s
577« B1NBaxe
then B(z¢, Ae) is called a good ball. Otherwise B(z%, \e) is called a bad ball.
Now suppose that B(z$, Ae);i € I is a family of balls satisfying
(i) #f € By,i € I; (i) By C User B(af, Ae);
2.6 A A
Denote J. = {i € I; B(z5, Xe) is a bad ball}.

Lemma 2.5. There exists a positive integer N independent of € € (0,1), such
that the number of bad balls CardJ. < N.

Proof. In fact, (2.6) implies that every point in B; can be covered by finite,
say m (independent of €) balls. From (2.3) and the definition of bad balls, we
have

pe™CardJ, < Z/ (U?+1)2dl‘
icr. /BinB (a5 2))

<m (u" ) dx
Uiese BlﬂB(ZEf,QAE)

<m [ (ulth)2de
B,
< mQCe"

and hence CardJ, < mTC < N. O

Similar to the argument of [1, Theorem IV.1], based on Lemma 2.5 we also
have the following lemma:

Lemma 2.6. There exist a subset J C J. and a constant h > X\, such that

U B(a5, xe) € | B(a5, he) |a§ — 25| > 8he, i,j € J, i # j.
i€Je i€
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Applying Lemma 2.6, we may modify the family of bad balls such that the
new one, denoted by B(xz$, he);i € J, satisfies

U B(z$, Ae) C U B(x5, he),

1€Je e
CardJ < Card.J.,

|z§ — 25| > 8he, i,j € J, i #j.

The last condition implies that every two balls in the new family are not inter-
sected.

Theorem 2.7. Let u. be a radial minimizer of E.(u, B1). Then there exists a
h > 0 independent of € € (0,1), such that

1
Z. = {x € By;|u.(z)| < 5} C Bpe.

Proof. Suppose there exists a point xg € Z. such that zg € Bj.. Then all
points on the circle Sy = {z € By; |z| = |zo|} satisfy |ul(z)| < %, and hence by
virtue of Lemma 2.4 and (2.6), all points on Sy are contained in bad balls. On
the other hand, since |zg| > he, Sy cannot be covered by a single bad ball, i.e.,
So is covered by at least two bad balls (which are not intersected). However,
this is impossible. Theorem 2.7 is proved. U

This theorem means that the zeros of u. are contained in Bp.. When € — 0,
the zeros converge to the origin 0.

3. Proof of theorems

Lemma 3.1. Let R € (% %) Then there exists a constant C > 0 independent
of €, such that

(3.1) / V" > (n—1)%5" | ne| -
Br\Bn. | |7]
when € s sufficiently small.

Proof. Clearly,

R q
/ ‘V ‘ dr=(n—1)%|S"~ 1| deZ(n—l)%|S”_1Hln5|—
Br\By. | |7 r

Lemma 3.2. For any o > 0, there exists a constant C > 0 independent of ¢,
such that

(3.2) /B\B (1 —sin f)*

Proof. For Ya > 0, we choose g = l. Applying (2.3), we obtain
1 !
en 0

‘dm<C

(1 —sin? f)2%"~ 1dr<—/ cos? f)r"tdr < C.
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When « € (0,1), we can deduce from (2.3) that

/ (1 —sin f)* Vi‘ndx
Br\Bh. |z

R ,,,nfl
<C | (1-sinf)” dr

he rn

1/t i » Roginon q1-%
< C[—n/ (1 — sin® f)qo‘r"_ldr} 5?{/ 7 i-a dr}
€ 0 he
< Ceale™i — C(R)])' "4
< Ceie a =C.
When a > 1, it is easy to deduce (3.2) by the argument above. O

Lemma 3.3. There exists a constant C > 0 which is independent of €, such
that
(3.3)

/ cos™ fIV f|"dx —l—/ sin"f’vi‘ndx—i—/ sin"f‘Vi‘ndx <C.
By B |z| B:i\Br ||

Proof. From Lemma 2.2, we have

/ |Vul|"de < (n—1)2|S" || Ine| + C.
By

Noting

T x xT xT T

|I|):V(Sinf)*+sinfvf:costf + sin fV—

|z ||
We obtain from Jensen’s inequality that
(3.4)

n n
/ cos"f|Vf|"dx+/ sin"f‘vi‘ dx—i—/ sin”f‘vi‘ dx
By Bhe \1‘| B1\Bh. |33|

< (n—1)%|S""|Ine| + C.

