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ON REES MATRIX REPRESENTATIONS OF ABUNDANT
SEMIGROUPS WITH ADEQUATE TRANSVERSALS

ZHEN LIN GAo, X1AN GE Liu, YAN JuN XIANG, AND HE L1 Zuo

ABSTRACT. The concepts of *-relation of a (T'-)semigroup and T-adequate
transversal of a (I'-)abundant semigroup are defined in this note. Then
we develop a matrix type theory for abundant semigroups. We give some
equivalent conditions of a Rees matrix semigroup being abundant and
some equivalent conditions of an abundant Rees matrix semigroup having
an adequate transversal. Then we obtain some Rees matrix representa-
tions for abundant semigroups with adequate transversals by the above
theories.

Introduction

It is well-known that all abundant semigroups constitute an important class
of generalized regular semigroups. An adequate transversal S° of an abundant
semigroup S is an adequate x-subsemigroup of S which for any x € S there
are unique element denoted by z° and two idempotents denoted by e, f, such
that x = e,20f,, where ¢,.Z*2°%* f, (£L*,%#* are Green’s *-relations). Here
e, and f, are uniquely determined by z. Furthermore, S° is multiplicative if
fzey € E(S°) for any z,y € S.

By the I'-semigroup T (see [2, 10, 11]) means that for two non-empty sets T
and I' in which an element denoted by x, v respectively under multiplication

xoy =zvy € T satisfying (zay)Bz = za(yfz)
for any z,y,z € T and v,«a,3 € I'. A I'-semigroup T is I'-commutative, if for
any z,y € T,a € I',xay = yax. Similar to the theory of semigroups, in the
theory of I'-semigroups we have also the well-known correlate concepts. Here
we will apply them directly. Clearly, any semigroup T is always a I'-semigroup
for any subset I" of T or I' = {1}, where the member 1 is an outer identity.
Conversely, a I'-semigroup 7" need not be a semigroup in general.
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We remark that Rees matrix semigroups have been defined in several slightly
different ways. For example, in [9] the matrix semigroup is over an inverse
semigroup. In [12] the matrix semigroup is over a monoid with zero. In [6], J.
Fountain used some (T, Tj)-bisystem M,g, where o, 8 € I and an outer zero
and introduced blocked Rees matrix semigroup u° (Mop; I, A, 1"/; P). Here, we
say that a Rees matrix semigroup S, is a Rees matrix representation of the
semigroup S if S, is isomorphic to S.

Our purpose in this note is to develop a matrix type theory for abundant
semigroups with adequate transversals, that is, to study the conditions of a
Rees matrix semigroup being abundant and the conditions of an abundant Rees
matrix semigroup having an adequate transversal. The above results such that
we may obtain some Rees matrix representations of abundant semigroup with
an adequate transversal. We proceed as follows:

We begin in Section 1 by defining I'+-relations on a (I'-)semigroup and dis-
cussing their properties. Particularly, the relations between Green’s *-relations
and I'x-relations. By these relations, we show that the relations between a
I'-semigroup T and a Rees matrix semigroup over T and obtain some equiv-
alent conditions of a Rees matrix semigroup being abundant. In Section 2,
we define the concept of I'-adequate transversals of I'-abundant semigroups.
Then we show that the relation between T'-adequate transversals and adequate
transversals of Rees matrix semigroups and obtain some equivalent conditions
of an abundant Rees matrix semigroup having an adequate transveral. In Sec-
tion 3, using the results in Sections 1 and 2, for an abundant semigroup .S with
an adequate transversal SV, we construct a Rees matrix semigroup S,, over some
subset T' of S. Then we prove that S, is a (I'-)Rees matrix representation of
given semigroup S.

For terminologies not given in this note the reader is referred to [3, 4, 5, 6,
8,9, 11, 12].

1. The conditions of a Rees matrix semigroup being abundant

We present first some necessary notation and well-known results. For details
consult [6, 9, 11, 12].

Given a semigroup 7', non-empty index sets I and A and defined a A x [
matrix P = (p,,)axs over T. By [9], we may obtained a Rees matrix semigroup
denoted by S, = pu(T;I,A, P). It’s elements consist of all triples (x);x, where
x €T, (i,\) € I x A with multiplication

(1.1) (V(@)ix, (®)jn € Su) (@)ix(¥)jn = (@p5,Y)ip-

In general, S, is only a semigroup. Put the set RS, = Zu(T; 1, A, P) of all
regular elements of S,. It was proved in [9] that RS, is a regular semigroup
if T is regular. This result, we well generalized to abundant semigroups (see
Theorem 1.9). Now we consider the converse problem.
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Let S be a semigroup with an outer zero. Like [6], we index the set of non-
zero #*-classes of S by I and the set of non-zero .£*-classes of S by A, so
that we write the #*-classes as R} (i € I) and the Z*-classes as L} (A € A).
Then we put Hf, = R; (L3 for (i,\) € I x A, so that every non-zero .#*-
class of S is some H;, and each H}, is either empty or a J#*-class. Of course
S\ {0} = U{H}; (G, ) € T x A} we denote this structure express of S by
(S,1,M).

Further, like [6] we may obtain another structure express denoted by (.9, I,
A, 1"/)7 where I'” is the set of non-zero Z-classes of S which contain idempotents.
We write these Z-classes as Do (v € I'). Let I, = {i € I; Do (R} # ¢}, Ao =
{AN e A; Do N L3 # ¢}. In general, I = JI, and A = JA,. When S satisfies
some conditions (for example, S is abundant), they are disjoint union.

Now let the set

(1.2) T={p,eT|(i\) elxA}

be any subset of S determined by the index pair set I x A. Since S is a semigroup
and I' C S, so S becomes a ['-semigroup. Now let T" be a subset with zero of
S. In this section we suppose always that 7" is a I'-semigroup where the set I'
defined as (1.2). On I'-semigroup T (or S) we give the following concept.

Definition 1.1. For I'-semigroup T (resp. semigroup T') the T x-relations on
T denoted by V.27 and VZy., for i € I, A € A are defined by
(a,beT)asy b: (z,y € T,v,uel)for A€ A
ap,,r =ap,,y < bp, x=bp,,y;
(a,beT)aZt b: (v,y € T, k,t€l)foriel
xp,;a =yp,,a < xp,.b=1yp,b.
The following results are clear.

Lemma 1.2. (1) For A € A (i € I), 2 (%)) is an equivalence relation on
T. We denote the £y -class (%, -class) by L*(\) (A € A) (R*(i) (i € I)).
(2) If a*b (aZ%*b) for a,b € T, then a1 b (a%y.,b) for any X € A (i € I).

By the structure express (S,I,A) of S, we know that for a,b € S, if a,b €
L% (R}), then a.Z*b (aZ*b). Conversely, if a.Z*b (aZ%*b), then there is a
member X\ € A (¢ € I) such that a,b € LY (R}). Thus we may think that the
Green’s x-relation Z* (#£*) can be written in the form £} (a%;b) for some
AeA (iel).

