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ABSTRACT 
 

This paper proposes a systematic approach to the modeling of the small-signal characteristics of three-phase bridge 
boost rectifiers under non-sinusoidal conditions.  The main obstacle to the conventional synchronous d-q frame modeling 
approach is that it is unable to identify a steady-state under non-sinusoidal conditions.  However, for most applications 
under non-sinusoidal conditions, the current loops of boost rectifiers are designed to have a bandwidth that is much higher 
than typical harmonics frequencies in order to achieve good current control for these harmonic components.  Therefore a 
quasi-static method is applied to the proposed modeling approach.  The converter small-signal characteristics developed 
from conventional synchronous frame modeling under different operating points are investigated and a worst case point is 
then located for the current loop design.  Both qualitative and quantitative analyses are presented.  It is observed that 
operating points influence the converter low frequency characteristics but hardly affect the dominant poles.  The 
relationship between power stage parameters, system poles and zeroes is also presented which offers good support for the 
system design.  Both the simulation and experimental results verified the analysis and proposed modeling approach.  
Finally, the practical case of a parallel active power filter is studied to present the modeling approach and the resultant 
regulator design procedure. The system performance further verifies the whole analysis. 
 

Keywords: Small-signal modeling, Boost rectifier, Non-sinusoidal 
 
 

1. Introduction 
 

Three-phase PWM boost rectifiers are widely employed 
as front-end power processing units due to their unity 
power factor and harmonics free features. Control is a key 
issue for the performance of these rectifiers, and has been 
a hot research spot ever since the proposal of the 
three-phase PWM boost rectifier[1-5]. Theoretically, an 

accurate model of its power stage is the fundament of the 
design of the whole control system. Power electronic 
circuits are discrete and nonlinear due to their switching 
nature. There are some mature methods for obtaining 
models of certain power electronic circuits. For Dc-Dc 
converters, a systematic approach based on averaging and 
linearization has been developed for analyzing system 
performance and stability [6-8]. For three-phase converters, 
there are no static operating points due to their sinusoidal 
utility voltage and input current. As a result, a rotating 
transformation is applied to get the synchronous-frame 
model. The rotating transformation can transmit 
three-phase sinusoidal variables with synchronous 
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frequencies into constants. Therefore, the system 
operating points in a synchronous-frame can be found. 
Then a small-signal model of a three-phase converter 
which is working in sinusoidal condition is obtained [9-13]. 

Since the three-phase boost rectifier has matured in both 
the structure of its power circuits and in its control 
strategy, it is also applied to other applications such as 
power quality control. Power quality problems have been 
drawing more and more attention these years, especially 
with the development of a modern electronics industry and 
the continuous proliferation of nonlinear types of electric 
loads. To solve these problems, passive power filters were 
used at the beginning, and the active power filter (APF) is 
now widely researched and has been put into many field 
installations[14,15]. Parallel active power filters are a 
popular topology of APF and are commonly based on a 
three-phase boost rectifier topology [16-20].  

In a PAPF application, the AC-side current is not 
sinusoidal but includes many harmonic components. The 
non-sinusoidal working condition brings difficulties for 
the modeling process. Although a rotating transformation 
is applied, there is still no static operating point in the 
synchronous-frame coordinates. So currently there is no 
widely accepted model for the main circuit of a PAPF, 
which is a critical issue for the application of power 
quality control.  

This paper uses the modeling of a single phase PFC 
circuit for reference. In the case of a single phase PFC, the 
quasi-static method is widely used [21-23]. It assumes that 
for the duration of a fast transient response the circuit is 
quasi-static with a constant input voltage chosen as a 
worst-case scenario. Such an approach is used for the 
designing of a current loop controller for a PFC. In the 
case of a PAPF, since the current loops are ordinarily 
designed to have a bandwidth that is much higher than the 
harmonics frequency; the quasi-static method is also valid. 
Based on this idea, this paper analyses the frequency 
characteristics of the power stage of a three-phase boost 
rectifier under different operating points. The relationship 
between operating points, system poles and zeroes is 
illustrated. Also the influence of system parameters on the 
system characteristics is illustrated in detail. The obtained 
model offers a practical way to design system parameters 
and a closed-loop current regulator. 