Vu. = V(sin f

] ]

(3.4) subtracts (3.1). Then we can deduce that

/cos"f|Vf|"dx +/
B; By,

LE

—/ (1 —sin” f)'Vi’ndeC’.
Br\Bhe |$|

sin™ f‘vi
2|

ndm+/ sin”f‘vi‘"dx
B1\Br |£K‘

Using Lemma 3.2, we get

/ cos™ fIV f|"dx —l—/ sin"f’vilndm—i—/ sin"f‘Vi‘ndx <C.
B B || Bi\Br 2| 0

he
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Proof of Theorem 1.1. From Lemma 3.3, we deduce that
(3.5)

(1 = Jul)* | Vul " da
Bl\BR)UBhE

/ (1 —sin f) ‘Vblnf )‘
(B1\BR)UBhe ||

< / (sinf)i—i-sian—‘ dz
\BR)UBhE |$| |x|

<C (cos™ fIV fI™ +sin"f’V£’ )dx
(B1\BRr)UBp. ||

< C(/ cos"f|Vf|”dx—|—/ sin”f‘Vﬁ‘ndx—l—/
B1

xX n
sin”f’V—‘ dx)
B z Bi\Br ||

<C.

By Lemma 3.2 and Lemma 3.3, we obtain

[ -y
Br\Bhe

(3.6) = / (1 — sin £)°|V(sin f— )‘
BRr\Bhe |z|
<o(f et fivsrdet [ @esnpelvt|fan <c
BRr\Bhe BRr\Bhe |$‘
Combining (3.5) with (3.6) yields
Asz/ (1 — |ul)*|Vul]"dx < C.
B
Theorem 1.1 is complete. O

!/

Proof of Theorem 1.2. Obviously,
uE

B, :/ 1—Jul])™
Bl( |ucl) ]
§/ (1fsin2f)asinaf’vﬁlndx:/ cos?® fsin® f’V ‘ dx
B1 |l‘| B1

2 m
dm:/ (1 —sin f)* sin"‘f’Vi dx
B,

1
n 1
=(n-— 1)5|S”_1\/ cos®® fsin® f—dr
0 T
. ° 1 . ! 1
=(n— 1)5|S"71|/ cos®™ fsin® f—dr + (n — 1)?\5"71\/ cos®™ fsin® f—dr
0 r s r

5
<(n- 1)%\5’"_1|/0 (cos®™ f)f"%dr—i—C(é).
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When o € (1,n], by the mean value theorem and f(0) = 0, there exists

¢ € (0,1) such that

%Sin“ f<Teos f(€r)|*|f/(€r)]* " < Cleos f(&r)|* [V £(&r)[*r .

Thus, we have

s
B. <(n-— 1)%|S”*1\/ cos®® fIV f|r®tdr + C
0

5 oa—n e
{ / ra-1 dr}
0

3R

< C[/j cos” f(fr)|Vf(§r)|”r"_1dr}

3R

a(l—n)

<C¢Ew {/55 cos” f|Vf|"s"_1ds}

0 ].

SC’/ cos”™ fIV fI"dz + C.
By

From Lemma 3.3, we obtain B. < C.

