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SOME INEQUALITIES FOR BIVARIATE MEANS

Honexia Du

ABSTRACT. In the paper, some new inequalities for certain bivariate
means are obtained, which extend some known results.

1. Introduction

The logarithmic and identric means of two positive numbers a and b are
defined by

b—a
L = L(a,b) = { losb~loga a b,
a a=1»b
and
1 (bt 1/(b—a)
I=1I(a,b) = (a) a7 b
a a=
respectively. Let
k bk 1/k
Ap = Ap(a,b) = (“ ;r )

denote the power mean of order k # 0 of a and b. In particular, the arithmetic
and geometric mean of a and b are

a+b
2

A= Ai(a,b) = , GE%E%A;C(a,b):\/%,

There are many remarkable inequalities and identities for all means defined
above have been established and studied extensively by many researchers (see

[1]-[15]).

For instance, Stolarsky [14] proved that for all a # b one has
Ay <1,
and that the order 2/3 of the power mean is the best one. Bullen [2] obtained
L<I<A,
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Sandor gave
e
A< =T
< 5t
Neuman-Séndor [7] got
2
I< g(A +G)

and recently, Neuman-Séndor [7] proved the following companion inequalities,

22
I<A<§I, Ag/3<I<T‘[Az/3

where the constants above are best possible.
Next, we introduce the weighted geometric mean S (see, e.g., [8, 9, 12]) of
a and b with weights a/(a + b) and b/(a + b):

S = S5(a,b) = @/ (atb)pb/(a+b)
The Heronian mean denoted by He (see [2]) and defined as follows
a+Vab+b 24+G

3 3
Neuman-Séndor [7] obtained two companion inequalities

He = He(a,b) =

H6<I<§H6, and A, < S < V2A4,.
e

In the present paper, we will establish some new inequalities for bivariate means
which extend some known results.

2. Main results
In what follows, without loss of generality, we will assume that b > a > 0.

Theorem 2.1. Let 0 < k < 1, then we have
Ap(a,b) > a*~*1(a”,b¥)
where the constant 1 is best possible.
Proof. Let © = b/a and
- Ak(l', 1)
flz) = m7
then we have
@) _ A(e,1)  I'(a"1)
f(x)  Ap(z,1)  I(zF,1)

Pt kbl k2R lloga
= Lk + FT k)2
2k+1 11—z (1—2zF)
21

= _ 2k k 2(,.k
T (1= 2F)2(1+ k) [L+k+ (1K) 22* + k* (2" + 1) logz] .

Let
g(x) =1+ k+ (1 —k)z* — 225 + k2(2* + 1) logz
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ot
(%)
ot

then
g (z) = g [2(1 — k)2z?* — (2 — k)2* + k*2F logz + k] .
Let
h(z) = 2(1 — k)2?* — (2 — k)2* + k*2" logz + k,
then

W(z) = ka" 1 [4(1 — k)2* — 2(1 — k) + k® log 2] .
For 0 < k <1, x> 1, it is easy to check that
W(@) >0, limh(z) =0

which implies that

g(x)>0, V z>1
By ¢(1) = 0, we have g(x) > 0. Then it follows that

f'(x)>0, forz>1, 0<k<1.

Thus f(x) is strictly increasing and

Fl) > lim f@) = 1.

Moreover, as x — oo, we have

(2.1) Ag(z,1) = (x), I(zF,1)= éxk + o(z),

x
W +o
then
f(z) < lim f(z) = +oc.
Tr—00
Since f(x) is continuous for x > 1, it follows that the constant 1 is best possible.
Furthermore, by noting

I % e
(22) Ak((E, 1) = <W> = 1 (bk + k) = éAk(a,b)

2 a 2
and
S .
1 1 @) et
2.3) I(zF, )=~ ———— L R TN Y
( ) (l’ ’ ) e (é)k(%)k e \ gka® ak ak (a ’ >’
the desired result can be obtained. O

Remark 2.1. If taking k = 1, then we have the following well-known inequality
(e-g-, [2])
I(a,b) < A(a,b).
Furthermore, from (2.1), we can obtain the following companion inequality
(e-g-, [7])
I(a,b) < A(a,b) < gl(a,b).



556 HONGXIA DU

Theorem 2.2. Let 0 < k < 1/2, we have
Ak(a'a b) < I(a7 b)v
where the constant 1 is best possible.

Proof. Let = b/a and

then we have

xh1 1 log x

UL g (1—2)2

bt — gk 1 -2 +loga + 2Floga
(1—2)2(1+ %) '

Let fi(z) = 21 — 2% +1 — 2 +logx + 2¥ log z, then

f@)=(k—D2" 2427 2" f kb ogar — 1 — k™!
1
= 5 {1+klogz+a™ —k—(1—kja™! —a'F}.

