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INTUITIONISTIC FUZZY INTERIOR IDEALS IN ORDERED
SEMIGROUPS
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ABSTRACT. In this paper we define intuitionistic fuzzy interior ideals in
ordered semigroups. We prove that in regular(resp. intra-regular and
semisimple) ordered semigroups the concepts of intuitionistic fuzzy interior
ideals and intuitionistic fuzzy ideals coincide. We prove that an ordered
semigroup is intuitionistic fuzzy simple if and only if every intutionistic
fuzzy interior ideal is a constant function. We characterize intra-regular
ordered semigroups in terms of interior {resp. intuitionistic fuzzy interior)
ideals.
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1. Introduction

The idea of an intuitionistic fuzzy set was first introduced by Atanassov (see
[1,2,3]) as a generalization of the notion of a fuzzy set given by Zadeh [17]. The
concept of a fuzzy semigroup was first introduced by Kuroki [15]. Kim and Jun
introduced the concepts of intuitionistic fuzzy quasigroups, intuitionistic fuzzy
ideals and intuitionistic fuzzy interior ideals in semigroups (cf. [12,13,14]). Ke-
hayopulu and Tsingelis first considered the fuzzy sets in ordered groupoids and
ordered semigroups [8]. They discussed fuzzy analogous for several notions that
have been proved to be useful in the theory of ordered groupoids/ordered semi-
groups. In [10], they have shown that the concepts of a fuzzy ideal and a fuzzy
interior ideal coincide in case of regular and intra-regular ordered semigroups.

They also shown that an ordered semigroup is simple if and only if it is fuzzy
simple.
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In this paper we consider the intuitionistic fuzzification of the notion of in-
terior ideals in ordered semigroups. We prove that in regular, intra-regular and
semisimple ordered semigroups the concepts of intuitionistic fuzzy ideals and
intuitionistic fuzzy interior ideals coincide. Finally, we introduce the concept of
an intuitionistic fuzzy simple ordered semigroup and prove that an ordered semi-
group is simple if and only if it is intuitionistic fuzzy simple, and we characterize
ordered semigroups in terms of interior ideals and in terms of intuitionistic fuzzy
interior ideals.

2. Preliminaries

We include here some basic definitions of ordered semigroups that are neces-
sary for the subsequent results and for more details on ordered semigroups we
refer to [5,6,7]. By an ordered semigroup we mean an ordered set S at the same
time a semigroup satisfying the following conditions:

a<b= za < zband ax < bx for all x,a,b € 5.

If (S, .,<) is an ordered semigroup, and A a subset of S, we denote by (4]
the subset of S defned as follows:

(A] := {t € S|t < a for some a € A}.
For A, B C S, we denote,
AB := {abla € Ab € B}.

An ordered semigroup (S, ., <) is called regular if for each @ € S there exists
x € S such that a < aza.

Equivalent Definitions: (1) A C (ASA] for each A C S. (2) a € (aSa] for
each a € S [7]. An ordered semigroup (S, ., <) is called intra-reqular if for each
a € S there exist z,y € S such that a < za?y. Equivalent Definitions: (1)
A C (SA2S] for each A C S. (2) a € (Sa?9] for each a € S [7].

An ordered semigroup (S, ., <) is called semisimple if for each a € 5, there
exist z,y, z € S such that a < zayaz. Equivalent Definition: (1) A C (SASAS]
for each A C S. (2) a € (SaSasS] for each a € S [16]. A non-empty subset A
of an ordered semigroup (S, .,<) is called a left (resp. right) ideal of S if it
satisfies:

(1) SA C A (resp. AS C A),

(2)a<bS>b<aimpliesbh € A for all a,b € S.

Condition (2) is equivalent to the condition (A] = A. Both a left and a right
ideal of an ordered semigroups (S, ., <) is called an ideal of S. A non-empty
subset A of an ordered semigroup (S, ., <) is called an interior ideal of S if it
satisfies:

(1) SAS C 4;

(2)a<bS>3b<aimpliesb € A for all a,b € S [10].