This paper is organized as follows. The conventional 
small-signal modeling process is shown in section Ⅱ, and 
then the problem statement and the relevant quasi-static 
modeling method are given in section III. The influence of 
the operating points and the system parameters on system 
characteristics is analyzed qualitatively and quantitatively 
in section Ⅳ. After that, the effectiveness of the proposed 
modeling method is illustrated based on simulations and 
experimental results presented in sections Ⅴ and Ⅵ . 
Then, section Ⅶ takes a practical PAPF application as an 
example to present the resultant regulator design 
procedure. It also provides a further verification for the 
whole analysis. Finally in section Ⅷ, the conclusions are 
listed and possible application fields are discussed. 
 
2. Synchronous-Frame Small-Signal Model of 

Conventional PWM Converter 
 

This section will show a whole small-signal modeling 
process for a three-phase boost rectifier under sinusoidal 
conditions. Fig.1 shows the configuration of a three-phase 
boost rectifier. 

Using a switching function to represent the real switch, 
the switching model of this circuit can be obtained easily. 
Applying an average operator to the switching model, an 
average model is derived (Equ.1). 
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and Req is the series equivalent resistance of L. 
As a result of the coordinates transformation, the 

average model in a synchronous frame is obtained 
(Equ.2). 
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Fig. 1.  System configuration of three-phase PWM boost rectifier.  
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Finally, a small-signal model of a boost rectifier around 
a certain operating point is shown in Equ.(3). 

 

0
3 3

d 0
dt 3 3

1

eq d dc

d d
deq q dc

q q
q

dc dc
q qd d

R D V
L L Li i

dR D Vi i
L L L dv vD ID I

C C RC C C

ω

ω

⎡ ⎤ ⎡ ⎤− −⎢ ⎥ ⎢ ⎥
⎢ ⎥⎡ ⎤ ⎡ ⎤ ⎢ ⎥ ⎡ ⎤⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥= − − ⋅ + − ⋅ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

% %
%

% %
%

% %

 

(3) 
 

The capital variables (except Req,L,R and C ) represent 
the steady-state operating points. 

The control-to-output transfer functions can be derived 
from system state space equations (Equ.(3)) (the influence 
of the equivalent resistor on the input inductor is ignored): 
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Due to the mature application of decoupled control, the 
cross–coupling effect is not discussed in this paper. 

The control-to-output transfer functions are used for the 
design of the current regulators and the whole design 
procedure is based on a certain static operating point. 

 
3. Problem Statement and Relevant 

Quasi-Static Modeling Method 
 

The power stage of a PAPF is identical to a three-phase 
boost rectifier, but id and iq are varying. It’s impossible to 
find a steady-state operating point for a PAPF even in a 
synchronous frame. For instance, assume the PAPF output 
current consists of 5th

 and 7th harmonics, Fig.2 illustrates 
the waveforms in stationary abc coordinates, αβ 
coordinates and synchronous coordinates. It can be easily 
found that the system states are always fluctuating in a 
synchronous frame and that no static operating point can 
be obtained. As a result the aforementioned small signal 
modeling approach does not work any more. Currently, 
there is no widely accepted modeling approach for a 
three-phase boost rectifier under non-sinusoidal conditions 
and it’s becoming a critical issue for many applications 
like APFs. 

The widely used quasi-static modeling method could be 
used to deal with this problem. Since the current loops of a 
PAPF are ordinarily designed to have a bandwidth that is 
much higher than the harmonics frequency, the 
quasi-static method is also valid. The main steps of the 
quasi-static modeling method are shown as follows: 

 
1) Obtain a linearized model at different operating 

points. 
2) Compare the resultant linear models, and then 

choose the worst-case scenario. 
Design a regulator based on the chosen model. 

3) Note that when id and iq are varying, the duty 
ratios dd and dq are also varying. The relationship 
between input current and duty ratio is shown 
below: 
 

( 3 3 )d d q eq d dcD V LI R I Vω= + −                (6) 

( 3 3 )q q d eq q dcD V LI R I Vω= − −                (7) 
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Fig. 2.  Illustration of waveforms in stationary coordinates 
and synchronous coordinates when the time domain 
waveforms are distorted. 

 
4. Influence of The Operating Points And 

System Parameters On System 
Characteristics 

 
This section presents a detailed analysis of the influence 

of operating points and system parameters on system 
characteristics. At first, a qualitative analysis is given. 
According to the system state space equation (Equ.(3)), 
the control to output transfer functions are obtained. Then 
the system poles and zeroes can be solved. Since the 
analytical solutions are too complex, the relationship 
between roots and coefficients is used for analysis. 