The following we suppose always that the matrix P = (p,,)axs over I' and
S, = u(T;1,A, P) is a Rees matrix semigroup over T' under the multiplication
(1.1).

Lemma 1.3. (1) For any non-zero elements (a)ix, (b)ju € Sy, if X = p and
a7, b, then (a)in 25 (b)ju, if i = j and aZf b, then (a)ixZ; (b)ju-

Further, if S, is abundant, then the converse case is also true.

(2) We denote the £*-classes (#*-classes) of S, by Ly (R}). If S, is
abundant, then
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(tel) Rf ={(x)ix | z € R*(i),A € A};

(AeA) Ly ={(x)ir | z € L*(N\),i € I}.
Proof. (1) Let 0 # (a)ix, 0 # (b)ju, if A = p and a2 b, then for (z)u1, (y)ur €
Sy

(@)ix()or = (@)ix(¥)ur < (ap,,@)it = (ap,,Y)ik
< t=kand ap, x=ap,,y.

Similarly, for the element (b),;, = (b);x

(b)j)\(x)vt = (b)jk(y)uk & t=kand bvax = bpxuy'
Thus by A = p and a7, b may imply that
(@ix(@)ve = (@)ir(Y)ue < t=k,ap, ,x=ap,,y
St=kbp,,x=0bp,y
< (0)jx(@)vt = (0)jx(Y) uk-
That is (a)ix-Zy (b)jx. The another result is dual.
If S, is abundant, let e = (c)uwi € L{,). N E(S), by e? = e implies (a);ne =
(a)in so I = X and if (b);, € Liy., = L

e’

(@)inZ5 (b)j, that is, for (x)u, (Y)uk € Sy

(@)ir(@)or = (@)irn(O)ur < (0)jx(@)or = (0)jx(Y)uk-

Computing we may imply that ¢t = k and a. 27 b for A € A.
(2) Let Sp be abundant, by part (1) we know that for 0 # (a)ix,0 # (b);. € S

similarly 4 = A. Thus we obtain

(@)ixZ*(b)j. < A= pand a2 b.

So that a,b € L*(\). Conversely, if a,b € L*(X), then (a);x, (b);» € L} for any
1,7 € I. Thus we have that

Ly ={(x)irn | € L*(N\),i € I}(A € A).
The other result is dual. O

Corollary 1.4. For (i,A\) € I x A,a,beT
(1) if aZ3b (aZ;b), then a7 b (a%r,b).
(2) if a7 b (a%y,b), then ap,, L5 bp,, (py,a%;p,,b).
Lemma 1.5. For any p,, € I' if there are two elements g\ and r; in S such

that p,, = qxri, then
(1) the mapping ¢ defined by

(V(a)ix € S,) (a)ing = riaqy

is a homomorphism from S, to S.



ON REES MATRIX REPRESENTATIONS OF ABUNDANT SEMIGROUPS 485

(2) if S, is abundant and ¢ is an isomorphism, then
(@)ixZx(b)jx in S, < ryagy ZLxribgy in S
< aLf bin T,
(a)ixZ; (b)iuinS,, < ragqn %;ribg, in S
< aZr,bin T.

Proof. (1) Since S is a semigroup, so ¢ is a mapping from Su to S. For
(@)ix, (b)jn € Sy
[(@)ir(b)julé = (ap,;b)ing = riap,, by,
= (riaq)(r;bqu) = (a)irxg - (b) ;9.
(2) By Lemma 1.3, we obtain directly this result. O

The following concepts are different from that in the theory of I'-semigroups.

Definition 1.6. An element a € T'is a p,,-regular element means that ap,,a =
a. The set of all p,,-regular elements of T is denoted by V(p,,). Let a,b €
V(p,,) if a and b are p, ,-commutative (i.e., ap,,b = bp,,a), then we say that a
and b are two p,,-commutative regular elements. Let the set

CV(pM) = {a € V(pXi);v'/E € V(pxi)aapxix = xpma}a

then CV(p,,) is called the center of V(p,,). T is called I-abundant if for any
(i, A\) e Ix A, L* NN V(p,,) # ¢ and R*(i)(\V(p,,) # ¢. The I'-abundant
semigroup T is called T'-adequate, if V(p,,) = CV(p,,) for any (i,\) € I x A.
Particularly, for only one p,, € I' we have the concepts of p,,-abundant and
p,,-adequate.

Clearly, since S is a semigroup, so the set V(p,,) is the set of inverse ele-
ments of the non-zero element p,, for (i,A) € I x A. T is I'-abundant (ade-
quate) if and only if for any p,, € I', T is p,,-abundant (adequate). If T is
abundant (adequate), then by Lemma 1.3 and Corollary 1.4, T is necessarily
I-abundant (adequate), but the converse case is not always true.

Lemma 1.7. If T is T'-adequate, then |L*(X\) NV (p,,)| = |R*@#) NV (p,,)
forany p,, €T.

Proof. Let ay,az € L*(A\)(V(p,,) then 0 # a1 2 az # 0. By Corollary 1.4,
a1p,,ZLasp,, implies that a; = a1p,,a1.Lasp,,a1 = a1p,,a2.Lasp,,as = as by
V(p,,) = CV(p,,). Since p,, € V(ax) (k =1,2), so by a1 Lay implies a;p,, =
azp,,. Thus we have that a; = a1p,,a1 = asp,,a1 = a1p,,a2 = azp,,a2 = as.
Dually, we can show that the other result for any p,, € I'. O

=1

Lemma 1.8. (1) A non-zero element (a);x in S, is regular if and only if
a €Reg(S) (the regular element set of S) and (3 (4, 1) € I x A)

p)\ijui ﬂV(a) 7& ¢
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(2) A non-zero element (a);x in S, is an idempotent if and only ifa € V(p,,).
(3) Two idempotents (a)ir, (b);, are commutative if and only if (i, \) = (4, )
and a,b are p,,-commutative reqular elements.

Proof. Here we omit the checking process of part (1) to part (3). O

Theorem 1.9. The following are equivalent:

(1) S, is abundant.

(2) T is I'-abundant.

(3) P is an abundant matriz (i.e., each row and each column of P contain
a regular element of S).

Proof. By Definition 1.6, Lemma 1.8, it is easy to show that they are equivalent.
We here omit this proof. O

Theorem 1.10. If T is I'-abundant, then the following equivalent:

(1) S, is adequate.

(2) T is T'-adequate where the Gamma set T' denoted by (1.2) and satisfies
that I = A, |V (p,,)| =1 for anyi €I and p,, =0 for N #1i, i,A € I.