Let (S,., <) be an ordered semigroup. By a fuzzy subset f of S, we mean a
mapping f : S — [0, 1].
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Let (S, ., <) be an ordered semigroup. A fuzzy subset f of S is called a fuzzy
interior ideal of S, if the following assertions are satisfied:

(1) f(xay) > f(a) for all z,a,y € S and

(2) If ¢ <y, then f(z) > f(y) for all z,y € S [10].

3. Intuitionistic fuzzy interior ideals

As an important generalization of the notion of fuzzy sets in S, Atanassov [1]
introduced the concept of an intuitionistic fuzzy set (1FS for short) defined on
a non-empty set S as objects having the form

A= {<x’ﬂA($)37A(m)>‘$ € S}a

where the functions pa : S —— [0, 1] and v4 : § — [0, 1] denote the degree of
membership (namely pa(x)) and the degree of nonmembership (namely va(x))
of each element € S to the set A respectively, and 0 < pa(z) +va{z) <1 for
allz € 8.

For any two IFSs A and B of an ordered semigroup S we deﬁne:

(1) A C Biff pa(z) < pp(z) and ya(x) > vp(z) forallz € S,

(2) A° = {(z,7a(z), pal2))lz € S},

(3) AN B = {{z,min{pa(z), ps(2)}max{ya(@). v (@)} € ),

(4) AUB = {{x,max{pa(z), pp(z)},min{va(z), v8(x)}) |z € S}.

In this section, we prove that in regular(resp. infra-regular and semisimple)
ordered semigroups the concepts of intuitionistic ideals and the intuitionistic
fuzzy interior ideals coincide.

For the sake brivity, we shall use the symbol 4 = (4, va) for the intuitionistic
fuzzy set A = {(z, pa(z),va(x))|z € S}. Let (S,.,) be an ordered semigroup and
A C S, the intuitionistic characteristic funcmon

XA = {<I7 Hxas ’Y)(A>|I €S},
where u, , and vy, , are fuzzy subsets defined as follows:

. lifz € A,
e 25— 010l — i@ = { (RS

and
Yaa 1S — [0, 4]jz — vy, (2) = { lifzg A

Definition 1. An IFS A = {ua,v4) in an ordered semigroup (S, ., <) is called

DR

an tniuitionistic fuzzy interior ideal of S if it satisfies the following assertions:
(1) pa(zaz) > pala) and va(zaz) < vala) for all z,a,y € S and
(2) If z <y, then pa(x) > pa(y), and ya(z) < fyA(z/) forall z,y € S.

Proposition 2. Let (S, ., <) be an ordered semigroup. If {A; 13 € A} is a family
of intuitionistic fuzzy interior ideals of S. Then ﬂ A;, if it is non-emply, is an
€A
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intuitionistic fuzzy interior ideal of S, where n A= <ﬂ BA,, U ’YAi>; and

€A 1€EA €A

ﬂ .qu(x) = /\ ,u/h(x) = an{:u'/h(x) i€z e S},

ieA ieA
U va, () = \/ Ya, (z) := sup{ya,(z) :t € A,z € S}.
ieA i€A

Proof. (1) For z,y € S if z <y, then we have

(ﬂ%)@ = (/\/M) @) = N\ (pa ()

ieA icA icA
> /\(;LAI. (v)) (since x <y == pa, () > pa,(y))

= (p)w=(nm )
Jio= v

(iLEJAm) (2) = (l\G/A’YA

< 4, (y)) (since z <y = va,(x) < v4,(¥)
ZEA

= (\/ m) (y) = (U uAi> )
1EA i€EA

Let a,z,y € S. Then

(ﬂ Fa, ) zay) = </\ pa. ) (zay) = )\ (pa.(zay))

€A i€EA 1EA

and

> A (14, (@)) (since pa,(eay) > pa,(a))
€A

- (/\M) (@) = <ﬂmi> @
iEA i€EA

<U m) (zay) = <\/ Ya, > (zay) = \/ (va, (zay))

i€EA iEA €A

and

IN

\/ (7Ai (a)) (Since YA; (:vay) <74, (a))
iEA
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. (\/ fy) @ - (UM) (@),
iCA €A

Thus n A, is an intuitionistic fuzzy interior ideal of S. L
ieA
Proposition 3. Let (5, ., <) be an ordered semigroup. Then every intuitionistic
fuzzy ideal of S is an intuitionistic fuzzy interior ideal of S.

