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REPRESENTATIONS OF THE MOORE-PENROSE INVERSE
OF 2 x 2 BLOCK OPERATOR VALUED MATRICES

CHUN YUuAN DENG AND HoNG KE Du

ABSTRACT. We obtain necessary and sufficient conditions for 2 x 2 block
operator valued matrices to be Moore-Penrose (MP) invertible and give
new representations of such MP inverses in terms of the individual blocks.

1. Introduction

The Moore-Penrose inverse (for short MP inverse) has proved helpful in
systems theory, difference equations, differential equations and iterative proce-
dures. It would be useful if these results could be extended to infinite dimen-
sional situations. Applications could then be made to denumerable systems
theory, abstract Cauchy problems, infinite systems of linear differential equa-
tions, and possibly partial differential equations and other interesting subjects
(see, for example [1, 2] and [7, 8]).

Let H and K be separable, infinite dimensional and complex Hilbert spaces.
Denote by B(H, K) the set of all bounded linear operators from H into K. For
an operator A € B(H,K), R(A), N(A) and A* denote the range, the null space
and the adjoint of A, respectively. The identity onto a closed subspace M is
denoted by I or I if there is no confusion. For T' € B(H, K), if there exists
an operator T € B(K,H) satisfying the following four operator equations

(1) TT*T =T, T'TTt=T%, TTt=(TT")* TtT=(TTT)*,

then T'F is called the MP inverse of T. It is well known that 7" has the MP
inverse if and only if R(T) is closed and the MP inverse of T is unique (see
[8, 11, 16)).

In recent years, representations and characterizations of the MP inverse for
matrices or operators on a Hilbert space have been considered by many authors
(see [1, 2], [5], [8, 9, 10, 11, 12, 13, 14, 15, 16]). In this paper, we are mainly
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interested in MP invertibilities and representations of the MP inverse for 2 x 2
block operator valued matrices with specified properties on a Hilbert space.
Applying these results, we can obtain the MP inverses of 2 x 2 block operator
valued matrices with specified properties.

2. Some lemmas
In this section we shall give some lemmas.
Lemma 1 ([3, 4]). Let A € B(H,K) have a closed range. Then A has the form
_( A 0\ [ R(AY) R(A)
) a=(%00): (N ) - (8 ),
where A; is invertible. In this case AT = A1_1 @ 0.

Lemma 2 ([6, 9]). Let A and B be in B(H). Then
(1) R(A) + R(B) = R((AA* + BB*)3).
(2) R(A) is closed if and only if R(A) = R(AA*).
(3) If A > 0 is a positive operator in B(H), then R(Az) = R(A).

A
0

oW

Lemma 3. The 2 x 2 block operator valued matrix (
and only if R(A) + R(B) is closed, and

o (R ).

) is MP invertible if

Proof. Put T'= ( gl ﬁ ) . Then R(T) = R(A) + R(B) = R(AA* + BB*)%.

This implies that R(T') is closed if and only if R(AA* + BB*) is closed by
Lemma 2. So (AA* + BB*)" exists if T" exists. From T+ = T*(TT*)* we
have

T+ A* 0 (AA*+ BB*)* 0\ [ A*(AA*+BB*)* 0
~\UB* 0 0 0 ) \ B*(AA*+BB*)"™ 0 ) O
Additionally, we include some formulae here for later use.
Corollary 4. (1) The 2 x 2 block operator valued matriz ( g
vertible if and only if R(A*) + R(B*) is closed, and

(4) ( 40 )+ _ ( (A*A+ B*B)TA* (A*A+ B*B)*B* )

8) 18 MP in-

B 0 0 0

(2) The 2 x 2 block operator valued matrix ( g 2 ) is MP invertible if and
only if R(A) + R(B) is closed, and

o (B )00 parra).
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Let A € B(H),B € B(K) and C € B(K,H). The next lemma gives the
MP inverse representation of the 2 x 2 block upper triangular operator valued
matrix ( ‘3 g ) in the case that A or B is invertible.