Through reasonable approximation, the analytical 
equations will help us to understand the relationship 
between the system characteristics and the operating 
points. Then, substituting reasonable system parameters 
into the obtained transfer functions, pole-zero maps are 
presented. Furthermore, the influence of the operating 
points and system parameters on the position of the poles 
and zeroes is illustrated. After that, bode plots are given 
showing the system characteristics at different operating 
points. 

A. Formular description. 
A detailed analysis of the control-to-output transfer 

functions (Equ(4)(5)) will offer some helpful information. 
Theoretically, the dd-to-id transfer function has two zeroes 
and three poles. One pole and two zeroes are located in 
comparatively low frequency, and the other two poles are 
a pair of conjugated poles which dominate the system 
characteristics. The dq-to-iq transfer function has the same 
poles as the dd-to-id transfer function, but different zeroes. 
The detailed analysis is shown below: 

Solving the zeroes: 
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Solving the poles: 
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Since the dq-to-iq transfer function has the same poles as 

the dd-to-id transfer function, we just need to solve the 
zeroes: 
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From Equ. (9), we can deduce that Id affects Z2, and that 

Iq influences Z3 and Z4. 
Substituting reasonable system parameters (Tab. 1) into 

Equ. (11)(12), we found that the influence of the operating 
points on the system poles is negligible. A detailed 
illustration will be given in the following parts. 

B. Poles and zeroes. 
Using equations (4)(5)(6)(7) and power stage 

parameters (Tab. 1), we can get the system 
control-to-output transfer functions for different operating 
points. The pole-zero maps are shown in Fig.3. 

 
Table 1.  Three-phase boost rectifier power stage parameters. 

 

Utility line to line voltage(Vs l-l) 
DC link capacitor (C) 
Load resistor (R) 
Input inductor (L) 
Equivalent resistor of L (Req) 
DC link voltage (Vdc) 
Switching frequency (fs) 

380 V 
3300 μF 
100 Ω 
7.4 mH 
0.1 Ω 
750 V 
20 kHz 

 

-5 -4 -3 -2 -1 0
-600

-400

-200

0

200

400

600

p3 

p2 

p1 
z2 z1 

 
 

(a) id/dd 

-5 -4 -3 -2 -1 0
-600

-400

-200

0

200

400

600

p1 

p2 

p3 

z4 

z3 

 
 

(b) iq/dq 
 

Fig. 3.  System pole-zero maps. 
 

Then, the relationship between the position of those 
poles and zeroes and the operating points is illustrated as 
follows: 

 
 

(a) Z1 versus Id and Iq 
 

 
 

(b) Z2 versus Id and Iq 
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(c) p1 versus Id and Iq 

 

 
 

(d) Real part of p2 versus Id and Iq 
 

 
 

(e) Imaginary part of p2 versus Id and Iq 

 
We can deduce from the previous analysis, that Id 

affects Z2, and that Iq influences Z3 and Z4, and that the 
influence of operating points on the system poles is 
negligible. 

Furthermore, the relationship between the poles, the  

 
 

(f) Real part of Z3 versus Id and Iq 

 

 
 

(g) Imaginary part of Z3 versus Id and Iq 
 
Fig. 4.  Influence of operating points on the system poles and 

zeroes. 
 

zeroes and the system parameters (AC side inductance (L) 
and DC side capacitance(C)) are illustrated as follows: 

 

 
 

(a) Z1 versus L and C 
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(b) Z2 versus L and C 

 

 
 
 

(c) p1 versus L and C 

 

 
 

(d) Real part of p2 versus L and C 

 
 

(e) Imaginary part of p2 versus L and C 
 

 
 

(f) Real part of Z3 versus L and C 
 

 
 

(g) Imaginary part of Z3 versus L and C 
 

Fig. 5.  Influence of operating points on the system poles 
and zeroes. 
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The two discussed parameters (L,C) influence the 
system characteristics greatly. The obtained figures offer 
good support for the system design. 

C. Bode plot. 
Fig. 6 shows a comparison of system transfer functions 

when Id varies (the selected operating points are shown in 
Tab. 2). Fig. 7 shows a comparison of system transfer 
functions when Iq varies (the selected operating points are 
shown in Tab. 3). 

The bode plots accord with the previous analysis. After 
conducting both the qualitative and the quantitative 
analysis, important conclusions can be obtained: Id affects 
Z2, Iq influences Z3 and Z4, and the influence of the 
operating points on the system poles is negligible. This 
conclusion offers a theoretical fundament for the design of 
a closed-loop current regulator even under non-sinusoidal 
conditions. 

 
Table 2.  Selected operating points when Id is varying. 