+C

n—1 a- n%
(=L o
o —

When a = 1, the conclusion is easy to be obtained by the argument above.
When a > n, we can set @« = n + . Thus by the mean value theorem and

£(0) = 0, there exists £ € (0,1) such that
1. n n n,.n—
—sin’ f <[ eos f(&r)[" f'(€r)["r" "
Hence, we can deduce that, by using Lemma 3.3,
d 1
/ (cos f) f*=dr
05 r
< [ (s 1) cos flenI (en) s ar
0
5
< [ leos pienpisenirear < c.
0

The rest proof is easy to be completed. (I
The proof of Theorem 1.3.
] 1 3 2 . s x,
(sin f{Z)e, (s f{3)e, (sin f125)a,
R R it ok
(Vul) (sin f e, (SINf{E)a, oo (SIDfT)ay
det(Vu,) =
-, . e
(sinf{h)e, (SInfiZ)e, -+ (Sinfir)a,
cos ffeu By oin FEEEE cosfln By - sinfRE o cos [ By - sin S
€S [ fuy I%\ — sin —L‘f‘? €S [ fu “72‘ +sin f “‘m*;z .. cos f fr, TT"‘ — sin %T;‘
2_ .2
cos ffo, ff —sin f4E cosffe, B3 —sinf9R o cosffe, fy ot sinji‘z‘lxlf"
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It is easy to derive that

(3.7)
| det(Vul)]
1 1
< cos™ fIVf|™ + cos" ! f|Vf|"_1sinfm +cos" 2 fIV "2 siUQfW
1 1
+ -+ cos f|V f| sin" [ +sin” f—rr-
|z |z
—1 f -2 o f?
< cos™ fIV ™ +cos" " fIV T ;Jrcos" fIVEI" =)
n—1 n
+~~~+Cosf\Vf\in_1 + f—n

Similar to the derivation of Theorem 1.2, using the mean value theorem, we
derive

[det(Val)| < cos™ FIV|™ + cos™ ! fIVf|" + cos" 2 fIVf|" + -+
+cos fIV " + [V f]™.

Noting cos f(0) = cos0 = 1 and cos f is continuous near the zero, we know
that there exists § > 0, such that when r € (0,9),

|cos f(r) —cos f(0)| < 5 = cos f(r) > cos f(0) — L

2

1
2
= cos' f(r) < Ccos™ f(r), i=1,2,....,n— 1.

From this result, (3.7) and Holder’s inequality, we can deduce that
C. = / | det(Vl)|dz
B

< C’(n,é)/ cos" fIVf|"dx + C cos™ fIV f|"dx
Bi\Bs Bs

<C+ C’/ cos”™ f|V f|"dx

<C. "
Theorem 1.3 is complete. ([
Proof of Theorem 1.4. Theorem 1.1 means that the L'(B;)-norm of

(1 = uc)*[VuZ [

is bounded. Therefore, there exists a Radon measure p; such that

gi_r%(l — [ul)¥|Vul|" = u;  weakly star in  C(By).
Similar to the derivation (3.3) in [5], from (3.3) and (2.3) it also follows

lim (1 — |ul])®|Vul|"dz =0
e—0 Bl\BR
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for any R > 0, and hence supp(p1) = {0}. Thus, we can find L; € [0,00) such
that

p1 = L1d,.
We claim L; > 0. In fact, by virtue of f(r) € C[0,1] and f(0) =0, f(he) > 1/2
which can be seen by Theorem 2.7, there must exists r. € (0, he) such that
f(re) = 1/4. Using (2.11) in [4], we can find a sufficiently small positive
constant  which is independent of €, such that

5 <f@) <3

3’ r € (re — de,re + de).

Therefore,

/ (1 —sin f)*|Vue|"dx
B(0,re+6e)\B(0,r.+d¢)

1 3 re e
> |snt "721—"7'1/ — > 0.
> | |(51n8) ( slng) T
This implies Ly > 0. Eq.(1.1) is proved.
By the same argument of above, (1.2) can also be verified.
Next, Theorem 1.3 means that the L*(Bi)-norm of | det(Vul)| is bounded.
Therefore, there exists a Radon measure p3 such that

lim |det(Vul)| = ps weakly star in C(By).
E—

By an analogous argument of Remarks 2 and 3 in [5, pp. 131-133], we can also
find L3 € (0, 00) such that

H3 = L350-
Then (1.3) is proved and Theorem 1.4 is complete. O
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