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CERTAIN RELATIONS FOR MOCK THETA FUNCTIONS
OF ORDER EIGHT

MAHESHWAR PATHAK AND PANKAJ SRIVASTAVA

ABSTRACT. The aim of the present paper is to establish certain relations
for partial mock theta functions and mock theta functions of order eight
with other partial mock theta functions and mock theta functions of order
two, six, eight and ten respectively.

1. Introduction

The last gift of Ramanujan to the mathematical world “The Mock Theta
Functions” about which Ramanujan informed Hardy in his last letter just three
month before his death.

Ramanujan quoted that I discovered very interesting functions recently which
I call ‘Mock theta functions’. Ramanujan mentioned about certain mock theta
functions of order three, five and seven respectively. In Ramanujan’s Collected
Papers mock theta functions are described as follows by Hardy [8]:
“Ramanujan... makes it clear that what he means by a ‘mock theta function’
is a function, defined by a g¢-series convergent for | ¢ |< 1, for which we can
calculate asymptotic formulae when ¢ tend to a ‘rational point’ e27"/% of the
same degree of precision as those furnished, for the ordinary 6-functions, by
the theory of linear transformation. Thus he asserts, for example, that if
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The discovery of these functions was known to us only in 1935, through the
famous presidential address of Watson to the London Mathematical Society
published in 1936 in the J. London Math. Soc. A substantial portion of mock
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theta functions discovered by Ramanujan lay buried in the debris in the attic
of Watson’s house for almost half-a-century.

After these discovery eminent mathematicians working in the field of g-series
like Andrews and Hickerson [4], Gordon and McIntosh [7], Y. S. Choi [5] have
introduced new class of mock theta functions. Andrews and Hickerson [4] have
introduced seven mock theta functions of order 6, Gordon and McIntosh [7] have
introduced eight mock theta functions of order 8 and Y. S. Choi [5] provided
four mock theta functions of order 10.

Mathematicians working in the field of g-series were interested for the rela-
tions among mock theta functions of different order and they succeeded in their
goal. Remy Y. Denis et. al. [6] established results which provide relationship
between any two mock theta functions of order 3, 5 and 7. They exclude the
relationship involving the recently discovered mock theta functions of order 6,
8 and 10. Srivastava, Bhaskar [11] provided the relations among mock theta
functions and partial mock theta functions of order 10, 3, 5 and 6. Recently,
Srivastava, Bhaskar [12] provided relations between mock theta functions and
partial mock theta functions of order 2, 3 and 6 and Ramanujan’s function
1(q).

Mathematicians working on Ramanujan’s mathematics have established re-
lations among partial mock theta functions and mock theta functions of all
order, but they are silent on the relations of mock theta functions of order 8.
In this paper we have established relations among mock theta functions and
partial mock theta functions of order 8 and mock theta functions of different
order and an attempt has been made to develop continued fraction represen-
tation for the ratio of two mock theta functions of order 2. In §3 a numbers
of results representing relations among partial mock theta functions and mock
theta functions of order 8 have been established, which shall be interesting for
further study of mock theta functions of order 8 and other.

2. Definitions and notations
We shall use the following g-symbols: For | ¢ [< 1 and | ¢" |< 1,
(a;@)n = ;59 (1 — ag®), n > 1
(@:¢")n =55 (1 —ag"®), n > 1
(a;q)o =1, (a;¢")o = 1,
(a4 )00 = 1120 (1 — aq™),
(@)n = (a;q)n-

A generalized basic hypergeometric series with base ¢ is defined as:

o0
(a15@)n -~ (aa;@)nz"
A¢A— CL,U:,.-.,CLA;b,b,.-.,bA_ ' 4,2) = )
1o, o b 502) nz:%(b1§q)n'"(bA71§Q)n(Q§Q)n

where |z| < 1,|q| < 1.
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A finite continued fraction is an expression of the type:

ap a3 a5 ay a9 a4l an—1
b)
as+ as+ ag+ ag+ aip+ ajz+ an
where a4, as, as, aq, ... are real or complex numbers.