Proof. Let A = {(j14,v4) be an intuitionistic fuzzy ideal of an ordered semigroup
S. Let z,a,y € S. Then pa(z(ay)) > palay) > pale) and va(z(ay)) <
va((ay)) < va(a). Thus A = (4,74} is an intuitionistic fuzzy interior ideal of
S. O

Proposition 4. Let (S, ., <) be a regular ordered semigroup. Then every intu-
itionistic fuzzy interior ideal of S is an intuitionistic fuzzy ideal of S.

Proof. Let A = (4,74) be an intuitionistic fuzzy interior ideal of a regular
ordered semigroup S. Let a,b € S. Then pa(ab) > pa(a) and ya(ab) < va(a).
Indeed: Since § is regular, there exists x € S such that ¢ < aza. Then gb <
(aza)b = (ax)ab. Since A = (j14,7v4) is an intuitionistic fuzzy interior ideal of S
we have

palab) > pa((az)ab) > pala)
and

va(ab) < yal(az)ab) < ya(a).

{1tA,v4) I8 an intuitionistic fuzzy ideal of S. 0
Comibining Prop. 3 and 4, we have the following:

Proposition 5. In regular ordered semigroups the concepts of intuitionistic
fuzzy ideals and intuitionistic fuzzy interior ideals coincide.

Proposition 6. Let (S, ., <) be an intra-reqular ordered semigroup. Then every
intuitionistic fuzzy interior ideal of S is an intuitionistic fuzzy ideal of S.

Proof. Lett A = (ua,7va) be an intuitionistic fuzzy interior ideal of an intra-
regular ordered semigroup S. Let a,b € S. Then pa(ab) > pa(a) and ya{ab) <
va(a). Indeed: Since S is intra-regular, there exists z,y € S such that a < za?y.
Then ab < (za®y)b = (za)a(yb). Since A = (a,v4) is an intuitionistic fuzzy
interior ideal of & we have

palab) > pal(za)a(yb)) > pala)
and
valab) < va((za)a(yb)) < vala).

Similarly we can show that pa(ab) > pa(b) and v4(ab) < v4(b). Thus A =
{ita,vA) I8 an intuitionistic fuzzy ideal of S. O
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Comibining Prop. 3 and 6, we have the following:

Proposition 7. In intra-regular ordered semigroups the concepts of intuitionis-
tic fuzzy ideals and intuitionistic fuzzy interior ideals coincide.

Proposition 8. Let (S,.,<) be a semisimple ordered semigroup. Then every
intuitionistic fuzzy interior ideal of S is an intuitionistic fuzzy ideal of S.

Proof. Let A = {ua,v4) be an intuitionistic fuzzy interior ideal of an intra-
regular ordered semigroup S. Let a,b € S. Then pa(ab) > pa(a) and ya(ab) <
va(a). Indeed: Since S is semisimple, there exists x,y,2 € § such that o <
rayaz. Then ab < (zayaz)b = za(yazb). Since A = (ua,v4) is an intuitinistic
fuzzy interior ideals of S we have

pa(ab) > pa(zalyazb)) > pala)
and
va(ab) < ya(za(yazb)) < yala).

Similarly we can prove that pa(ab) > pua(b) and ya(ab) < y4(b). Thus A =
{114, 74) is an intuitionistic fuzzy ideal of S. O

Combining Prop. 3 and 8, we have the following:

Theorem 9. In semisimple ordered semigroups the concepts of intuitionistic
fuzzy ideals and intuitionistic fuzzy interior ideals coincide.

