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NEIGHBORHOOD CONDITION AND FRACTIONAL
F-FACTORS IN GRAPHS

HONGXIA LIU * AND GUIZHEN LIU

ABSTRACT. Let G be a graph with vertex set V(G) and let f be a nonneg-
ative integer-valued function defined on V(G). A spanning subgraph I of
G is called a fractional f-factor if d?,{ar) = f(z) for all z € V(Q@), where
d () == Zeeﬁ«‘w h{e) is the fractional degree of z € V(F) with E; =
2k
{e : e = 2y € E(G)}. In this paper it is proved that if §(G) > M%L)’
{a4b)(k{atb)—2) : bn
n > TR STEZ and |Ng{za) U Ng(zz) U - - U Ne(zg)l 2 2 for

any independent subset {z1,®%2, ...,z } of V(G), then G has a fractional
J-factor . Where k > 2 be a positive integer not larger than the indepen-
dence number of GG, a and b are integers such that 1 < a < f(z) < b for
every z € V{(). Furthermore, we show that the result is best possible in
soIme sense.
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1. Introduction

In our daily life many problems on optimization and network design, e.g.,
coding design, building blocks, the file transfer problems on computer networks,
scheduling problems and so on, are related to the factors, factorizations and
fractional factors [1]. In particular, a wide variety of systems can be described
by complex networks. Such systems include: the cell, where we model the
chemicals by nodes and their interactions by edges; the world wide web, which
is a virtual network of web pages connected by hyper-links; and the food chain
webs, the networks by which human diseases spread, the human collaboration
networks etc. It is well-known that a network can be represented by a graph.
Vertices and edges of the graph correspond to nodes and links between the nodes,
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respectively. Henceforth we use the term graph instead of network. If the links in
the network have different roles, then the edges of the graph can be with weights
in [0, 1]. So we should consider the fractional graph theory.

The graphs considered in this paper will be finite and undirected simple
graphs. Let G be a graph with vertex set V(G) and edge set E(G). Denote
by d¢(x) the degree of a vertex x in G and by Ng(z) the set of vertices adjacent
to z in G. We use N¢{z] to denote N (z)U{z} and §(G) to denote the minimum
degree of G. For a subset S C V(G), we denote by Ng(S) the union of Ng(x)
for every x € S, by G[S] the subgraph of G induced by S, by G — S the subgraph
obtained from G by deleting the vertices in S together with the edges incident
to the vertices in S.

Let g(x) and f(x) be two nonnegative integer-valued functions defined on
V{(G) with g(x) < f(x) for any © € V(G). A fractional (g, f)-indicator function
is a function h that assigns to each edge of a graph G a number h(e) in [0, 1] so
that for each vertex  we have g(z) < d(z) < f(z), where d(z) =3 . h(e)
is the fractional degree of x € G with E, = {e: e = zy € E(Q)}. If g(z) = f(x)
for every z € V(G), a fractional (g, f)-indicator function is called a fractional
f-indicator function. Let h be a fractional f-indicator function of a graph G.
Set E, = {e : e € E(G) and h(e) # 0}. If Gy is a spanning subgraph of G
such that E(G},) = Ej, then G}, is called a fractional f-factor of G. The other
terminologies and notations can be found in [3].

Many authors have investigated graph factors [7,8], factorizations [12,14], and
fractional (g, f)-factors [4,9,13]. There is a necessary and sufficient condition for
a graph to have a fractional f-factor which was given by Guizhen Liu and Lanju
Zhang.

Theorem 1. [9] Let G be a graph. Then G has a fractional f-factor if and only
if for every subset S of V(G),

56(5,T) = () + da—s(T) — F(T) > 0,
where T'={x € V(G) \ S and dg_s(z) < f(z)}.

In [6], Yanjun Li and Maocheng Cai gave the following result for a graph to
have an [a, b]-factor.

Theorem 2. [6] Let G be a graph of order n, and let a and b be integers such
2
that 1 <a < b. Then G has an [a,b]-factor if 6(G) > a, n > 2a+ b+ %% and

an
a+b

max{dc(z), da(y)} >
for any two nonadjacent vertices x and y in G.

In [10], Haruhide Matsuda gave a sufficient condition in terms of neighborhood
union for the existence of [a, b]-factors.
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Theorem 3. [10] Let a and b be integers such that 1 < a < b, and let G be a
graph of order n with n > wﬁ, and 8(G) > a. If
an
a+b
for any two nonadjacent vertices x and y of G , then G has an [a, b]-factor.

[Ng () U Na(y)| =

In [5], Jianxiang Li proved the following theorem, which is an extension of
Theorem 3.

Theorem 4. [5] Let a and b be integers such that 1 < a < b, and let G be a
graph of order n with n > MM If 6(G) > (k — Da, and
an
Ng U N U---UN > —
INa(#1)U Na(z2) U~ U Ne(zi)] 2 =

for any independent subset {x1, x2,...xx} of V(G), where k > 2, then G has an
[a, b]-factor.

It is easy to see that Theorem 3 is a special case of Theorem 4 for k = 2.
In this paper, we give a neighborhood condition for a graph to have a fractional
f-factor. Our main result is an extension of Theorem 4.

Theorem 5. Let G be a graph of order n, and let a and b be integers with
1 <a<b, and let f(z) be a nonnegative integer-valued functions defined on
V(G) such that a < f(z) < b for each x € V(G). Let k be a positive integer not
larger than the independence number of G. Then G has a fractional f-factor if
3GE) > bQ(lf;l), n> (Hb)(kg}%)ﬂ) and

[Nofan) U Na(es) U-+U Na(o)| 2 -7 (1)

for any independent subset {1, x2,...xk} of V(G), where k > 2.