It is an infinite continued fraction when n — oco. If F(q) = >_o°, f(g,n) is
a mock theta function, then the corresponding partial mock theta function is
denoted by the truncated series,

Fo(q) = >0 _o fla,n).
Definitions and notations of the mock theta functions that shall be used in our
analysis are as:

Mock theta functions of order 2:
Andrews defined the second order mock theta functions as:

q”“) q”“) *)n
q(" ) ( q 1 q%) q"
nZO T Z T

n+1 n=0

n+1

n+1

Mock theta functions of order 6:
Andrews and Hickerson defined the mock theta functions of order six in the
Ramanujan’s Lost Notebook VII as given below:

= ()" (456D
(b(q)_,;) (—4; @)2n

= (~1)"gm Y (547
HOESS -
0 4 @)2n+1
— "2 (—q:q),,
(45 ¢*)n+1
gtV F2/2(_grg),
n=0 (¢54%)n+1
(=1)"q"(¢;¢*)n
Agq) = —_—
nz;; (=€ On

oo_ln(n+1)1+n §2n
20 = 2 e (—q(; q)ni)(q =

)

’
n=0
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N

Mock theta functions of order 8:
Gordon and McIntosh found eight mock theta functions of order 8 which are
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given below as:
Z "
n=0
X nn+2)(_,. 2
q ( 4G9 )n
S1(q) = —_—
1(9) ; (=a*¢*)n
0 q(n+1)(n+2)(_q2; q2)n
= (6@
0 qn(n+1)(_q2;q2)n

Tilg) = ;0 (7q'q2)n+1

q
%

q(”“) (*q;qQ)n
= (—q2'q4)n+1 ’

Vo(q)=—1+22q
n=0

)

To(q) =

—q2'q4)
4 q%)2n41
g (g1

n=0 (4 ¢%)n+1

o P (g Y
n=0 (¢ 4%)2n+2

Vilg) =

Mock theta functions of order 10:
Tenth order mock theta functions defined by Y. S. Choi found in Ramanujan’s
Lost Notebook I, I, IV are given below as:

e qn(n+1)/2

drc(a) =)  ———v—
= (6% nr1’
e q(n+1)(n+2)/2
Yro(@) = ) 55—
= ()t
i’i ra”
Xre(q) =
n:O —q; q 2n
Sl nJrl)2
rc(q 7-
X Z —-q; Q 2n+1

n=0
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Srivastava [10] has established the following identity:

n m n n n—1 T
E Om E o, = E o, E Om — E Qi1 E Om-
m=0 r=0 r=0 m=0 r=0 m=0

The identity can be written as:
n n n m n—1 T
D ST ST SLAD ST Sv) e
r=0 m=0 m=0 r=0 r=0 m=0

3. Main results

In this section we shall establish following results involving partial mock
theta functions and mock theta functions of order two, six, eight and ten re-
spectively.

(a) Relations between partial mock theta functions and mock theta
functions of order eight and order two:
n 2 n—1 2
" (=4:¢*)m ¢ (=4;¢%)r i
(2) An(@)Son(9) = D, ——5 5 Aml(a) +
) )= 2 (4% ¢*)m @ = (66

SOr(q)~

m=0

This provides relationship between partial mock theta functions of order 8
and 2.

2
" (—g:¢%)
—0%.¢%)m —~ (6674

(s

r+1 SOr (Q) )

This provides relation between mock theta functions of order 8 and 2.

(4)

m(m n—1 (. 2
7" (—q; ¢ m " (—q; %)

Anqan:§ Amq+§ T+1S7’Q~
(@)51n() — (4%, @ —= (¢4 1r(0)
This is the relation between partial mock theta functions of order 8 and 2.
0 m(m42)(_ . 2 o (r+2)2 (. 42
q 9 )m q q;:9" )r
(5) AlSilg) = Y Lo 8 my gy L Ca g, )
— (% ¢)m —= ()i

This is the relation between mock theta functions of order 8 and 2.

_ q(m+1)(m+2)(7q2; q2)m,
(6) Bn<q>Ton<q)—n;J v — B.(q)

n—1 (7‘+1)(r+2)(

2 2
q —q%;q%)r11
+ E Tor(q).
—0 (:6%)7 12 '
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It is another relation between partial mock theta functions of order 8 and 2.

(7) Z «

0 r+1)(7‘+2)( @ q?)

+Zq

r= 7q )72~+2

(m+1)( m+2)( q2;q2)m

)m+1

Bp(q)

T+l Tor(q)-

It is another relation between mock theta functions of order 8 and 2.

n m(m+1)(_ 2. 2
q (=% %)
) @ mZ:O (= ¢*)m+1

—1

Y gt (— g% %)
~ (¢:4%)7 42

= B.n(q)

T+l TIT(Q)

which is the relation between partial mock theta functions of order 8 and 2.

9)
©  m( m+1 2 00 (r+1)(r4+2)(_ 2. 2
Zq a* q%) Bm(q)Jqu (—4*:¢%)

o T1-(q)
)mt1 —0 (@39 )r+2

m=0

which is the relation between mock theta functions of order 8 and 2.