Lemma 5. Let A € B(H),B € B(K),C € B(K,H) and B be invertible. Then
the 2 x 2 block operator valued matrix ( ‘g g ) is MP invertible if and only if
R(A) is closed, and

A C\T [ AT —ATCACHI - AAY) —ATCAB*

0 B B ACH(I — AAT) AB* ’
where A\ = (B*B + C*(I — AAT)C)~L.

Proof. First, by Corollary 4, for an arbitrary invertible operator M, ( 8 J]C[ )
is MP invertible and

(33 =(( )
B ( (N*N+Z\2*M)—1N* (N*N+Z\2*M)—1M* >

Second, let B be invertible. Since R(A) is closed, ( ‘g g ) has the form

0 0 O N(A) N(AY)
(4 g):(o o 02):(73(/1*))%( i )
0 0 B K K

where A; as an operator from R(A*) onto R(A) is invertible. Now, let N =

0,Cy), M = ( a G ) and A = (B*B+C*(I—AAY)C)~! = (B*B+C;Cy) L.

It is easy to check that

A c\" 0 0
(o B) - ((N*N+M*M)1N* (N*N+M*M)1M*>
0 0 0
= | —A7'CACE ATY —AT'CLABY
ACH 0 AB*
[ At —ATCACH(I - AAY) —AYCAB*
- ( AC*(I — AAT) AB* > 0

Similar to the proof of Lemma 5, we have the following result.

Lemma 6. Let A € B(H),C € B(K,H),B € B(K) and A be invertible. Then
the 2 x 2 block operator valued matrix ( 3 g ) is MP invertible if and only if
R(B) is closed, and

A c\"_ AN —A*ACB*
0 B) ~\ (I-B*B)C*A Bt —(I-BtB)C*ACB* )’
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where A\ = (AA* + C(I — BT B)C*)~1

Lemma 7. Let A € B(H),B € B(H,K),C € B(K,H) and B be invertible.

Then the 2 x 2 block operator valued matriz ( g g ) is MP invertible if and

only if R(C) is closed, and

A Cc\" AA*(I —CCT) AB*
B 0 ) ~\ Ct—CtAAA*(I-CC*) —CHAAB* )’
where A = (B*B + A*(I — CCT)A)~!

3. The MP inverses of 2 X 2 block operator valued matrices

In this section we will give the MP inverse representations of 2 x 2 block
operator valued matrix

(6) M(é‘ﬁ)

where A € B(H),D € B(K), B € B(K,H) and C € B(H, K).

Let us recall that operators S, T € B(H,K) are said to be #-orthogonality,
denoted by S L* T, whenever ST* =0 and S*T =0 (see [4]). If S L* T, then
it is easy to check that (S + 7)™ = ST 4+ 7. From this result we can get the
following results.

Theorem 8. Let M be defined as Eqn.(6).
(1) If AC*+ BD* =0, R(A) + R(B) and R(C)+ R(D) are closed, then M
is MP invertible and
M = A*(AA* + BB*)t C*(DD*+CC*)*t
B*(AA* + BB*)* D*(DD*+CC*)*
(2) If A*B+C*D =0, R(A*)+R(C*) and R(B*)+R(D*) are closed, then
M is MP invertible and
M- (A*A+C*C)TA* (A*A+C*O)*tCr
(D*D + B*B)*B* (D*D + B*B)*"D*

=(o ) m=(ep)

Since R(A) + R(B) and R(C) + R(D are closed, by Lemma 3 and Corollary
4 we have

ot ( A*(AA* + BB*)* 0 ) _— < 0 C*(DD*+CC*)* >

Proof. Let

B*(AA*+ BB*)* 0 0 D*(DD*+cCC*)*
From AC* + BD* =0 we get that S 1L* T. So
M < A*(AA* + BB*)t C*(DD*+CC*)* >
B*(AA* + BB*)* D*(DD*+CC*)*
(2) Similar to the proof of (1), the details are omitted. O
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If we set S’:(‘g g)and T = (g g)suchthat S' 1* T’ we can get the

following results.