Theorem 10. Let (S,.,<) be an ordered semigroup, § # I C S. Then I is
an interior ideal of S if and only if the intuitionistic characteristic function
X1 = (s V) Of I is an intuitionistic fuzzy interior ideal of S.

Proof. = . Suppose that I is an interior ideal of S and x; the intuitionistic
characteristic function of I. Let a,b € S, a < b then py,(a) > py,(b) and
Yor (@) < Yy, (b). Indeed: If b ¢ I then p,,(b) = 0 and 7y, (b) = 1. Since
tix;(a) > 0 and 7y, (a) < 1, we have i, (@) 2 py, (b) and vy, (a) < 7y, (b). Let
b e I then u,,(b) =1 and y,, (b) = 0. Since I is an interior ideal of S and a < b
we have a € I. Then p,,(a) = 1 and 7y, (a) = 0. Again we have piy, (@) > py, (b)
and 7, (@) < 7 (0):

Let z,a,y € S. If a € I then pu,,(a) = 1 and 7,,(a) = 0. Since I is an
interior ideal of S, we have zay € SIS C I. Then we have p,,(zay) = 1 and
Yx: (zay) = 0, hence py, (zay) > piy, (a) and 7y, (zay) < vy, (a).

< . Assume that x; is an intuitionistic fuzzy interior ideal of S. Let a,b € S,
a <b. Ifbe I, then uy,(b) = 1 and 7, (b) = 0. Since iy, (a) > py,(b) and
Yx1 (@) < Yy, (b), we have py, (a) =1 and vy, (a) =0 and so a € I.

Let z,a,y € S. If a € I, then u,,(a) =1 and vy, (a) = 0. Since py,(zay) >
Hoxr (a) and Vi ('Tay) < Vxi (0')7 we have Hxr (a:ay) =1 and Yxr (:an) = 0 and so
zay € I — SIS C I. O
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4. Intuitionistic fuzzy simple ordered semigroups

In this section we introduce the concept of intuitionistic fuzzy simple ordered
semigroups, we prove that an ordered semigroup is simple if and only if it is
intuitionistic fuzzy simple, and we characterize this type of ordered semigroups
in terms of intuitionistic fuzzy interior ideals.

An ordered semigroup S is called simple if does not contain proper ideals,
that is, for any ideal 4 of S, we have A = § [10].

Definition 11. An ordered semigroup S is called intuitionistic fuzzy simple if
every intuitionistic fuzzy ideal of S is an intuitionistic fuzzy constant function,
that is, for every intuitionistic fuzzy ideal A = {pa,va) of S, we have pa(a) =
wa(d) and va(a) = v4(b) for all a,b € S.

If (S, ., <) is an ordered semigroup and a € S, we denote by I, the subset of
S defines as follows:

L= {be S: pa(d) > pala) and ya(b) < vala)}.

Proposition 12. Let (S,.,<) be an ordered semigroup and A = (pa,va) an
intuitionistic fuzzy right ideal of S. Then I, is a right ideal of S for every
a€S.

Proof. Let (S, ., <) be an ordered semigroup and A = {1t4,v4) an intuitionistic
fuzzy right ideal of S. Since a € I, for every a € S, we have I, #0. Let be I,
and x € S. We have to prove that bx € I,. Since A = {u14,74) an intuitionistic
fuzzy right ideal of S, we have pa(bz) > pa(b) and ya(bz) < va(b). Since
b € I, we have ua(b) > pa(a) and v4(b) < vala). Thus pa(bz) > pa(a) and
va(bz) < v4(a), hence bz € I,.

Let b€ I, and S > 2z < b Then z € I,. Indeed: Since A = {(ua,va)
an intuitionistic fuzzy right ideal of $ and z < b we have pa(z) > pa(b) and
va(x) < va(b). Since b € I, we have ps(b) > pala) and v4(b) < va(a). Thus
pa(x) > pala) and v4(x) < ya{a), which implies that x € I,. O

In a similar way we can prove that:

Proposition 13. Let (S,.,<) be an ordered semigroup and A = {(pa,74) an
intuitionistic fuzzy left ideal of S. Then I, is a left ideal of S for everya € 5.