Number  
1 
2 
3 
4 
5 

Id(A) 
6 
8 
10 
12 
14 

Iq(A) 
0 
0 
0 
0 
0 

 
Table 3.  Selected operating points when Iq is varying. 

Number  
1 
2 
3 
4 
5 

Id(A) 
10 
10 
10 
10 
10 

Iq(A) 
-3 
-6 
0 
3 
6 
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(a) Bode plot of id/dd for different operating points 
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(b) Bode plot of iq/dq for different operating points 
 

Fig. 6.  Comparison of control-to-output transfer functions 
when Id is varying. 
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(a) Bode plot of id/dd 
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(b) Bode plot of iq/dq 
 

Fig. 7.  Comparison of control-to-output transfer functions 
when Iq is varying. 

 

5. Simulation 
 

Based on the configuration of the boost rectifier shown 
in Fig.2, a simulation system is built. Fig.8 shows the 
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Fig. 8.  Open-loop system under test. 
 

open-loop system under test.  
Fig.9 shows the corresponding simulation results. 
The simulation results verified the theoretical analysis 

(Fig.(6)(7)). 
 

 
(a) Bode plot of id/dd when Id is varying 

 

 
 

(b) Bode plot of iq/dq when Id is varying 
 

6. Experimental Verification 
 

A 30kW experimental prototype was constructed as 
shown in Fig.8. The main circuit parameters are shown in 
Tab.1. The control system employs a DSP (TMS320F2812) 
and its on-chip A/D and D/A converters. An Agilent® 
Netwrok/Spectrum/Impedance Analyzer 4395A is used to 
get the system open-loop characteristics. This section 
presents the detailed test bench setup, the test steps and the 
test results. 

A. Test bench setup and test steps. 
The power stage parameters are shown in Tab. 1, and 

the notable settings for the network analyzer are shown 
below: 

1) Sweep frequency range. Since the lower limit 
frequency of the network analyzer is 10Hz, the 
frequency range is selected from 10Hz to 
1000Hz. 

2) Input filter bandwidth (IF BW). The IF bandwidth  

 
 

(c) Bode plot of id/dd when Iq is varying 
 

 
 

(d) Bode plot of iq/dq when Iq is varying 
 

Fig. 9.  Simulation results. 
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measurement frequency, so, the IF bandwidth in 
should be set to be equal to or less than 1/5 of the 
this test is set to 2 Hz. 

3) Averaging. Averaging computes each data point 
based on an exponential average of consecutive 
sweeps. A high averaging factor gives the best 
signal-to-noise ratio, but slows the trace update 
time. In this case, the averaging factor is selected 
to be 2. 

4) Delay compensation. The A/D and D/A 
conversions bring time delays to the 
measurements. The network analyzer offers a 
delay compensation function. Since the sampling 
rate of the A/D and D/A conversions is 20kHz, 
the compensated time is set to 100μs. 

The main test steps are shown below: 
1) Soft-start for safety. 
2) Move the operating point to the expected value 

gradually. 
 

 
 

(a) Bode plot of id/dd 

 

 
 

(b) Bode plot of iq/dq 
 

Fig. 10.  Measured control-to-current bode plots. 

 
 

(a) Bode plot of id/dd when Id is varying 
 

 
 

(b) Bode plot of iq/dq when Id is varying 
 

 
 

(c) Bode plot of id/dd when Iq is varying 
 

 
 

(d) Bode plot of iq/dq when Iq is varying 
 

Fig. 11.  Experimental results. 
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3) Cut off the control close-loop and start the 
measurement. 

B. Test Results. 
One set of system control-to-output transfer functions 

is shown in the form of a bode plot (Fig.10). It should be 
noted that id/dd and iq/dq are scaled due to the 
measurements, as well as the A/D and D/A processes. The 
scale coefficient is 30, so the gain curves should be shifted 
about 30dB. 

Fig.11 redraws all the measured data for comparison. 

 

7. Regulator Design Procedure 
 

Following the previous analysis, this section discusses 
the resultant design process, and a practical PAPF case is 
used as an instance. 