Theorem 9. Let M be defined as Eqn.(6), R(A), R(D) be closed such that
AC* =0 and D*C = 0.

(1) If R(A)NR(B) = {0}, then M is MP invertible if and only if R(C) and
R(By) are closed and

At c*
I+ —
M= ( Bi + (DTD+ Bf By — Bf B)A(B — By)*(I — BoB{) (D™D + Bf By — Bf B)AD* )

where A = (D*D + (B — Bo)*(I — BBy )(B — Bo))*, Bo = (I — AAY)B(I —
D+ D).

(2) If R(D*) N R(B*) = {0}, then M is MP invertible if and only if R(C)
and R(By) are closed and

M A*A(AA* + ByBf — BBY) c+
~ \ Bf + (I — BfBy)(B — Bo)*A(AA* + ByBf — BBf) D+ )°

where A = (AA* + (B — Bo)(I — Bf By)(B — Bo)*)*, By = (I — AAY)B(I —
D*D).

(3) If R(A) N R(B) = {0} and R(D*) N R(B*) = {0}, then M is MP
invertible if and only if R(C) and R(B) are closed and

A B\ [ At Ct

C D ~\ Bt Dt J°
Proof. (1) Since R(A) N R(B) = {0}, R(A) and R(D) are closed, S’ has the
form

(7)

0 0 B B N(A) N(A%)
g_(ABY_[0 4 0 o0 R(A*) R(A)
( 0 D) 0 0 D O R(D*) | 7| R(D)
00 0 0 N (D) N(D¥)

From Lemma 3 and Lemma 7 we know that S’ is MP invertible if and only if

R(Bs) = R((I — AAT™)B(I — D™ D))
is closed and (‘g g>+=<70+ 8), where 7 = (:1 % %).
0 Dy 0

If we replace A, B and C by (0, By), A1®D; and Bs in Lemma 5, respectively,
then we have

0 At 0
Tt = N'Bi(I — ByBy) 0 N D3 :
Bf — By Bi/N'Bf(I —ByBy) 0 —BfBiA'D;
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where A’ = (D} Dy + Bi (I — BoB5)B;)~!. Hence

(0 5)

0 0 0 0
B 0 ATt 0 0
- N Bi(I — ByBy) 0 N' D3 0
By — BfBiA'Bf(I —ByBf) 0 —BfBA'D; 0
At 0
= By + (D*D + By Bo— ;
B B)A(B — By)*(I — BoBf) (D™D + B By — Bf B)AD*

where A = (D*D + (B — Bo)*(I — BoBF)(B — Bo))*, Bo = (I — AA*)B(I —
D*D).
Since AC* =0,D*C =0, we have S’ 1L.*T". So

(&)
-(05)+(e0)

At ct
= ( By + (D*D + Bf Bo— )

B B)A(B — By)*(I — BoBf) (D™D + B{ By — Bf B)AD*

U Ow

(2) Similar to the proof of (1), the details are omitted.
(3) Note that if R(A)NR(B) = {0} and R(D*)NR(B*) = {0}, then B; =0
in Eqn.(7). O

If we set Sy = g g ) and Ty = ( 8 g ) such that Sy L* Ty, we can

get the following results.

Theorem 10. Let M be defined as Eqn.(6), R(B), R(C) be closed such that
BD* =0 and C*D = 0.

(1) If R(A) N R(B) = {0}, then M is MP invertible if and only if R(Ao)
and R(D) are closed and

Af + (CTC + AF Ag—
Mt = ATA)AG(A— Ag)*(I — AgAT) (CHC + AF Ay — AFA)ACH |,
B* D+

where AO = (C*C + (A - AO)*(I - A()AE)F)(A - Ao))Jr,Ao = (I — BB+)A(I —
c+o).
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(2) If R(A*) NR(C*) = {0}, then M 1is MP invertible if and only if R(Aop)
and R(D) are closed and

at = (AT = AL A0)(A = Ag)* Do(BB* + AoAf — AAT) C*

B*No(BBY + AgAf — AAT) D+ )

where A = (BB* + (A — Ag)(I — AgAJ)(A — Ag)*)*, Ag = (I — BBT)A(I —
cta).