10)  Au@l+ V(@ = 3 WAM)
m=0 ’ m

n=1l _(r42)2 L2
q (=4;0%)r11
+ E 14+ Vor(q
= (@) L Vor(a)

which provides relationship between partial mock theta functions of order 8
and 2.

(11)

0 ) © (r4+2)%(_ . 2
A4V = 3 20 G <q<, L () + 3 (q,(qQ)q;i”“ 114 Voo ()]
’ m r=0 ’ T

m=0

which gives relation between mock theta functions of order 8 and 2.

(1) Bual +Voula) = 3 2 CEDnp )

«q2
= (G)m
n=l (r41)(r42) 2. 2
+y 1 Ca5 @ 4 v, (q))

= (4:6%)7 42
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This provides relation between partial mock theta functions of order 8 and 2.

& m2i_ . .2
13 B+ = WBm(q)

m=0

q(r+1)(r+2)

+3 @q

r=0

= —0%¢%)r1 14 Vo (o)l
r+2

This provides relation between mock theta functions of order 8 and 2.
Similarly we can establish the relations between other partial mock theta
functions and mock theta functions of order 8 and 2.

(b) Relations between partial mock theta functions and mock theta
functions of order eight and order six:

(14)
0)Song Z Tt )+ Z

m=0 q)T+1

r+1 7‘+1

2
q q )7‘+1 SOr(q)

which provides relation between partlal mock theta functions of order 8 and 6.
r+1 7‘+1 2

R 1

S5 ()

7"
(18) A mzzo )+ Z ~¢ Q)1

which provides relation between mock theta functlons of order 8 and 6.
(16)

Pn(@)S1n(q) =

n__m(m+2)
q (—q;q
+
(—q?; q) Z

which gives relation between partial mock theta functions of order 8 and 6.
(17)

1) g1’ (Q§q2)r+151 @

@ Q)2(r+1)

m=0

m(m+2) r+1 r+1)2(

Z : “omlg Z

which gives relatlon between mock theta functlons of order 8 and 6.

(18) 1/)7L(Q)T07L(q) = Z

m=0

+Z

This is the relation between partlal mock theta functions of order 8 and 6.

2
4 q%)r1
S1r(q
—q; (1)2(7«+1) ! ( )

g DmE2) (g2, g2y
(=4 @*)m+1
r+1 (7’+2) A2

q ( q;9q ) +1T0r(q)~
(=4 0)2r+3

Pm (Q)

o 4 (0% 6% m

X (1)U (g4%) 40
+ Tor(q)-
T ot or (@)
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This is the relation between mock theta functions of order 8 and 6.
(20)
-1 Is g
¢+ (—g; ¢°) R

7(@)l1nlg) = Z (—q25q4)m+1m0m(Q)+z_:o (Q;qz)rﬂq;q”+1 Ur(q)

m=0
which provides relation between partial mock theta functions of order 8 and 6.
(21)

o(q)Usr(q) =

s q(7’+2)(7"+3)/2(_q; q)

0 (m+1)2/_,. 2
q 9" )m
Caan @)+

r+1
Uir(q
(=% 4" )m+1 = (5 4%)r+2 (@)

m=0

which provides relation between mock theta functions of order 8 and 6.
(22)
n m(m+1)/2

Vln n Z 1

which gives relation between partial mock theta functions of order 8 and 6.

(23) V >

m=0

_1 P
"D (—q;¢*) i1
= (662

—¢Om
q;9 m+1

Vim(q) + pr(q)

m m+1)/2

0o 2
(¢ @Q)m " (—q;¢%)r i1
Vm q + r\q
)m+1 @ —o (4 6%)r+2 @

which gives relation between mock theta functions of order 8 and 6.
Similarly relations for other partial mock theta functions and mock theta
functions of order 8 and 6 can be established.

(c) Relations between partial mock theta functions and mock theta
functions of order eight and order ten:
(24)

n m(m+1)/2 n—1 q(r+2)(r+3)(_

Ton(q)drenlq) = Z g Tom(q) + Z
r=0

= (¢56%)m+1
It is the relation between partial mock theta functions of order 8 and 10.
(25)

2 2

q°5q%)rq1
drer(q).

(—4;6%)r42 "

m(m+1)/ q(r+2)(r+3

q)orc(q Z g TOm )+ Z

which provides relation between mock theta functions of order 8 and 10.

