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MODIFIED DECOMPOSITION METHOD FOR SOLVING
INITTAL AND BOUNDARY VALUE PROBLEMS USING PADE
APPROXIMANTS
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ABSTRACT. In this paper, we apply a new decomposition method for solv-
ing initial and boundary value problems, which is due to Noor and Noor
[18]. The analytical results are calculated in terms of convergent series
with easily computable components. The diagonal Pade approximants are
applied to make the work more concise and for the better understanding
of the solution behavior. The proposed technique is tested on boundary
layer problem; Thomas-Fermi, Blasius and sixth-order singularly perturbed
Boussinesq equations. Numerical results reveal the complete reliability of
the suggested scheme. This new decomposition method can be viewed as an

alternative of Adomian decomposition method and homotopy perturbation
methods.
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1. Introduction

It is well known that a wide class of problems involving astrophysics, ex-
perimental and mathematical physics, nuclear charge in heavy atoms, thermal
behavior of a spherical cloud of gas, thermodynamics, population models, chemi-
cal kinetics and fluid mechanics, can be formulated as initial and boundary value
problems, see [1-32]. Several techniques including Adomian’s decomposition,
variational iteration, finite difference, polynomial spline and homotopy perturba-
tion have been developed for solving such problems. Most of these methods have
their inbuilt deficiencies like calculation of Adomian’s polynomials, identification
of Lagrange multiplier, divergent results and huge computational work. To over-
come these difficulties and drawbacks, several new decomposition methods have
been suggested for solving these problems. One of these methods is called the
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modified decomposition method, which was developed by Noor and Noor [18]
to construct iterative-type methods for solving nonlinear equations of the type
f(z) = 0. The main motivation of this paper is to apply this modified decom-
position method for finding the solution of initial and boundary value problems.
It is shown that the modified decomposition method provides the solution in
a rapid convergent series with easily computable components. In the present
study, we implement this technique to solve boundary layer problem; Thomas
Fermi, Blasius and singularly perturbed sixth-order Boussinesq equations. The
series solutions (in case of boundary layer problem; Thomas Fermi and Blasius
equations) are replaced by the powerful Pade approximants in order to make the
work more concise and to get a better understanding of the solution behavior
[5,15,16,21 — 23,29 — 31]. The suggested method is free from round off errors,
calculation of the so-called Adomian’s polynomials and the identification of La-
grange multipliers. Moreover, the proposed MDM is easier to implement and
reduces the computational work while still maintaining a higher level of accu-
racy. The modified decomposition method may be considered as an alternative
to Adomian decomposition and homotopy perturbation techniques.

2. Modified decomposition method

Consider the following general functional equation

f(y)=0.

To convey the main idea of the Noor and Noor decomposition method [18], we
re-write the above equation as

y:N(y)+C’ (1)

where N is a nonlinear operator and c is a constant. We are looking for a solution
of equation (1) having the series form:

Y= Zyz (2)

The nonlinear operator N can be decomposed as:
oo 0 %
¥ (Zn) -3 (5 (Tn) ). @
i=0 i=0 §=0

From equations (1), (2) and (3),we have

00 00 i
Zyi:c—FN(yo)-f-Z N Zy]‘ . (4)
i=0 =0 j=0

We define the recurrence relation:



Modified decomposition method 1267

yi = N(y),
Ym+1 — N(y0+"'+ym)7 m:172737~"7
then, form =1,2,3,...,
(y1+...+ym+l):N(yO)JrN(yO+y1)+"'+N(y0‘|‘y1+""|‘ym) (5)
and

y:C+Zyi (6)
i=1

Using the Banach fixed-point theorem, one can study the convergence criteria of
this decomposition method.

3. Pade approximants

A Pade approximant is the ratio of two polynomials constructed from the
coefficients of the Taylor series expansion of a function u(z). The [L/M] Pade
approximants to a function y(z) are given by [5, 15, 16,21 — 23,29 — 31].

L PL Z

M Qm (x)
whereP, () is polynomial of degree at most L and Q,, (z) is a polynomial of
degree at most M, the formal power series

y(%) = Zaimiv (8)

PL (il?)
y\z)—

determine the coefficients of Py, (x)and Q,, (z)by the equation. Since we can

clearly multiply the numerator and denominator by a constant and leave |L/M]

unchanged, we imposed the normalization condition

Qur (0) = 1.0. 9)

Finally, we require that Pr, (z)and Q, (z)have non common factors, if we write
the coeflicient of Py, (x)and @, (z)as

~ O (e (8)

Py(z) = po+piz+pex®+---+pra’, (10)
Qu () = @+qz+gqz’+- - +pyz™

Then by (10) and (11), we may multiply (7) by , which linearizes the coefficient
equations. We can write out (9) in more details as

ary1+argr+---+ap_pqu = 0,

ary2 +arpiqu+ -+ ap_prpeqgu = 0,

aptm ‘Fapipm—1gi+---+apgn = 0, (11)
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ag = Do,
ap+ a1 +--- = p1,
or+apaq1+---+apg = pL (12)