Proof. (1) = (2) Let S, be adequate, then E(S,) is a semilattice. For 0 #
(@)ir,0 # (b);, € E(S,) computing we know that i = j and A = p and
a,b € V(p,,). Since the Z*-(%*-)class L} (RY) of S,, has only an idempotent, so
[V(p,,)] =1and CV(p,,) = V(p,,). Suppose that A # i, and i € A (or A € I),
then L} has an idempotent (b);; for some j € I. Since for (a);x € L; [ E(Sy)
and (b);; € Ly (VE(Su), (a)ix(b)ji = (b)ji(a)ir. So we imply that i = j = A. It
is a contradiction. Thus we obtain that I = A and |CV (p,,)| =1 for any i € I.
Since H}; = L} (R} has only an idempotent so by [6, Lemma 1.12] H/, is a
cancellative monoid with the identity denote by (e);. So we may write

= 13 U{0}

Let (e4)ii, (fj)j; € E(Su), i # j by E(S,,) is a semilattice we obtain (e;p,; f;)ij =
(fjp;.€i)ji and i # j, it is necessarily that e;p,, f; = fjp,,e; = 0. Suppose that
p,; # 0. Since T' is I'-abundant so L*(j) "V (p,;) # ¢. Let a € L*(j) NV (p,,),
by Theorem 1.9 and Lemma 1.8, (a);; € L;(E(S,) and i # j,i,j € I. Since
E(S,) has above express, it is also a contradiction. So we know that p,, = 0.
Similarly, we can prove p., = 0 for i # j,i,j € I. Concluding we know that
I satisfies the following conditions: I = A,|V(p,,)] = 1 for i € I,p,, = 0
for A # 4,i,\ € I. Finally, since T is I'-abundant, by the above results we
know V(p,,) = CV(p,,) for i € I, and V(p,,) = V(0) = CV(0) = CV(p,,) for
A#£i,i,A € 1. So T is I'-adequate.

(2) = (1) Suppose that I' is as required and T is I-adequate, then E(S,)
can be written in the form

E(Sy) ={(e)ui [ i€ I =A,ei € V(p,) and [V(p,,)

E(S,u) = {(62)”‘1 € Ia e; € V(pii)7 |V(pz7.)

= 1} U{0},
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It is easy to check that E(S),) is a semilattice with zero. Thus S, is adequate.
(|

The above results (see Theorems 1.9 and 1.10) generalized the corresponding
results in [6] and [9].

Corollary 1.11. S, contains an adequate subsemigroup Sg if and only if the
matric P = (p,,)ax1 satisfies conditions
19 There is a subset Ix T C T x A (or A x
20 OnIxL|V(p,)|=1(i€l) andp,; =0

i

CIxA).

(1,5 € Li # j).

2. The conditions of an abundant Rees matrix semigroup
having an adequate transversal

In this section the semigroup S and I'-semigroup 7', the sets I,A, T =
{p,; | (i,A) € I x A}, the matrix P = (p,,)axs and the Rees matrix semi-
group S, = u(T;1, A, P) are as required in Section 1. We continue to discuss

the relations between a I'-adequate transversal of 1" and adequate transversals
of S, and S. We begin by defining the following concept.

Definition 2.1. Let T be a T-adequate subsemigroup of T', where T CT. By
Theorem 1.10, we may denote the subset I' of " by
(2.1) L _ _ L
F={p, el |(@,\N)eIxL|V(p,) =1foriclp, =0if X#1i,iAecl}.
We denote an element of T° by x°. If for any # € T and (i, \) € I x A there
are a unique element xoie T° and two element a € CV(p,.) and b € CV (p,,)
for a unique (4,i) € I x I, such that x can be uniquely written in the form
T = bpﬁxopﬁa,
where b4 2°%5_a. Then TV is called a T'-adequate transversal of T'.
For this concept we have:

Lemma 2.2. (1) b%l’iga:flfga,()o = 0, otherwise the element x° is uniquely
determined by x and (i, \).

(2) The elements a and b are uniquely determined by x and (i, \). We denote
them by a; and b,.

Proof. (1) By Lemma 1.3 and Definition 2.1 the results may be directly ob-
tained.

(2) Let 0 # = € T', suppose that there are by, by € CV (p..) such that bk.i”f;xo
(k = 1,2) and satisfy all conditions in Definition 2.1. Then p..by = p. bap. by
and p. by = p. bip. by imply that p. b1 Zp. bo and p. by € V(p,,b1). Since for
any (p;ibl)' € V(p,,b1) we have pﬁblf(pﬁbl)l. So we obtain that p. b Jp. bs.
This implies p,,by = p.,bo and so by = bip, b1 = bip, ba = bop. by = by by
bi,b2 € CV(p,,). The other case is dual. O

By Lemma 2.2, we may denote the sets by
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Ay =Ula, €T |Vor €T 3| a, € R*(\)CV(p,;), YA € A} U{0},

icl
Br=U{b, €T |V €T 3| b, € L*(i)CV (p,,), Vi € I } {0}
i€l
To our object we omit the discussion for the sets Ay and B;. Furthermore, we
introduce the following concept.

Definition 2.3. Let 79 be a I'-adequate transversal of T. If for any a, €
Ap,by € Br and p,, € I, there is a unique p.. € I" such that if a,p,,b, # 0,
then
@by € V(p,) € TO (e, AATB; € U V(p,) UL0D).
i€l
Then TY is called a I' multiplicative T-adequate transversal of T

In the following, TV is always a I'-adequate transversal of T where T is given
by (2.1).

Lemma 2.4. (1) Let S} = {(2°)5]2° € T°, (i,i) € Ix I}. Then S5 is an
adequate transversal of S,,.
(2) In part (1), if T® is a T -multiplicative, then Sg is multiplicative.

Proof. (1) By Theorem 1.9, we know that S,, is abundant. Let (z°)5, (v°)55 €
Sg then

Op ) =X
(@)a(W)ax = (@ y°)aa = { é Pt i A

Since T° is T-semigroup with zero, so (2°)7(y°)5x € S9. Since L¥(S) #
¢ and R} ﬂSﬁ # ¢. Thus 52 is a *-subsemigroup. Clearly, Theorem 1.10
demonstrates that Sg is adequate. Since TV is a T-adequate transversal of T,
so for any z € T and (i,A) € I x A, x can be uniquely written in the form
T = bxpﬁxopﬁaw, where a, € Ax, b € By, (i,i) € I x I and b, 2 2°%;_a,.
Thus for any (x);x € Sy, (z):x can be also uniquely written in the form
(@)ix = (bap..2°p_az)ix = (b2)i7(2%)75(az)ixs

where of course (by) ;7.2 (2°)7:%; (az);x- Since a, € A and b, € By, 50 (az);»
and (bg)g; are uniquely determined by (z);x» and (az )iy, (be)g € E(S). Thus
5’2 is indeed an adequate transversal of \S,,.