(26)
(m+1)(m+2)/2 n-1 (r+1)(r+2

T (q@)¥ren(g Z 1 ———Tin(g +Z —d%a )T+11/1LCT’(Q)-

=0 m+1 )r+2

2.,2
—q7;q 1

: )H ¢LCT(Q)
—q;9 )r+2

This is the relation between partial mock theta functions of order 8 and 10.

(27)
wLC Z 1 1m q +Z q
=0

(m+1)(m+2)/2 (r+1)( r+2

2. .2
47547 )r+1
) + 1/JLCT(q)‘

)m-‘rl —q;q )7+2
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This is the relation between mock theta functions of order 8 and 10.
(28)
r+1 q(r+2)

Xron(@)Son(g) = Y d

———5u-(q).
= (=% ¢%)m o (@)

2r+3

(= 4:8)m
T ) + z
=
This gives relation between partial mock theta functions of order 8 and 10.

o] 2 o]
(29) xre(q Z < mXLCm +Z

—0 — —4q; q 2r+3

T+1q(r+2)
SO'r (Q)

This gives relation between mock theta functions of order 8 and 10.
(30)
n m n—1 r r 2
2 (—g; 6% )m (=1)rtgrt?

XLCn Sln Z 1 ) XLCm(Q) + Z

—0 (=@ @)2r4s

Slr(q)-

m=0
It is the relation between partial mock theta functions of order 8 and 10.

(31)

> mm+2)/_.,2 0
q (=4:0°)m
S == m +
xee@Si@) = 30 T e Z Dorrs

m=0 r=

'r+1q(7‘+2)

Slr(q)'

It is the relation between mock theta functions of order 8 and 10.
Similarly relations for other partial mock theta functions and mock theta
functions of order 8 and 10 can be established.

(d) Relations between partial mock theta functions and mock theta
functions of order six and order two:

(32)
0-2 5

which provides relationship between partial mock theta functions of order 6
and 2.

g’ (g ¢? — ¢’ (—¢;¢%), 11

— (66

¥r(q)

—q; q 2m+1

(33)
— (-1)™ (m“)Q(q'qQ) gD (—q1¢%)
- mAnL q + : - ¢7' q
Z:O —4;qQ)2m+1 @ X::O (@:6%)7 42 (@

which provides relationship between mock theta functions of order 6 and 2.

n _1\ym,(m 1)2 L2
(34) Bulgyn(g) = S L @ ()

= (Csdemn

n—1 (7‘+1)(r+2)(

q ?;¢%)r1
N ,;O (4:4%)2 15 vt
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This is the relation between partial mock theta functions of order 6 and 2.
(35)

—¢; Q)am 11 ~ (43 ¢%)7 42

" (q).

m=0

This is the relation between mock theta functions of order 6 and 2.
Similarly we can provide the relations between other partial mock theta
functions and mock theta functions of order 6 and 2.

(e) Relations between partial mock theta functions and mock theta
functions of same order:

e " P)m (@)
(36) B"(q)A"(Q)_,; (44> m+1 BM(Q)JF; G @

which provides relationship between partial mock theta functions of order 2.

_ N 4 ) (407
o0 pad = mZ::O (45 4%)m+1 B0+ ,Z:o (4 4%)r42 (@)

which provides relationship between mock theta functions of order 2.

(38)
-y ( (q;qz)mpm(q) N

= (6 d)m prd (45 4%)r42

mm2

=1 (r+1)(r+2)/2(_,,.
q q;q)r
( ) +1 ¢r(q)

This is the relation between partial mock theta functions of order 6.
(39)

s (D)™™ (g3 6%)m o~ g2 (g5 g)a
P2)$() _mz::() (=% @)2m pm(q>+r:0 (¢54%)r+2 orla)

This is the relation between mock theta functions of order 6.
(40)

—1 D 3)
Sln SOn Z q Slm( ) 1 ( a

;q2)r+1 So (q)
— (%) '

which provides relationship between partial mock theta functions of order 8.
(41)
m* ( X, gr+D(r+3)(—

> L2
So _ Z q" Slm( ) Z q q;49 )7+1 SOT(q)
m=0

m —0 (_q2; qz)r+1

which provides relationship between mock theta functions of order 8.

n m(m+1)/2

(42) Yren(@)brenld Z a

(r+2)(r+3)/2

Yrom(q) + Z « drer(q)-
r=0 q;q T+2



CERTAIN RELATIONS FOR MOCK THETA FUNCTIONS OF ORDER EIGHT 639

This is the relation between partial mock theta functions of order 10.

s m(m+1)/2 oo (r+2)(r+3)/2

(43) Yre(9)orc(q Z 1 ZZJLcm +Zq drer(q).
r=0

q;q q;q T+2

This is the relation between mock theta functions of order 10.
Similarly we can give the relations between other partial mock theta func-
tions and mock theta functions of same order.