(3) If R(A) N R(B) = {0} and R(A*) N R(C*) = {0}, then M is MP
invertible if and only if R(A) and R(D) is closed and

A B\T [ At ct
C D ~\ Bt Dt J°
Proof. (1) Since R(A) NR(B) = {0}, R(B) and R(C) are closed, Sy has the

form

(8)

Ay Ay 0 0 N(C) N(B¥)

S = <A B)_ 0 0 B 0 R(C*) | _ | R(B)
c 0 0 Ci 0 0 R(B¥) R(C)

0 0 0 0 N(B) N(C*)

From Lemma 5 we have Sy is MP inverse if and only if

R(A1) = R((I — BBHA(I — C*+C))

: A B\T_ (1T o _ (A A0
is closed and (C 0 ) :( : 0), where 7 = ( 8 é}l B(’]1>. By Lemma 5 we
have
AT — AT A NGAS(T — AL AT) 0 —AT AN C
o = DA — AL AT) o mer .
0 B! 0

where Al = (C;Cy + A3(I — A AT)As) ™!, Hence

(&1)

AF — AT A NLAS(I — ALAT) 0 —ATALNLCEF 0

_ ALAS(T — A AT) 0 N C 0
0 B! 0 0
0 0 0 0

T+ (CTC + Af Ag—
= | AFA)AG(A = Ag) (I — AgAY) (CTC + AT Ay — AT A)NoC* |,
Bt 0

where Ao = (O*C + (A - Ao)*(f - A()Aar)(A - A()))+, Ao = (I — BB+)A(I —
ct0).
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Since BD* =0 and C*D = 0, we have Sy L* Ty. So
A B\"
C D
(4 B\ (00 -
—\C o0 0 D
Al +(CTC + A Ap—

= | AFA)A(A— Ag)*(I — AgAT) (CTC + AfAg — AT A)AGC™
B* D+

Similarly, we can prove (2) and (3), so the details are omitted. O
Let A and D be MP invertible. Denoted by
X1 =R(A"), X =N(4), X3 =R(D"), X4 =N(D),
Vi =R(A), Y2 =N(A"), Y3 =R(D), Yy =N(D")

0 I
wero(? )er

Then M as an operator from E?:l X; into Z?Zl Y; has the following operator
matrix form

and

A1 0 By Bs Ay By 0 Bs
0 0 By Bs — I Cl D, 03 0
Ci Cs D 0 -0 0 By 0 By
Cy Co 0 O Cy 0 Cy O

where A; and D, are invertible. Put
0 Bs
Cs 0 ’
0

_ (A B _
T e
- 0 B4 _ B2
a=(¢e %) p=(& )

_ =+ ( Ao Bo +_*AOBO+
M—IO(CO DO)IO,M 5o ) b

The generalized Schur complement (see [13, 17]) plays an important role in
the study of the MP invertibilities. Next we give some expressions according
to the generalized Schur complement. We use some notations. Let

K = AATB(I-D*D), H=DDV'C(I-A"tA), E=(I—-AA")B(I-D*'D),
F=(I-DD"C(I - AtA), S=DD"(D—-CATB)D'D,
[ At + ATBSTCAt —A*BS*
(11) r= ( —S+CA* 5+ ) '

Then we have the following general result.

9) M= Io.
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Theorem 11. Let S as an operator from R(D*) onto R(D) be invertible,
R(A) and R(D) be closed such that

(I — AAYYBDTD =0, (I — DD")CAT A =0.