(2) Since T° is I-multiplicative, for any a, € Aa,b, € B; and p,, €
I a.p,,by € V(p;;) for a unique (i,7) € I x I (or azp,,b, = 0), so for any
fe)in = (az)iy and ey, = (by);x

f(z)ike(’y)ju = (aﬂﬂ)ik(by)j/_\ = (%pijy)%i\ =

(axpkj by)ﬂ
0

where a,p, by, € V(p;;) C T° for i = A, and so0 f(,),,€(),, € E(SY). Thus S
is multiplicative. O
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Lemma 2.5. If Sg is an adequate transversal of S,,, then
(1) T contains a T-adequate transversal T® for some T C T.
(2) If 52 is multiplicative, then T is T-multiplicative.

Proof. (1) By Theorem 1.9 we know that T is T-abundant. Let (z)ix € Sj
then the element x is belongs to some subset 70 of T. By Theorem 1.10 we
can always denote the set by

Sp = {2 € T° (i, A) € Ix T},

where (22;) means that (z){y € S} is uniquely determined by (z);» and IxI

is some subset of I x A. Since 5’2 is an adequate subsemigroup of S,, by
Theorem 1.10 T° is T-adequate subsemigroup of T, so

T ={p_|(i,\) € I x I} CT satisfies p_, = { g

we may suppose that

; - and |V (p,,)| =1 for

> >
SRS

any 7 € I. This time we may write the set
E(Sg) ={(a%5 |a® €V(p.), i € Tora® =0}

Since Sg is an adequate transversal of S, so for any (x);» € S, (x);» can be
uniquely written in the form
(@)in = (0)ia(2")z(@)ix = (bp;2%pa)ix,

where (b);; denote e(,),, and (a);y denote f(,y,,. This implies that z =
bpnxopﬁa by the unique property of e(,),, and f(,),,, we know that b = b, € By
and a = a; € Ay, and so that for any x € T, z can be uniquely written in
the form x = bmpﬁxopﬁam, where 2° € T°,b, € By and a, € A, are uniquely
determined by x and (i, ). Thus 7 is indeed a I-adequate transversal of T'.

(2) If S} is multiplicative in part (1), then for any fe,, = (a); and
(by)jx, where a, € Ap,b, € By,

e(y)ju =

(azp, b))z ifi=X
f@yixew)in = (a2)in(by)jx = (azp,,;by)ix { 0 Y if 7\ € E(52)~
So azp,,by € V(p;) € T° (or azp,,b, = 0) for any a, € Ap,b, € By and
p,, €T, that is, T 0 is a I-multiplicative T-adequate transversal of T'. O

According as the results of Lemmas 2.4 and 2.5 we obtain:

Theorem 2.6. (1) The I'-semigroup T contains a T-adequate transversal T°
as i Lemma 2.4 if and only if S, contains an adequate transversal 5’2 =
{(2%)7 | 2° € T° (i,i) € I x I} with the idempotents semilattice E(S)) =
{(@®)5 | a® € CV(p,.), (i,i) €I x I or a® = 0} for some subset ITx I C I x A.

(2) T° is T-multiplicative if and only if Sg is multiplicative where T® and

O .
S, as that in part (1).

For the relations between the semigroup S and the Rees matrix semigroup
Sy = u(T;1,A, P), we have:
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Theorem 2.7. If the mapping ¢ as in Lemma 1.5 is a semigroup isomorphism
from S, to S, then the following arguments hold.

(1) S is abundant if and only if and only if T is T'-abundant if and only if
Sy is abundant.

(2) S contains an adequate transversal S° if and only if T contains a T-
adequate transversal T° where T as above required if and only if Sy contains
an adequate transversal S\, = {(2%); | 2° € T, i e T}.

(3) S is multiplicative if and only if T° is T-multiplicative if and only if SE
is multiplicative where S°, TV, 52 are as that in part (2).

Proof. (1) Since ¢ is an isomorphism from S, to S, by Lemma 1.5 and Theo-
rem 1.9 we directly obtain part (1).

(2) Let SY be an adequate transversal of S. Since ¢ is an isomorphism
from S, to S and for any (t);n € S,, where t € T, (t)ix¢ = ritgx = z.
Let 2 = e,2°f, so for 2° € S° e,, f. € E(S). There are a unique element
t9 € T which is a subset of T and two elements by, a; € T. Such that for some
(i,0), G ), (B, A) € 1 A

(b)iv® = s, (1°)ju0 = 2%, (at)rd = fa-
Since x = e,2° f, where e, Z*2°%* f,, so that
& = ex” fo = ribyqy - it - TRargy = Tibep, 10D, arqr.
Since T' is a I' semigroup, so t = b;p, %, a; € T and such that (t);z¢ = =
€20 fr = (b)iv® - (t°)00 - (ar)ird = [(bt)iv(t);u(at)xr]¢. This implies that
®)ix = (01w (%) julat) k-

Further, by the fact that S° is an adequate transversal of S, like the proof
of Lemma 2.5. We may prove that S, has an adequate transversal 52 =
{97 | t° € T, (i,i) € I x I}, where T is an T-adequate transversal of T and
T ={p | (i,\) € I x I} as required in (2.1). Here we omit this proof.
Conversely, if T? is a T-adequate transversal of T' by Theorem 2.6, then S)
as above described is an adequate transversal of S,. Since ¢ is a semigroup

isomorphism from S, to S, so the set
80 = {r;t’q; =2 € S |V1° € T° (3,i) e I x I}

is necessarily an adequate transversal of S. In fact, let (t);x¢ = ritgn =z € S,
by Theorem 2.6

(t)ik = (bt)ﬁ(to)ﬁ(at)f)\ = (btp;;topﬁat)M
implies that t = byp_t°p_a, and
x = ritqy = ribpt°parqn = (ribeq;) (rit°q;) (riaeqn) = €x2° fo.

Since by € By, as € Ap, so
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ez = ribyqiribeg; = ribip;,beg; = ribig; = eq.

Similarly, f2 = f,. Since (b;);L*(t°)5;%*(at);5 and ¢ is an isomorphism by
Lemma 1.5(2), so that e, Z*2°%Z* f,.

(3) By part (2), similar to the proof Lemma 2.5, we may obtain the part
(3). O

In the next section we will prove existence of such a I'-semigroup 7" in The-
orem 2.7, and so we may give a Rees matrix representation of an abundant
semigroup S with the adequate transversal S°. The following is an example to
show the application of Theorem 2.6.