Combining Propositions 12 and 13, we have the following:

Proposition 14. Let (S,., <) be an ordered semigroup and A = {u4,v4) an
intuitionistic fuzzy ideal of S. Then I, is an ideal of S for everya € S.

Lemma 15. Let (S,.,<) be an ordered semigroup, § # A C S. Then A is an
ideal of S if and only if the intuitionistic characteristic function xa = (u‘q, Ya)
of A is an intuitionistic fuzzy ideal of S.

Proof. = . Suppose that A is an ideal of S and xj the intuitionistic char-
acteristic function of A. Let a,b € S, a < b then py,(a) > py,(b) and
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Yaea (@) < Yya(b). Indeed: If b ¢ A then py,(b) = 0 and 7, ,(b) = 1. Since
fix (@) > 0and 7y, (a) < 1, we have fiy ,(a) > piy, (b) and vy, (a) < vy (). Let
b € A then p,,(b) =1 and 4, ,(b) = 0. Since A is an ideal of S and a < b we
have a € A. Then p, ,(a) = 1 and 7, (a) = 0. Again we have iy, (a) > piy ,(b)
and 7, (a) < 7 (0)

Let z,y € S. It x € A then p,,(x) = 1 and 7, ,(x) = 0. Since A is a right
ideal of S, we have zy € AS C A. Then we have u, , (zy) =1 and v, (zy) = 0,
hence iy (xy) > iy, (2) and vy, (2y) < 7y (7).

< . Assume that x4 is an intuitionistic fuzzy ideal of S. Let a,b € S,
a <b Ifbe A, then p,,(b) = 1 and 7, ,(b) = 0. Since py,(a) > py,(b) and
T a (@) < Yy (), we have i, ,(a) =1 and 7, ,(a) =0 and so a € A.

Let z,y € S. If £ € A, then p,,(z) = 1 and v, (z) = 0. Since x4 is an
intuitionistic fuzzy right ideal of S, we have iy, (zy) > iy, (z) and 7y, (zy) <
Yx( (), we have py, (zy) =1 and vy, ,(zy) =0andsozy c A —= AS C A. U

Theorem 16. An ordered semigroup (S, ., <) is simple if and only if it is intu-
itionistic fuzzy simple.

Proof. = . Let S be a simple ordered semigroup, A = (14,4} an intuitionistic
fuzzy ideal of S and a,b € S. Since 4 and 4 are fuzzy ideals of S and a € S,
by Proposition 14, I, is an ideal of S. Since S is simple we have I, = S, and
we have b € I,. Thus pa(b) > pa(a) and v4(b) < ya(a). By a similar way we
can prove that pa{a) > pa(b) and va(a) < va(b). Thus pa(b) = pa(a) and
v4(b) = va(a) and so S is intuitionistic fuzzy simple.

<— . Suppose S contains proper ideals and let A be an ideal of S such that
A # S. Since A is proper by Lemma 15, xa = (ly ., Vx4, 18 an intuitionistic
fuzzy ideal of S. Let x € S. Since x4 = (fx4;Vx4) 18 @ intuitionistic fuzzy
constant ideal of S. We have i, , (z) = iy, (b) and vy, () = 7y, (b), for every
becS. Since A # 0, let a € A Then py, () = pyq(a) = 1 and v, (z) =
Yxa(a) = 0, hence z € A. Thus S C A, a contradition. Thus § = A and S is
simple. [l

Lemma 17. (c¢f. [6]). An ordered semigroup S is simple if and only if for every
a € S, we have S = (SaS].

Theorem 18. Let (S,.,<) be an ordered semigroup. Then S is simple if and
only if every intuitionistic fuzzy interior ideal of S is a constant intuitionistic
function.