In addition, let fo(x) =1+ klogz + 2% —k — (1 — k)z~! — 2'7% then

filx) = S —kx Pl (1-k)z - (1 -k 7k

-+t e)-0-0 (-3
<(2k—1)<;—x,3+1><0.

Since f2(1) = 0, then fo(z) < 0, which implies f1'(z) < 0 and f'(z
Thus f(x) is decreasing, and it follows that f(x) <1 by lim,_,; f(x) =
desired result can be obtained.

Theorem 2.3. Let 8 > 2/3, then for any k > 0, we have

3
He(a*,b*) < Ag(a®, b*) < 21WHe(ak,bk),

where the constants 1 and ﬁ are best possible.

Proof. Let

) < 0.
1. The

O
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then we have
f(x) _ He'(z%,1) B Alg(xkvl)
f(z)  He(a*,1)  Ap(a*, 1)
kak—1 4 %xg_l kakB-1
zk + x% +1 14 kb
k[ ogk1 + ngl _ pk(B+1/2)=1 _ 9,kB-1
2 (zk + 25 + 1)(1 + a+8)
B kak=1 [24k/2 41 — gF6 — 20k~ %
2 xk/2 (zk + 25 + 1)(1 + a+)

Let
g(x) = 22F/2 41 — 2F0 — 22503
then it follows that

g'(z) = {xgl — BrkA1 9 <5 _ ;) Ik5]§1:|

= kx> ! [1 — BakP5 — 2 (ﬁ — ;) xkﬁ_k} .
Let

hz)=1- ﬂzkﬂ*g -2 <ﬂ — ;) xhP—k
then

W(z)= -k (5 - ;) A (ﬁﬁ +2(8 - 1))

< —k <5 - ;) TR (B 2(B - 1))
If 8 > 2/3, then A/(z) < 0. From above discussions, we have the following
claims

h(z) <h(l)=2-33<0, ¢(z) <0, g(z)<g(l)=0.
Hence, f'(z) < 0, and f(z) is strictly decreasing for all z > 1. If § = 2/3, by
similar discussion, f(z) is strictly decreasing for all > 1. Furthermore, it is
easy to check that

21/8
hml fl@)=1, and lim f(z)= =3
which implies our result. (I

Remark 2.2. Here if taking k = 1 and 8 = 2/3, then we have the following
known inequality [7],

3
He(a,b) < A ,b) < —=He(a,b).
e(a:8) < Apja(ab) < 55 He(ab)
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Theorem 2.4. Let 1 < k <2, then we have
Ap(a,b) < 8 < 2% Ay (a,b),

where the constants 1 and 2'/% are best possible.

Proof. Let
o Ak(l', 1)
fla) = s,
then
Fla) A1) S
f(z) Ag(z,1)  S(z,1
k

k1 1 log x
F4+1 14z (1+x)2
b+ abl -2 —1—(1+2%) logx
(zF +1)(1 + x)?
g(x)
(xF + 1)(1 + )2’

1 k
g () =ka* '+ (k- 1)2*"2 -1 — ka*"llogx — tr

and

1
g" (@)= (k= 1)(k—2)a" 3 + 2" 2 [k =3k + 1 — k(k — 1)logz] + —
T

=" 2 {(k—-1)(k—2)z7' + [kF* =3k +1—k(k—1)logz] + 2 "}.
Let
h(z) = (k—1)(k—2)z ' + [k* =3k + 1 — k(k — 1) logz] + 2"
then we have
W(zx)= —(k—=1)(k—2)z72 —k(k — D)2t — ka—*"!
=272 [~(k—1)(k—2) — k(k — D)z — ka "] = 272(2)
and
U'(z)=Fk(k—1)(z=F —1).
By 1<k <2and x> 1, we can get the following claims
I'(z) <0, 1(1)=—(2k* -3k +2) <0, h(z) <0,
h(z) < h(1) =2(k* =3k +2) <0, ¢"(z) <0, ¢'(z)<g'(1)<0.

Thus, g(x) is strictly decreasing and, by g(1) = 0, we have f’(x) < 0 for all
x > 1, that is to say, f(x) is strictly decreasing. Furthermore,

v = Jim ) < ) < i (o) = 1.

xr—00

which implies our result. O
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Remark 2.3. By taking k = 2, we get the following know inequality [7],

(1]
2]
3]

[4]
[5]

[6]
[7]
(8]
[9]
[10]
(1]
(12]
(13]
(14]

[15]

As(a,b) < S < V2A(a,b).
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