To solve these equations, we start with equation (12), which is a set of linear
equations for all the unknown ¢’s. Once the q’s are known, then equation (13)
gives and explicit formula fro the unknown p’s, which complete the solution. If
equations (12) and (13) are nonsingular, then we can solve them directly and
obtain equation (14), (see [15]), where equation (14) holds, and if the lower index
on a sum exceeds the upper, the sum is replaced by zero:

ar—M+1 AL —M+2 s ar+1
L ) L ) L )
Z aj;Mx] Z a’j—M+1'T] Z aljx]
[ L] o =M j=M-1 j=0 (13)
M ar—M+1 QL—M42 - GAL41
det .
ar, ar+1 ccr GL4M
.Z‘M ZM_I .. 1

To obtain diagonal Pade approximants of different order such as [2/2], [4/4] or
[6/6], we can use the symbolic calculus software, Mathematica or Maple.

4. Numerical Applications

In this section, we apply the modified decomposition method for solving bound-
ary layer problem; Thomas-Fermi, Blasius and sixth-order singularly perturbed
Boussinesq equations. We also introduce a slight modification in the selection of
initial value which makes the application of the proposed algorithms simpler and
improves the efficiency of the scheme. To make the work more concise and for
the better understanding of the solution behavior series solutions are replaced by
the powerful diagonal Pade approximants.

Example 4.1[23,29]. Consider the Thomas-Fermi (TF) equation which is used
to model the effective nuclear charge in heavy atoms, to study the potentials and
charge densities of atoms having numerous electrons

3
y§
Y’ (z) = =, (14)
x
with boundary conditions

y(0) =1, lim y(z) = 0. (15)
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The above Thomas-Fermi problem can be written as the following integral equa-
tion

y (z) ~1+Bx-|—// % (y(2))? dadz. (16)
Applying the modified decomposition method

Yn+1 ( =14 Bz + // _% yn 2 dxdl'

The given initial values admits the use of yo (2) = 1 4 Bz, whereB = 4/ (0) but
we use the modified approach and take yy (z) = 1.Consequently, the following
approximants are obtained

Yo (:U) = G
Yo (x) = 1,
y1 () Nyo (z),
4
y1(z) = Bx+ 3:r
y2(z) = N(yo(x)+u1(2)),
: 1
Yo (x) = %x% + %Bx% + g:r?’,
ys(z) = N(yo ()+y1()+yz())
4 2 2 2 9

= — B ___r3

y3 (z) 3J;2+5B;1:2+3x +20 fis +63 x2.

The series solution after three iterations is given as

4 1 2
=1+ B B Bat + — 2.
y (x) + x+4x2+5 5 4 23 —1—20 x +63m

Setting rT = t,the series solution is obtained as
4 1 2
t)=1+ Bt +4t> + —Bt° + 15 + - Bt® + —_°.
y(t) =1+ HAT A+ S B o B
The diagonal Pade approximants can be applied [22,28] in order to study the

mathematical behavior of the potential and to determine the initial slope of the
potential .

Table 4.1. Pade approximants and initial slopes ' (0) [22, 28]

Pade approximants | Initial slope | Error (%)
2/2 —1.211413729 23.71
4/4 —~1.550525919 2.36
[7/7 —1.586021037 | 12.9 x 102
[8/8 —1.588076820 | 3.66 x 10~
[10/10] —1.588076779 | 3.64 x 10~*
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Example 4.2[21,28,30]. Consider the following nonlinear third order boundary
layer problem which appears mostly in the mathematical modeling of physical
phenomena in fluid mechanics

(@) +(k=1) f(z) f'(z) — 2k (f ()" =0, k>0,
with boundary conditions
f(0)=0, F(0)=1, [ (00) =0, k> 0.

The above boundary layer problem can be written as the following integral equa-

tion
) = f () —/// ((k— 1) f (@) " () — 2k (f (w))z) drdzdr. k>0,

Applying the modified decomposition method, we have

i (@) = /// k—1) fu (@) [ (2 )72k(fn(x))>dzdxdxk>0

0 0 O

Using the initial conditions, we obtain

fri(@) =2+ %axz — /z/w/z ((k = 1) fn () fi (z) — 2k (f2 (:c))g) dzdzdz,k > 0,

0 0 ©

wheref’’ (0) = a < 0. Consequently, the following approximants are obtained

fo ( ) = 6 fo ('T) =T
fi(z) = Nfo(z),
1 1
fi(z) = —2—ax2 + gkm3,
f2(2) = N(fo(@)+fi (w))
1 1 1 2y 2