Example 2.8. Consider the monoid T" with zero a which is not abundant
under multiplication

T‘a b ¢ d

ala a a a

bla a b b c d
cla b ¢ d P_(p“)AXI_<d d)'
dlia b d ¢

According to the structure express (T, 1, A), here let I = {1,2} = A, where

P ={c,d}, R} = {a},Rs = {b} and L} = {c,d}, L§ = {a}, L5 = {b}. There-
fore we have Hy; = {¢,d} is a non-zero group with identity ¢. Hj, contains no
idempotent, H\ = ¢ (i # X, i,A € I = {1,2}). According (¢, A) positions, let
I'={p,, | (i,A) € I x A} where p,, is as in the above matrix P. Clearly, the
matrix P is abundant. By Theorem 1.9 we know that 7" is I'-abundant and so
that T, = u(T; I, A, P) is also abundant. Computing by Lemma 1.3 and Corol-
lary 1.4, here L*(1) = Ly, L*(2) = Lj. Similarly, R*(1) = R}, R*(2) = R}, and
Vp,) ={c},V(py) = V(p) = V(p,,) = {d}. We will see that I'-abundant
semigroup T has a T-adequate transversal. Put T' = {p,,} ¢ T'and T° = T,
then T satisfies the conditions in Theorem 2.6, so by Theorem 2.6, T° is a
T-adequate transversal of T. In fact, for any z € T and (i,A) € I x A, under
the sense of Definition 2.1 according (i, \) position x can be uniquely written
in the form

a =ap,,ap,,a where a € Ay By, a® =a
b=cp,,bp,,c ceV(p,), c€ Br(\Ax, 1°=b
= dp,,bp,,d deV(p,)=V(py,), d€ BN Ax, =0

=cp,, bp,,d ceVp,),deV(p,),c€ By, de Ay, V' =10
=dp, bp,,c deV(p,), ceV(p,), d€ By, c€ Ay, b® =b
¢ =cp,,cp,,C ceV(p,), c€ AN\N\Br, *=c¢
:dpucpnd dev(plz)zv(pm)v dEAAanv L =c
=cp,,dp,,d c€V(p,), d€EV(P,), c€ Br, d€ Ay, *=d
=dp,, dp,,c de€V(p,), ceV(P,), d€ By, c€ Ap, * =d
d:Cplldpllc CGBL dEAA, dozd
:dplldplld dEBb CGAA; dO:d
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=dp,,cp,,c  de€V(p,), ceEV(P,), d€ By, c€ Ay, &’ =c
= dpndpnc de V(p21)7 ce V(Pll)ﬂ d € By, c € An, & =d.

By Theorem 2.6 we obtain an adequate transversal TE of T, as follows

Tg = {(1‘0)11 | 20 € TO}.
For any (z)ix € T, (z)ix can be uniquely written in the form (x);x = (bs)i1
(2°)11 (az)1x - Here we omit these expressions. But since there are ag = ¢ and
ba = d such that azp,,ba=c-c-d=d & V(p,,), so T° is not I-multiplicative
by Theorem 2.6 and we know that Tg is also not multiplicative.

Clearly, since |T'| = 4,|T,| = 13, so if there is a mapping ¢ as that in
Lemma 1.5 then ¢ is impossible an isomorphism from 7}, to 7". From this
example we may see that for a semigroup 7' being not abundant, there possible
is a set T such that T becomes a I'-adequate semigroup and such that the Rees
matrix semigroup T, = p(T,I,A, P) over T may be an abundant semigroup
and it may contain an adequate transversal TB.

3. Rees matrix representations of an abundant semigroup
with an adequate transversal

In this section S is always an abundant semigroup with an adequate transver-
sal SY. Our aim in this section is to give some Rees matrix representations of
S. We begin by blocked Rees matrix semigroups to give a representation of S.

Lemma 3.1. Let 0 # e € E(S) and aZ*e (aZ%*e). Then a € Se (eS).

Proof. By a¥*e implies aeZe and so a = ae € Se. Dually, if aZ*e, then
a € eS. O

Lemma 3.2. Let 0 #z,0#y € S. Ifwy #0, then zy € R; [ L;.

Proof. Let e, f € E(S) with eZ*z, f£*y, then x € eS,y € Sf so that zy €
eS(Sf and by Lemma 3.1 xy € Ry (R} = R; (| R}, O

Lemma 3.3. Let 0 £ 2,0 £y € S and e, f € E(S) with x%*e,yL*f. Then
yx = 0 if and only if fe =0.

Proof. If yx = 0, then yx = y0, so that fr = f0 and then fx = Ox, which
gives fe=0e=0. If fe=0, then yr =yfer=0byy=yf andx =ex. O

By the process of shaping a semigroup into the form of blocked Rees matrix
semigroup in [6], we may obtain a blocked Rees matrix representation of S
when the condition (M) in [6] holds. By Lemma 3.1 to 3.3 we may show this
point. Now suppose that we have shaped S into a blocked set denoted by
Sy = u(Maﬁ;I,A,I‘I) where I" is the set of non-zero Z-classes of S which
contain idempotents and each Mg is a torsion-free (T,,T})-bisystem where
T,,Tp are two cancellative monoid with an outer zero denoted by 0.

Let o, 08,7 € I Suppose that Mg, Mg, are both non-empty. If a €
Mag,b € Mg, then a.£*egZ%*b and it follows from Lemma 3.3 that ab # 0.
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Since ab € aS ) Sb C ey S() Sey, we have e, Z*ab.-Z*e,, by Lemma 3.1. Thus
ab € R;.k(a) ﬂLj\(ﬂ/) = Mgy and My # ¢. We now define @5 : Mag @ Mgy —
My by (a ® b)pasy = ab (see [5, ch.7]). It is easy to see that this is a well-
defined (T, Ts)-homomorphism (see [6]) and that the condition (M) in [6] is
satisfied.

For each o € I we define the sets as

Io={ie€I; DaN\R; # ¢}; Aa ={p € A; Do L} # ¢}

Since S is an abundant semigroup, so by [6] we know that I = JI, and A =
\JAg are disjoint union. Like [6], we define P as the A x I matrix (py;) where
for (A, j) € Ao x I5,p,, = qﬁ‘r‘?,q‘)’\‘ € Hj, , and r? € H7 () where qf,r? are
regular elements and ¢§r§ = rq} = eq (€q is the identity of Maa). So that
q5 € R;.k(a), rf € Lj(ﬁ) and hence either q‘jjrf =0or qfrf € R;.*(a) ﬂL;‘\(ﬁ) =
Hi*(a))\(ﬁ) = M,p. Thus any non-zero entry in the («, 5)-block of P is a member
of Mas. By [6] we know that S, = p®(Mas; I, A,T"; P) (see [6]) is a blocked
Rees matrix semigroup.

Note, here S, = MO(Maﬁ;I,A,F/;P) is not necessarily a PA blocked Rees
matrix semigroup, that is, the abundant semigroup S, need not to satisfy the
conditions (U) and (R) in [6], so S, is not necessarily a primitive abundant
semigroup.

We next show that the bijection ¢ : S, — S given by

(3.1) 0¢ = 0 and (a)ixd = rfaq; ((i, \) € I, x Ag,a € Myp)

is an isomorphism from S, to S. Clearly, S\{0} = U{H/, | (i, A) € I x A} and
S is disjoint unions, so it is straightforward to show that ¢ is a bijection and
it is also an isomorphism. Thus we have already proved that S, is a blocked
Rees matrix representation of S. It is such that we may obtain the following
representation theorem. It is a generalization of [6, Theorem 3.8].