4. Proof of main results

As an illustration, we shall prove result (2).
Taking 6, = C-GI00m and q, = w in identity (1) and
) m r41
simplifying further, we obtain the result (2).

Taking the limit n — oo in (2), result (3) can be established.
Choosing d,, and «, appropriately in identity (1), results (4) to (43) can be

obtained.

5. Continued fraction representation for the ratio of two mock
theta functions of order 2

Singh [9] has established the result:

(44) 201 (@. By giw) Mo W i Vi e

201 (a, Bgsviqsr) 0 14 1— 14 1— 1+4...

where
ul:xlng(liaql% 7::0’172737"'7
. i+l .
vi= g (1= Bg*)(1—*2—), i=0,1,2,3,..,
Now let ¢ — ¢% and a = ¢2, 3 = —q, v = ¢° and = = ¢ in identity (44), we get

(45) 201(0% ;0% ¢%q) _ | s0 to s1 b s
201(¢%, —4% ¢% ¢%; q) I+ 1= 1+ 1= 14
where
s =—q¢"?(1 —¢"™) and t;=—q(1+¢"*)? i=0,1,2,3,....

The basic hypergeometric series structure of second order mock theta functions
A(q) and B(q) given by Srivastava [12] is as:

(46) A(q) = 13(1 201(6°, —¢* 0% %, @),

(47) Bla) = 1, 201(4°, —¢: 4% 4%, 9)-
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Taking the ratio of (47) by (46), now using the result (45) and after simplifi-
cation, the continued fraction representation for the ratio of two mock theta
functions of order 2 can be obtained.

B 1 t t
(48) (@ _1[,_s0 to 51 1 s2 |
Alg) ¢ I+ 1— 1+ 1— 1+---
Remark. In §3 A, Son, Bn, S1n, - - - represent partial mock theta functions cor-

responding to the mock theta functions A, Sy, B, S, ... defined in §2.

Acknowledgment. We are grateful to the referee for his valuable suggestions.

References

[1] R. P. Agarwal, Resonance of Ramanugjan’s Mathematics II, New Age International Pvt.
Ltd. Publishers, New Delhi, 1996.
, An attempt towards presenting an unified theory for mock theta functions, Proc.
Int. Conf. SSFA 1 (2001), 11-19.
, Pade approxzimants, continued fractions and Heine’s q-hypergeometric series,
J. Math. Phys. Sci. 26 (1992), no. 3, 281-290.
[4] G. E. Andrew and D. Hickerson, Ramanugjan’s ‘Lost’ Notebook VII: The sizth order
mock theta functions, Adv. Math. 89 (1991), 60-105.
[5] Y. S. Choi, Tenth order mock theta functions in Ramanujan’s lost notebook, Invent
Math. 136 (1999), 497-569.
[6] R. Y. Denis, S. N. Singh, and S. P. Singh, On certain relation connecting mock theta
functions, Ital. J. Pure Appl. Math. 19 (2006), 55-60.
[7] B. Gordon and R. J. McIntosh, Some eight order mock theta functions, J. Lond. Math.
Soc. 62 (2000), 321-335.
[8] S. Ramanujan, The Lost Notebook and Other Unpublished Papers, Narosa Publishing
House, New Delhi, 1988.
[9] S. N. Singh, Basic hypergeometric series and continued fractions, Math. Student 56
(1988), 91-96.
[10] A. K. Srivastava, On partial sum of mock theta functions of order three, Proc. Indian
Acad. Sci. Math. Sci. 107 (1997), 1-12.
[11] B. Srivastava, Ramanujan’s mock theta functions, Math. J. Okayama Univ. 47 (2005),
no. 1, 163-174.
, Partial second order mock theta functions their expansions and pade approxi-
mations, J. Korean Math. Soc. 44 (2007), no. 4, 7T67-777.

2]

3]

(12]

MAHESHWAR PATHAK

DEPARTMENT OF MATHEMATICS

MOTILAL NEHRU NATIONAL INSTITUTE OF TECHNOLOGY
ALLAHABAD-211004, INDIA

E-mail address: mpathak81@rediffmail.com

PANKAJ SRIVASTAVA

DEPARTMENT OF MATHEMATICS

MoTILAL NEHRU NATIONAL INSTITUTE OF TECHNOLOGY
ALLAHABAD-211004, INDIA

E-mail address: pankajs23@rediffmail.com