1 1
—k i 2 6 _“ 13
(90 a+45ak )x +<315k +315k>

The series solution is given as

— 1 1 S L 2\ 5

flz) = x+2aa: + ka: +<24+ ak) (12004 —|—30k+30k +40k )x
. . 2 L 3
( ka+4sak)m +<315'C +315k>

Table 4.2. Numerical values for by using diagonal Pade approximants[22, 30, 32|
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n [2/2] [3/3] [4/4] [5/5] [6/6]
0.2 | —0.3872983347 | —0.3821533832 | —0.3819153845 | —0.3819148088

—0.3819121854

—0.5615999244

—0.5614066588

—0.5614481405

—0.561441934

—0.6397000575

—0.6389732578

—0.6389892681

—0.6389734794

—0.8393603021

—0.8396060478

—0.8395875381

—0.8396056769

0.3 | —0.5773502692
0.4 | —0.6451506398
0.6 | —0.8407967591
0.8 | —1.007983207

—1.007796981

—1.007646828

—1.007646828

—1.007792100

Table 4.3. Numerical values for for by using diagonal Pade approximants|22, 29, 31]

n o
4 —2.483954032
10 | —4.026385103

100 | —12.84334315
1000 | —40.65538218
5000 | —104.8420672

Example 4.3[31]. Consider the two dimensional nonlinear inhomogeneous initial

boundary value problem for the integro differential equation related to the Blasius
problem

Y (2) = a— % /y )y (t)dt,

0

with boundary conditionsy (0) = 0, y' (0) =1 and lim, .o ¢/ (z) = 0, where
the constant is positive and is defined by

y// (0) — a’

The above Blasius problem can be written as the following integral equation

—oco < <0

a > 0.

y(x)=x+ a:rv—// V' (z)) dzdz. —oo<z<0
Applying the modified decomp051t10n method, we have
Ynt1 () =2+ am~—//yn x))dzdz. —oo<z<0

Consequently, the following approximants are obtained

Yo (I) = G
0 (.T) = z+ §ax2,
vi(x) = Nyo(z),
1 1

yi(z) = 504:1:2 + ECVQiL‘B,
y2(x) = N(yo(z)+n (),

_ 1 2 1 4 7 2,6 1 2 7 3 6
v2(2) = <48a 24O‘> T T \720" T a0 )”

1 3 7 1 4 8
TRt Tigmet
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The series solution is given by
1 1 1 5, 1 4
y(x) = x+2ax + o +(4—8a — 57 >m - —a‘r
1 1
+ <%a2 — él—o—a‘c") x5 + @as‘aﬂ.
The diagonal Pade approximants can be applied [30] in order to study the math-
ematical behavior and to determine the constant

Table 4.4. Pade approximants and numerical value of «

Pade approximant @
[2/2] 0.5778502691
3/3 0.5163977793
4/4 0.5227030798

Example 4.4[10,19,22|. Consider the following singularly perturbed sixth-order
Boussinesq equation

Ut = Ugqy + (p (u))zz + OUzzzr + PlUzerrer,
taking a = 1, 8 = Oand p (u) = 3u?,the model equation is given as
Ut = Ugy + 3 (UQ) oz + Uzzzz,

with initial conditions

Qak2ek® 2ak3V1 + k2 (1 — ae’“‘) ghe
u(a:,(]):——2, ut (2,0) = 3 ,
(1 + aek=) (1+ aek=)

where a and £ are arbitrary constants. The exact solution of the problem is given
as [10,19, 22]

ak? exp (kzm +kvV1+ k2t)
(1 + aexp (ka: + k1 + kzt))2
The above Boussinesq problem can be written as the following integral equation

20k2e*®
(1 + aek=)?

20k /1 + k2 (1 — ae* 9
t+//(ax2 83:4 S(u)m> dtdt.

(1 4 aek=)?

u(z,t) =2

ulz,t) =

Applying the modified decomposition method, we obtain
2ak2ek® N 2ak3v/1+ k2 (1 — aet?) e’“t

(1 —G-ae’“”)2 (1 + aekz)?
¢

8y,
+ //<8x2 (%4 - 43 (u )x)dtdt.