Theorem 3.4. Let S be an abundant semigroup with an adequate transversal
SO then S has a blocked Rees matriz representation Sy = p(Mag; I,A,F,; P)
with an adequate transversal Sg isomorphic to S°. Furthermore, SO is multi-
plicative if and only if Sg s multiplicative.

Proof. We first show that S, has adequate transversal S2 isomorphic to S°.
For any 2 € S°, since ¢ is an isomorphism from S, to S, so there is a unique
element denoted by (tz0):x € Sy, such that (£;0)ix¢ = rf‘txoqf =20 for (i,\) €
I, xAgandty € Myg for some o, 3 € . Similar to the proof of Theorem 2.7,
there is a subset I x I of I x A such that

Sp = {(tao)ix | ¥a¥ € 8 (ty0)ixd =27, (i, A) € IxT}.

Since ¢ is an isomorphism, 52 is an adequate *-subsemigroup of S, and for
any = € S there are a unique element 20 € S° and two idempotents e, f, in
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E(S) such that z = e,2°f,, where e,.Z*2°%* f,. We denote zp~!,e,¢~1 and
Je®™1 by (ta)ins €t,)in a0d fir,),, respectively, then

e(tz)u’f(tz)m € E(‘SM) and e(tz)ix‘%*(t$>i>\$*f(tz)ix'

The element (¢;);» of S, can be uniquely written in the form

(ta)in = €(ta)in (ta) S t)in = €(ta)in (o0 )i S (ta)ins

where ey, L (tz0)ixZ" f(t,),- Like Theorem 2.7 we may write e(,),, =
(b, )iis fita)in = (@e,)in, then (tz)ix = (bs, );i(tz0)7(ar, )in- Since (t;)ix is any
element of S),, we know that 52 is an adequate transversal of S,,. We next show
that S is multiplicative if and only if S is also. We denote y¢~" = (by);,, for
y € Sand e,¢! = e,),,, then by ¢ being an isomorphism, f.e, € E(S°), if
and only if f(a,),\€,);, € E(Sg). It is as required. O

The blocked Rees matrix semigroup is over (Ty,Tp)-bisystem M,z (o, 8 €
F,) where T, = My, T = Mpg are two cancellative monoid with an outer zero.
Using Mag = H )\ (. B € '), we define the set T' = | J{Mas | o, € T'}.
Thus we may think that the blocked Rees matrix semigroup over 7. Using
here expression that is S, = p(T,I,A, P), where I x A = J{I, x Ig | o, 5 €
'} T = U{Mas | o, 8 € '}, But T is not necessarily a semigroup. When
Dy = qfr?, where ¢ € H;‘(a)7/\ and 7“? € H;)\(ﬁ), Sy, is isomorphic to S.

It is clear that S and T are I'-semigroups, where
. D= {p,,;p,, = 657} € Mag, 4% € Hj,,) 5,
rl € Hi gy anBET, (3,A) € I x Ao}

“ »”

under I'-operation “o” as that for any z,y € S, p,, €T

_ B xp,,y ifxe Ma,37 Yy € M’Y(S)p,\i € M/B’Y’
(3.3) rToy=1puy = { 0 otherwise.

So we say that S, = u(T, I, A, P) is a Rees matrix semigroup over I'-semigroup
T. Like Theorem 2.7 we can prove the following representation theorem.

Theorem 3.5. Let S be an abundant semigroup with an adequate transver-
sal S°. Then S has a Rees matriz representation S, = w(T;1,A, P) over
T-semigroup T and the following argument hold.

(1) S, contains an adequate transversal SB may be expressed by

Sy ={(z);3]2° € T°, (i, \) e I x T}

and Sg is isomorphic to S° where T° is a T'-adequate transversal of T and T
as (2.1).
(2) SV is multiplicative if and only if SB is multiplicative.
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Proof. We have proved that S, = u(T; I, A, P) is a Rees matrix representation
of S. By the proof of Lemma 2.4, we can similarly obtain that S, contains
an adequate transversal denoted by 52, and Sg is isomorphic to SY. The

following we show that 52 may be expressed as required form. In fact, let
TO={t"eT|va e S° 3t eT,22" = rg‘toqg}. Since S is a subsemigroup
of S, let 20 = r?tgqg, Y = r.gtgqg € S% where (i,\), (j, 1) €I x A C I xA,
Ehen_xoyo = Tf“tg.pigtgq}i implies that tgpxjtg eTO LetT = {p_A el | (i,\) €
I x A}, since S° is a subsemigroup of S, so T° is necessarily a I'-subsemigroup
of T. Since S° is adequate by Theorem 1.10, 7° is T-adequate and I = A. By

Theorem 2.7, T? is a T'-adequate transversal of T and 5’2 may be denoted by
0 _ (40 | 40 0 Z N eTxT
Sp={")z [t" €T (i,A) e Ix I}
which is an adequate transversal of S,. Since ¢| 9 as
(V(t%)ix € Sp) ()ixg = r9t%q5 = 2® € 5°

is an isomorphism from Sg to S°. We complete the proof of part (1). By
Theorem 2.7 we know that part (2) holds. O

Our final aim in this section is that given a I'-Rees matrix representation for
semigroup S. This means that taking a some set I'; need not be belong to S
and a A x I matrix p = (px;)axs over I'y which is called a I'-Rees matrix, we
can obtain a I'j-semigroup 7" for some subset 7" of S and the I';-semigroup S.
Then taking some set I'; such that we can obtain a I';-Rees matrix semigroup
T,, denoted by T,, = u(T; I, A, p) over T'. Then we will prove that I's-semigroup
T,, is I'-isomorphic to I'y-semigroup S. Since the set 7' C S and p is over I'y,
so we call that T}, is a I'-Rees matrix representation of S.

Firstly, we recall the concept of I'-semigroup isomorphism.

Definition 3.6 ([11]). Let 77 be a I';-semigroup and T be a I's-semigroup, a
mapping pair denoted by ¢ = (¢1, ¢2) from (T1,I'1) to (T»,T'2) as follows
¢1I T1—>T2’ gbgt F1—>F2
Ty = T2 Y172
If ¢ satisfies that for any z1,y; € T1,71 € I'1

(T11Y1)d = 2191 - V192 - Y11 = T2V2Y2,
then ¢ is called a (T'1,T'3) homomorphism from T3 to T. If ¢ is a surjection
(resp. injection), then ¢ is called a surjection (resp. injection) homomorphism.
If ¢ is a bijection, then ¢ is called a (I'y, T'2)-isomorphism from I'y-semigroup
Ty to I's-semigroup Ts.

Note here ¢ is bijective (surjective, injective) means that ¢; and ¢, are
bijective (surjective, injective).