Then M is MP invertible if and only if R(E) and R(F) are closed and
0 F*
+
e = ()

_ Bt *
x R* I+R( K g E)K

0
I-HFt |-

. 0 (I — F*F)H*
(BT + ( (I — EYE)K* 0 ) ]

+

0 .
H(I — F+F)H* )R
_ +
n( I-KE

0

Proof. Note that

Di 0 c, C AT 0 B, B
_ + _ 1 _ 1 3 1 1 3
p-can = (D0 0)-(a @)% o)(m )
D, —C1AT'B, —C1AT'Bs
~C4AT'B; —C4AT'Bs )

From D — CA* B as an operator from R(D*) onto R(D) invertible, we obtain
that D1 — ClAlel is invertible. So Ay is invertible and
(12)

1o (A B AT AT BISTICATY
0 c, D

—A'ByST! )
_SflclAII Sfl ’
where S1 = D1 — ClAlel. Let R be defined as Eqn.(11), a direct calculation
shows that
L AZE 0
R =1 ( 8 0 ) Io.
Note that
I 0 By j 0 AATB(I — DT D)
o\ o o )\ DDtC(I - AtA) 0
_ 0 K
"\ H 0 )
I 0 0 I 0 (I — AAT)B(I — D' D)
o\ 0 Dy )"\ (I-DDT)C(I - AT A) 0
(0 FE
S \F 0 )
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L0 0 (0 F*
i oy )= )
(1 0 ; _(I-F'F 0
o\ 0 I-D§Dy ) °~ 0 I-EYE )-

From (I — AAT)BD*D =0 and (I — DD*)CATA = 0 we obtain By = 0
and Cy = 0. Hence Cy = 0. Put Ag = (Ao A + Bo(I — Df Do)Bg)~'. Then

(s 0

(A5) I+ (Ao)~ 130(1—é)SFDO)BS(AS)_l}_I(AO)_l g)lo
V(% 8) (0 000 1-nen)

(] (5 )

en(3 ) ) (2 )
(

—_E* * +
K(I fg E)K . 0+ =l R
(I - F*F)H

and

o o

By Lemma 6, we have

+
M+:15(“(1)0 gg) Iy

_ A*Ao —A:NoByDY I
0\ (I - D{ Dy) BOAO Df — (I — Df Do)BgNoBoDY ) ™°

V(5 8)-(h s n) (5 9)
(8 )]

o (0T ) ()
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(0 F* - 0 (I - F+F)H*
_(E+ 0 >+ () +((I—E+E)K* 0
+
. K(I - E*E)K* 0 .
<K I“LR( 0 H(I—F+F)H*>R
n( I-KET 0
0 I-HF* ) 0

In Campbell and Meyer’s book, they stated that the MP inverse of an upper
block triangular matrix 7 = ﬁ g is still an upper block triangular if and
only if R(B) C R(A) and R(B*) C R(D*). We can show this result holds in

the infinite dimensional case and is a very special case of Theorem 11.
Corollary 12. Let A € B(H),D € B(K),B € B(K,H), R(A) and R(D) be
closed. Then T+ = ( ;g _A;lflﬁ ) if and only if R(B) C R(A) and R(B*) C
R(D*).

Proof. (<) If R(B) C R(A) and R(B*) C R(D*), by Theorem 11 we have
K,H,FE and F are all equal to 0, S = D and

+ _A+BD+*
R:(A ATBD )

0 D+
So
A B\ R - +
¢ o) =) R'R=(RR*)'R=RR*R=R.
(=) Since
+  _AA+BDF +
TT+ = ( Agl A4 B;)%++ BD > and
ATA —ATBDTD+ ATB
+
rr= (4 )

are selfadjoint, we have —AATBDY + BDT =0 and —ATBDT™D + ATB = 0.
From 7717 =T, we have B = AATB = BD"D. Hence R(B) C R(A) and
R(B*) C R(D*). O

4. Concluding remarks

In this paper, we derive formulae for the MP inverse of an operator matrix M
under some new conditions. It seems that the general representations without
any conditions is difficult to find. Finally, we would like to explore further on
this topic.
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