0 0

Un+1 (ZL‘, t) =
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Consequently, the following approximants are obtained

9 k,2 kx
ug (z,t) = Le,_z’
(1 + aek®)
2ak3/1+ k2 (1 — aeb) ek~
uy (z,t) = + ( 3 e t
(1 + aek=)
2ak4ekac (*&262/6‘77 _ a2k.2€2k:c 4 40,6]” + 4a/€26k1 —1— k2) t2
(14 eo)* ’
the series solution is given by
w(zt) — 2ak2ck® N 2ak3v/1 + k2 (1 — aek®) e’“t
’ (1 + aekz)? (1 + aeh=)®
2aktek” (7&262163” — a?k2e%k2 4 Jaek® 4 4akZebr — 1 — k:2) 2
(145" ’
Table 4.5. (Error estimates)
X t
1 5 1 05
—1 |297E—2 | 73iE—3 [831E—_2 9.42

—08 | 4.04E -2 | 401E—3 | 439E—~2 | 5.50E — 2
—0.6 | 1.20E -1 1.23E—-2 | 263F—2 [ 1.19E — 2
—04 | 200E—-1[177TE—-2 | 3.88—2 | 3.19FE — 2
—02 | 268E—-1]211FE-2 | 774F—2 | 7.35E — 2

0 3.148 -1 (1239 -2 1.10E—1 | 1.L10E —1
0.2 331E—-1[274F—2 | 1.36E—1 | 1.39E -1
0.4 318E—1 [ 324E—2 | 1.54E—1 | 1.60E —1
0.6 279E—-1[38F—-2 | 164E—1 ]| 1.7T2E -1
0.8 222E—1|461E—-2 | 167TE—1 | 1.76E — 1

1 1.55F~1|533FE—-2[163E—~1| 1.73E—1

Table 4.5 exhibits the absolute error between the exact and the series solutions.

Higher accuracy can be obtained by introducing some more components of the
series solution.

Example 4.5(10,17,19,22]. Consider the following singularly perturbed sixth
order Boussinesq equation

_ 2
U = Ugy + (U >xm — Ugzzz + iuwxmman
with initial condition

—210 % sec ht (%) tanh (L>

2197

105 z
u{z,0) = ~ g9 %€ h* (ﬁ) Jue (2,0) =

The exact solution of the problem is given as

105 1 97
1) =— Y= e—/=—t]]|.
ul@,t) = —qggsech { 2 (m \ 169 )}
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The above Boussinesq problem can be written as the following integral equation

Lo\ 210/ secht () tanh ()
u{z,t) = ———sech +
169 /26 2197

u Ot 1 (8% 9
/ / (83;2 o *5(%)““ >m> dtt.

Applying the modified decomposition method, we have

105 . —210 19 sec h* (\/I—) tanh (—6)
Ungq (2,1) = —Egsech NGT: + 5197 t

82un Mtu, 1 (u, 2
o [ (G o3 () + 6.

Consequently, the following approximants are obtained

105
ug (z,t) = ‘@sech‘l(%),

105 194 sec h® (\/%) sinh (%) ,
2197

105 V2r T
- —291 — RO —=)¢2
371293 ( 91 4 194 cosh (m>>sec (ﬂg) )

The series solution is obtained as

t

up (x,t) =

210 194 sec h8 (\/3”2—6) sinh ({——)

105 x
u(z,t) = —Egsech4 (\/%> 5197
210 V22 z
———— [ 291 + 194 cosh | ~—— [ —= )¢
371293< 91 + 194 cos ( _13>)sec < —26)
Table 4.6
1 .5 .1 .05

-1 1.23E—3 | 248E—2 | 293E -2 | 2.95F — 2
—0.8 | 891K -3 | 234FE—2 | 2.85FE—~2 | 287TE -2
—06 | 595K -3 | 222E—-2 | 2.79E -2 | 281FE —2
—0.4 | 355E—-3 | 214E—-2 | 2.73E—2 | 2.7TE — 2
02| 177TE -3 | 208E—2 | 2.72E—2 | 2.714F — 2

0 6.92FE -4 | 206E—2 | 27T1E—2 | 273E -2

0.2 338K -4 206E—2 | 272E -2 | 2.7T4E — 2

0.4 73158 -4 | 210E—-2 | 275 —2 | 2.77E — 2
0.6 1.868 -3 [ 2.1TE—2 | 279F —2 | 2.81FE —2

0.8 3.72E—-3 | 227TE -2 | 285E—2 | 287TFE — 2

1 624F -3 | 240E—-2 | 293E—2 | 295K -2
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Table 4.6 exhibits the absolute error between the exact and the series solutions.

Higher accuracy can be obtained by introducing some more components of the
series solution.

Conclusion

In this paper, we applied the modified decomposition method (MDM) for solv-
ing initial and boundary value problems. The proposed algorithm is successfully
implemented on boundary layer problem, Thomas-Fermi; Blasius and singularly
perturbed sixth-order Boussinesq equations. Moreover, the obtained series solu-
tions were replaced by the powerful Pade approximants to make the work more
concise and to get a better understanding of the solution behavior. The proposed
technique is employed without using linearization, perturbation, discretization or
restrictive assumptions, is free from round off errors, the complexities arising in
the calculation of the so-called Adomian’s polynomials and the identification of
Lagrange multiplier. It may be concluded that the suggested algorithm is very
powerful and efficient in finding the analytical solutions for a wide class of initial
and boundary value problems.
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