Now, we suppose that S is an abundant semigroup with an adequate trans-
versal S, then S has the structure express (S; I, A, 1"/) as Section 1. We denote
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the bijection = +— mqf from H;*(a) A(g) onto H:(a) » by p,s and denote the
bijection y — r*y from Hi*(a) y onto H7\ by p;). Then we obtain a bijection

denoted by pxg),i(a) = PAB)Pi(a) : T rf‘xqf from H:(Q)A(B) onto H},. Let

'y = {pr@yi(a) | V(i,A) € I x Ao, B € 1"/}7 and the I'-Rees matrix p denoted
by p = (pr(B)i(a))ax1- Clearly, I'; is does not belong to S and the matrix p is
not over S. We denote the bijection p;.) by xpxg) for x € H, a)A and denote
the bijection p;a) by pia)y for y € H;(a),/\. Then we define an I';-operation

“ b2

o” on S as that for any x,y € S, and py(g)i(a) € ['1

_ _J roa@piy  itr e Hig) sy ¥ € Higx
4 = . = ,
(3.4) zoy=zpr@)i)y { 0 otherwise.

« 7

It is clear that the I';-operation “o” satisfies associative law. Thus we obtain
a ['y-semigroup S.

Let the set T = (J{Mag; o, 0 € 1"/}. Then T is also a I';-semigroup under
the above multiplication (3.4). Let the set T}, denoted by

T, = W(T: 1A p) = {(#)in | 2 €T, (i, \) € I x A},
with multiplication for (i(a), A(8)), (4(7), u(v)) € I x A

A L @i (s t) = (0 ),
(3.5) (@)ixnut (Y) ju = { 0 otherwise.

Then it is easy to check that T}, becomes a I'y-semigroup, where 'y = {ny; | (z, \)
€I x A}. We call T, a I' Rees matrix semigroup. If T}, is I'-isomorphic to S,
we call T}, is I' Rees matrix representation of S.
Finally, we define a mapping ¢ = (¢1,¢2) from I's-semigroup 7}, to I'y-
semigroup S as belows
¢1ITM—>S, ¢22F2—>F1

(3.6) X ’
(@)ix = 75 PA@)i()TOAB)I(B)Ix i — Pai

Clearly, ¢- is bijective. Since T?pA(a)i(a)pr(g)i(g)qf = r;’q;‘r?wqfrqu =
r?wqf on semigroup S, by Theorem 3.5 we know that ¢; is a semigroup iso-
morphism from u(T;1,A, P) to S. Thus we know that ¢ is a bijection from

I'y-semigroup 7}, to I';-semigroup S. Let (2)i(a),x8)s (V) j(v)u(w) € Tpus Mut € T2
then

. . _ (CUQ§P>\(5),3'(7)7'7?/)W¢ if (uvt) = ()‘a])
[(@)ix 1t (y)w] 0= { 0 ! otherwise

_ T?Pp(a)i(a)wafP,\jT]yp#(v)i(v)QZ if (u,t) = (A, J)
0 otherwise

T?Pu(a)/)i(a)xquxjﬁypu(v)m(v)q;j if (u,t) = (A, J)
0 otherwise
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_ [ reagrtadparlyairtal i (u.t) = (X, 5)
0 otherwise

_ [ g e (Fvan) i () = (0 5)
0 otherwise.
On the other hand,
| o= wfaddoa) g (Fvan) i (ut) = (A, 5),
(I)Mﬁf’ﬂut(y)gu@b = { 0 otherwise.

Thus we obtain that for any (u,t) € A x I,

[(x)z)\ Uut(y)ju]éb = (x)iA¢Put(y)ju¢~

By Definition 3.6, we know that ¢ = (¢1,¢2) is a (I'1, I'g)-isomorphism from
I'y-semigroup T}, to I';-semigroup S, that is, we have:

Theorem 3.7. Let S be an abundant semigroup with zero, then S is I'- isomor-
phic to a I'-Rees matriz semigroup T,, = n(T;1, A, p) where T = | J{Mag | o, 0
€ F/} is a I'-semigroup and p is a I'-Rees matriz over I'1, that is, any abundant
semigroup S has a I'-Rees matriz representation.

Furthermore, we can prove the following result.

Theorem 3.8. Let S be an abundant semigroup with zero, if SO is an ade-
quate transversal of S, then S is I'-isomorphic to a I'-Rees matriz semigroup
T, = w(T; I, A, P) with a T'-adequate transversal TS I-isomorphic to S°. Fur-
ther, TI? is T-multiplicative if and only if S° is T-multiplicative. That is, any
abundant semigroup S with an adequate transversal S° has a T'-Rees matrix
representation T, such that T}, has a T-adequate transversal TS I'-isomorphic
to S9.

Proof. By Theorem 3.7, we know that there is a I'o-Rees matrix semigroup 7},
such that T}, is I-isomorphic to S by ¢. Let T0 = {t® € T | V2" € S° 3| ¢* €
T, r?,q?\ €8,52% = r?toqg}. Similar to the proof of Theorem 3.5, 79 is a
I';-subsemigroup of T', under the multiplication (3.4) for some subset

_ S SR o
(3.7 Flz{ﬂuz{g)‘ Y VzeIHaeT,apiia:a,I:A}.
Further, we put the subset of T}, as follows

TS = {(t%\) | €T (i,\) €I xTI}.

Since ¢ = (¢1, ¢2) given by (3.6) is a I'-isomorphism from I'y-semigroup 7, to
I'y-semigroup S, consider ¢|_, as belows for any (t°);5 € T))

(331 = P50 i) P38 () T (= 791005 € S°,
nxiP2 = Pxi-
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Thus ¢|_, is a T-isomorphism from Ty = {n5; € ' | (i, A) € I x I}-semigroup
_ M

T} to T'1-semigroup S°. Now for any (t);x € T), where t € T, (i, \) € I x A, let

t = e;t" f; by S° is an adequate transversal of S. Then

(£)ind = T Pr()i(e) OA@)i(3)Tr
= ri't}
= rfet” fuqy
= rf‘etqgﬁtoq;rgftqf (" g;r; is the identity of Tj)
= (rfeqr) p(rit°a) pra (v fo4)
= (ed)70p7(t")m0p7(f)ind (by (3.4))
= [(ee) s (° )i (f1)ix]¢ (by T isomorphism ¢)
for some (i,i) € I x I. So we have that
()ix = (ee)iamm(t)zamz (fe)n,
where (t°)7; € T} and (et)ﬁgfwk;(to)ﬁ%fsz(ft);)\ by Lemma 1.3. Thus by Defini-
tion 2.1 and Definition 3.6 we know that TS is an Tadequate transversal of T,

and TS is I'-isomorphic to S°. The remanent proofs are omitted. We complete

the proof of this theorem. O

Finally, we use an example to conclude this note, at the same time to illus-
trate the application of Theorem 3.8.

Example 3.9. Let M be a regular idempotent generated semigroup with zero
and having a multiplicative semilattice transversal M° = {a,e}. M is not
orthodox with Caley table as below.