For the d channel current regulator, since Id influences 
the system’s low frequency characteristics – a higher Id 
leads to a lower low frequency dd-to-id gain, the operating 
point with the highest Id should be selected as the 
worst-case scenario (Fig.4(b)). For the q channel current 
regulator, since Iq influences the system’s low frequency 
characteristics – a higher Iq leads to a lower low frequency 
dq-to-iq gain, the operating point with highest Iq should be 
selected as the worst-case scenario (Fig.4(g)). Then the 
regulator design procedure can be obtained: 

1) Find the operating point with highest Id. 
2) Design the d channel current regulator based on a 

linearized model at the selected operating point. 
3) Find out the operating point with highest Iq. 
4) Design the q channel current regulator based on a 

linearized model at the selected operating point. 
The experimental prototype is used as a parallel active 

power filter. The harmonics source is a three-phase 
uncontrolled rectifier with an inductive load. Fig.12 shows 
the configuration of the system with a parallel active 
power filter. The measured load current is shown in Fig. 
13. 

The harmonics of the load current can be abstracted 
through the analysis, and the corresponding highest Id and 
Iq can be obtained. In this case, the highest Id is 1.3A, and 
the highest Iq is 14.4A. Then a system model at the 
selected operating points can be obtained (Fig.14). 

   
 

Fig. 12.  Configuration of the system with parallel active 

power filter. 

 

 
 

Fig. 13.  Waveform and spectrum of load current. 
 

Based on the obtained system bode plots, the current 
regulator can be designed. In this case, a simple 
proportional regulator (Gcd=-5) is designed for the d 
channel current loop, and another proportional regulator 
(Gcq=-10) is designed for the q channel. Fig.15 shows the 
obtained closed-loop transfer function. Fig.16 shows the 
compensation performance of a PAPF employing the 
designed regulator. Fig.17 shows the dynamic 
performance of a PAPF employing the designed regulator. 

The satisfactory static compensation performance and 
dynamics validate the regulator and further verifies the 
proposed model. 
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(a) Bode plot of id/dd when Id equals -3.5 
 

-10

0

10

20

30

40

50

60
iq/dq

M
ag

ni
tu

de
 (d

B
)

10
0

10
1

10
2

10
3

10
4

90

135

180

225

270

Frequency (Hz)

P
ha

se
 (d

eg
)

 
 

(b) Bode plot of iq/dq when Iq equals -14.4 
 

Fig. 14.  System characteristics at selected operating points. 
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(a) d channel 
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(b) q channel 
 

Fig.15.  Closed-loop current regulation. 

 
 

Fig. 16.  Compensation performance of PAPF employing the 
designed regulator. 

 

 
 

(a) Step up in the load current 
 

 
 

(b) Step down in the load current 
 

Fig. 17.  Dynamical performance of PAPF employing the designed 
regulator. 

 
8. Conclusions 

 
After reviewing a conventional synchronous-frame 

modeling approach for three-phase boost rectifiers, the 
main difficulty for the conventional approach is revealed 
to be an inability to identify a steady-state under 
non-sinusoidal conditions. Since the current loops of boost 
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rectifiers are ordinarily designed to have a bandwidth that 
is much higher than the typical harmonics frequency, this 
paper applied a quasi-static method for the modeling of a 
three-phase boost rectifier under non-sinusoidal conditions. 
The system frequency characteristics under different 
operating points are studied in detail. After detailed 
analysis on the system transfer function, this paper found 
that the variational operating points influence the system’s 
low frequency characteristics but have almost no affect on 
the dominant poles. Both the simulation and the 
experimental results verified the analysis and the proposed 
model. 

In summary, the following conclusions can be drawn: 
1) For most applications under non-sinusoidal 

conditions, the current loops of boost rectifiers 
are usually designed to have a bandwidth that is 
much higher than the typical harmonics 
frequency in order to achieve good current 
control of these harmonic components.  So the 
quasi-static method could be applied to the 
proposed modeling approach. 

2) The system frequency characteristics under 
different operating points influence the converter 
low frequency characteristics but hardly affect 
the dominant poles. This conclusion offers a 
theoretical fundament for the design of current 
regulators. 

3) The influence of the power stage parameters on 
the system characteristics is illustrated which 
strongly supports the system design. 

4) From the presented model, the circuit parameters 
and the current regulator of a closed-lop control 
can be properly designed. 

5) The theoretical results were verified by 
simulation and experimental results. 

6) The resultant design procedure is presented and 
the system performance further verifies the 
whole modeling method. 

Besides the PAPF case discussed in this paper, there are 
still many applications that could take advantage of the 
obtained conclusions. In industrial applications, the 
operating point of a STATCOM varies depending on the 
different reactive power commands. And for widely 
researched distributed generation systems, the converter’s 

operating point is always changing due to volatile input 
active power. Furthermore, this analysis can be directly 
extended to the study of unbalanced systems. 
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