Proof. = . Let A = {14,74) be an intuitionistic fuzzy interior ideal of a simple
ordered semigroup S,and a,b € S. Since § is simple and b € S, by Lemma 17,
we have S = (SbS]. Since a € S, we have a € (SbS]. Then there exist z,y € S
such that a < xby. Since A = (pa,7v4) is an intuitionitic fuzzy interior ideal
of S, we have pa(a) > pa(zby) > pa(b) and ya(a) < ya(zby) > va(b). Thus
we have pa(a) > pa(b) and va(a) < y4(b). In a similar way we can prove that
pala) < pa(b) and va(a) > vya(b)., and thus A = (a,v4) is an intuitionistic
fuzzy constant function.
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&= Let A = {uua,7v4) be an intuitionistic fuzzy ideal of S. By Proposition
3, A = (ua,v4) is an intuitionistic fuzzy interior ideal of S. By hypothesis,
A= (pa,v4) is an intuitionistic fuzzy constant function. Then S is intuitionistic
fuzzy simple and, by Theorem 16, S is simple. 1

Proposition 19. Let (S, ., <) be an intra-reqular ordered semigroups. Then for
every interior ideals A and B of S we have,

(A?] = A and (AB] = (BA].
Proof. (1) Let S be an intra-regular ordered semigroup and A, B interior ideals
of S. Let a € A. Since S is intra-regular, there exist , y € S such that
a < zdly = (za)(ay) < z(za’y)(za’y)y
= ((zza)a(y))((za)alayy) € (SAS)(SAS) C AA = A?
= ac (A= AC (47

For the reverse inclusion, let a ¢ (A?], then a < ajaz for some a1,az € A.
Then

&
I

za’y = (za)(ay) < x(ajaz)(aia2)y
= {(zo1az)ai{agy) € SASC A
= ac(4=A= (4% CA
Thus (A%] = A.
(2). Let A, B be interior ideals of S. Then (AB] = (BA]. Indeed: By (1) we
have

(AB] = ((AB]*] = ((AB|(AB])
= ((ABI*(ABP] = ((AB)(AB])((AB|(AB])]
C (((AB)(AB)I((AB)(AB)]]
= (((A)B(AB)|((AB)A(B)]] € ((SBS|(SASY
C ((Bl(A]] = (BA] == (AB] ¢ (BA].

By symmetry we have (BA] C (AB].
Show that pa and v4 are fuzzy interior ideals of S, if A = (ua,va4) is intu-
itionistic fuzzy interior ideal of S. U

Proposition 20. Let (S,., <) be an intra-reqular ordered semigroup and A =
{tea,va) an intuitionistic fuzzy interior ideal of S. Then for every a € S such

that ¢ < a, we have
pala) = pa(a®), yala) =ya(a®) and pa(ab) = pa(ba), va(ab) = ya(ba).

Proof. (1) Let S be an intra-regular ordered semigroup, A = {ua,7v4) an intu-
itionistic fuzzy interior ideal of S and a € S. Then us(a) = pa(a?), va(a) =
va(a?). Indeed: Since S is intra-regular and a € S, there exist 2,y € S such
that @ < zay for some z,y € S. Then

pala) > pa(za®y) = pa(a®).
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Since a? < a we have pa(a?) > pa(a). Hence pa(a) = pa(a?), and
1a(a) < ya(zay) = yala®),

since a? < a we have y4(a?) < ya(a). Hence va(a) = ya(a?).
(2) Let a,b € S. Then pa(ab) = pa(ba), ya(ab) = va(ba). Indeed: By (1) we

have

N =

10.

11.

12.

13.

14.

15.

16.
17.

ta((ab)(ad)) = pa(a(ba)b) > pa(ba),
a) > pa(ab). Hence pra(a) = pa(a?) and
va((ab)(ab)) = va(a(ba)b) < ya(ba),
a) < va(ab). Hence v4(ab) = va(ba). O

pa(ab) = pa((ab)?

By symmetry we have A

)=
(b
Ya(ab) =va((ab)*) =
b

by symmetry we have vy (
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