Ma b c d e Ly = {a,¢}, Lo = {b,d}

ala b a b e

bla b e e e R1 ={a,b}, Ry = {c,d}

cle d ¢ d e Hyy = {a}, Hys = {b}

dlc d e e e

ele e e e e Hy = {C}, Hyp = {d} (H222 = {6})

Under structure express (M, I, A,) of M, computing we let the mappings
px: Hyi — Hia, zpy = xq), Where g\ = { Z i:;

a 1=1

c 1=2.

Further, let py; = pap; for (i, A) € I x A and the T'1-Rees matrix p = (pai)ax1,
where I'y = {px; | (i,\) € I x A}. Let To = {nx; | (i, A) € I x A} where n)y; as
required in (3.5). Then M becomes a I';-semigroup under the multiplication
(3.4), M,, = p(Hu1,I,A, p) becomes a I'y-semigroup under the multiplication

pi: Hix — Hix, piy = r;y, where ry =
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(3.5). By Theorem 3.8, M is I'-isomorphic to the I';-Rees matrix semigroup
M, over I';.

Nextly. Let NV (J{0} be cancellative monoid of natural number with an outer
zero under multiplication. Using the above set I X A take the matrix 8 = (1)axs-
It is easy to show that the Rees semigroup K = p(N,I,A,0) is an abundant
semigroup with a multiplicative transversal K° = {(n)11 | Yn € N J{0}}. We
denote the element of K by z;y for (i,A\) € I x A. Computing we have that
E(K) = {111, 112,191, 122} | J{0} and the mappings

p;\ : Hy — Hfy, xup;\ = 21111\ = 1), where q:\ = { E; i;; ;

p; . Hiy — HZ, piyia = Liayix = ir, where 7, = { }; z _ é
Let py; = pyp; for (i,\) € I x A and the T';-Rees matrix p = (py;)axs, Where
)= {py | (i,A) € T x A} Let Ty = {ny, | (i,\) € I x A}, where 1, as
required in (3.5). Then K becomes a I';-semigroup under the multiplication
(3.4), K, = p(H{y, I, A, p') becomes a T'y-semigroup under the multiplication
(3.5). Similar to M, by Theorem 3.8, K is I'-isomorphic to the F;—Rees matrix
semigroup K, over 1"/1.

Let S = M x K,S° = MY x K% be two direct product sets. Let I'; =
(P4, T) = {(pris pi) | (5, A) € T x A} and T = (T2,T4) = {(ms i) | (3, A) €
I x A}. Under the multiplications of (3.4) and (3.5), we define the following
multiplications of S and M, x K.

( v (SC, ni)\)a (y7mju) € S) (.T,ni,\) o (y7mju) = (mvni)\)(puta put)(y7m]u)
= (TPutls Mir Py ML)

(Y (@)ixs (ue)ix)s (V) s Mk )jp) € My X K,

((@)ixs (ma)in) © (W) Mok ) i) = ((@)ixs (0t )in) (0,1 V(W) gy (M) )
= ((2)ixn(y)ju)s (at)inn) (mor)ju),

where (17,7") denote some (1, 7y,;) for (i, \) € I x A. Thus S = M x K becomes
a I'T-semigroup and M, x K,, becomes a I'5-semigroup. Further, using pa;, p:\i
we define the following bijection ¢ = (¢1, ¢2)
b1 My x Ky — 5, ((fﬁ)iaa (Mut)ir) - (Tipkixp)\ifbuT;p;\inutp/)\iql)\)’
¢z Iy =17, (Mxis Mxg) = (Pais Pg)-
It is easy to check that ¢ is a I'-isomorphism from I'-semigroup M, x K, to I'}-
semigroup S. By Theorem 3.8 we know that M,, x K, has a I';-multiplicative
adequate transversal M) x K where M) (K}) is the I'y-(['-) multiplicative ad-
equate transversal of M), (K,,) and M) x K, is T-isomorphic to S°. Computing
we know that M) and K}, may be described by

MP ={ (a)11,(e)}, K} ={ (n11)n1 | ni1 € K°%}.
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Note that under the multiplication (1.1) and the multiplication of direct prod-
uct S is indeed an abundant semigroup with a multiplicative adequate transver-
sal SO, Therefore concluding above results we may say that the abundant semi-
group S has a I'-Rees matrix representation M, x K, with a I'-multiplicative
I'-adequate transversal M 2 X Kg I-isomorphic to S°.

References

[1] T. B. Blyth, Almeida, and M. H. Santos, On quasi-orthodoz semigroups with inverse
transversals, Proc. Edinburgh Math. Soc. 40 (1997), 505-514.

[2] T. K. Dutta and N. C. Adhikari, On Noetherian I'-semigroup, Kyungppok Math. J. 36
(1996), 85-95.

(3] A. EI-Qallali, On the construction of a class of abundant semigroups, Acta Math. Hung.
56 (1990), no. 1-2, 77-91.

4] , Abundant semigroups with a multiplicative type A transversal, Semigroup Fo-
rum 47 (1993), 327-340.
5] , Quasi-Adequate semigroups 11, Semigroup Forum 44 (1992), 273-282.

[

(6] J. Fountain, Abundant semigroups, Proc. Edinburgh Math. Soc. 22 (1979), 103-129.

[7] Z. L. Gao, On generalized abundant semigroups, (to appear).

[8] J. M. Howie, An Introduction to Semigroup Theorem, Academic Press, London, 1976.

[9] D. B. McAlister and R. B. McFadden, Semigroups with inverse transversals as matric
semigroups, J. Math. Oxford (2) 35 (1984), no. 140, 455-474.

[10] N. K. Saha, The mazimum idempotent-separating congruence on an inverse I'-
semigroups, Kyungpook Math. J. 34 (1994,) no. 1, 59-66.

[11] M. K. Sen and N. K. Saha, On I'-semigroup I, Bull Calcutta Math. Soc. 78 (1986),
180-186.

[12] O. Steinfeld, On a generalization of completely 0-simple semigroups, Acta Sci. Math.
(Szeged) 28 (1967), 135-145.

ZHEN LIN GAO

SCIENCE COLLEGE OF UNIVERSITY OF SHANGHAI
FOR SCIENCE AND TECHNOLOGY

SHANGHAI, 200093, P. R. CHINA

E-mail address: zlgao@sina.com

Xi1aN GE Liu

SCIENCE COLLEGE OF UNIVERSITY OF SHANGHAI
FOR SCIENCE AND TECHNOLOGY

SHANGHAI, 200093, P. R. CHINA

E-mail address: xiange@163.com

YAN JUN XIANG

SCIENCE COLLEGE OF UNIVERSITY OF SHANGHAI
FOR SCIENCE AND TECHNOLOGY

SHANGHAI, 200093, P. R. CHINA

E-mail address: xiangyjunb530@yahoo.com.cn

He L1 Zuo

SCIENCE COLLEGE OF UNIVERSITY OF SHANGHAI
FOR SCIENCE AND TECHNOLOGY

SHANGHAI, 200093, P. R. CHINA

E-mail address: harryzuo@126.com