In Section 3, we shall show that the condition (1) in Theorem 5 is best possible
in some sense. Furthermore, we present a conjecture on the existence of f-factor.

2. Proof of Theorem 5

Proof of Theorem 5. Let G be a graph satisfying the hypothesis of Theorem
5, we prove the theorem by contradiction. Suppose that G has no fractional
f-factors. Then, according to Theorem 1, there exist some subset S C V(G)
such that

6a(S,T) = f(S) + da—s(T) — f(T) < -1, (2)

where T = {z € V(G)\ S and dg_s(z) < f(z)}. We choose such subsets S and
T which satisfy |7 is as small as possible. We first prove the following claims.
Claim 1. dg_s(z) < f(z) =1 <b—1forallz c T.

Proof. It dg_s(x) > f(x) for some z € T, then the subsets S and T'\ {x} satisty
(2). This contradicts the choice of S and T. Therefore,

d(;,s(x) < f(a:) —1<b-—-1
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for all x € T holds. O
Claim 2. |[T| > a +1.

Proof. If |T| < a, then by (2) and since |S| + dg-s(z) > da(z) > §(G)
2

Yik=1) (,;71) > b(k — 1) (since a < b) for all z € T, we obtain

66(8,T) = f(S) + dg-s(T) - £(T)

alS| +dg-s(T) — b|T)|

ITIIS| + dg-s(T) — b|T]|

2 cer(|S] +dg-s(x) —b)

> wer(b(k —1) —6) >0,

which is a contradiction. Thus |T| > a + 1. O

Since T # ¢, in the following we shall construct a sequence z1, zs, ...z, of
vertices of T'. Let

Y

-1

vV IV IV IV

hy = min{dgks(x)lx S T}

and choose 21 € T to be a vertex such that dg—g(21) = hy. By Claiml, we have
hy < flz)—1<b-1.
If 5 > 2 and T\ (U/Z) Nr[z]) # ¢, define

h; = min {d(;_s(x)|1’ eT\ (O NT[QTZ])}

=1

and choose z; € T\ (J’Z] Nr[z:]) to be a vertex such that dg_s(z;) = h;.
This defines a nondecreasing sequence of integers 0 < hy; < hy < --- < h, <
f(2)—1 < b—1(by Claim 1) and a sequence of independent vertices 1, z2, ..., Zx
in T with dg—s(z;) = h; (1 <i <) and T\ (U, Nrlz]) = ¢.
Claim 3. |T| > (k — 1)b+ 1.

2
Proof. Suppose that |T| < (k —1)b. Since |S| + hy > dg(z1) > 6(G) > @,
by (2) and 0 < hy < b~ 1, it follows that

f(S) + da-s(T) — f(T)

alS| + h|T| - b|T|

alS| + (b = B)|T]|

a(PE=D py 4 (- b)(k— 1)b

b2(k — 1)+ hy(b(k — 1) — a) — b2(k — 1)
0.

This is a contradiction. Thus we have |T'| > (k — 1)b+ 1. O
Since dg_s(x) < b— 1(by Claim 1) and |T| > (k — 1)b+ 1(by Claim 3), we
have m > k and we can take the independent subset {zy,z2,...,2x} CT.
By the assumption of the theorem we can get the following inequalities :

-1

IAVAAYS

vV IV

k

bn
—3 = |Na(21) U Ng(22) U+ U Ne ()| < I8]+ ) ha

i=1
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It follows that
bn b
S| > — hi. 3
12 2 ®
Since n—[S] —|T| > 0 and b— hg > 1, we have (n —|S| —|T|)(b— hi) > 0. Note
that

i—1
|Nrla| — [Nr[zd 0 (| Nelz])| 21,0 = 2,3, ...,k - 1

Jj=1
and

U Nrlzj]| < Z INT[LEJ“ < Z(dG~S<fL’j) +1)= Z(hj +1),i=1,2,...,k.
Jj=1 j=1 j=1 j=1

Therefore we have

(n = ST = [T)(b~ hy)

f(8) +de-s(T) — F(T) +1

CL|S| + dG_S(T) — b|T| +1

alS| 4 ha|Ny[z1]| + ho(| Ny [22]| — |NT[$2] N Nrlzi]]) +- -

)

AVARAVARLYS

+hg_1 <|NT[CL’k 1l - ‘NT Th—1] U Nyl

+h (|T| - ] ) — BT +1

k—1 k—1
> alS|+ (hy = ha)[Nrled]| + ) ho + (b = O)[T] = hye Y [Npfa]| + 1
1=2 =2
k-1 k—1
= alSI+ (b~ ha)(h + 1)+ ha+ (e B)[T] — b > (hi+1) +1
i=2 1=2
k—1 k—1
= alS|+ AT+ hit (e = BT] —he > (hi + 1) + 1.
i=1 =1
Thus it follows that
k—1 k—1
0<n(b~he) = (a+b—he)lS|+he Y hi— hi+he(k—1) —h? — 1.
i=1 i=1 4)

By (3) and (4), hy <hy < - < hy <b-1, andn>%a+b)_2)—) we have

AZh, +thh

0 < ﬂ(b‘hk) (a+b hk
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k-1
=3 hit+hi(k—1)—hi -1
=1

k k—1
= " + (a +b) th—thh +hk2h-zm

-l-b
+hk(k—1)—h%—l

Eol
|
-

= a+bhk+((a+b~1)h1—hf) (a+b-1)) h

I
)

i

+hi(a+b+k—1)—h -1

IN

k—1
f?hk+(a+b—1)hk+(a+bfl);h

+hk(a+b+k*1) hi —

= " b+ k byhy — hi — 1.
parwALL + k(a + b)hy
If hy > 0, then 0 < 2h — h — 1 < 0 (since n > M%i—w), that is a
contradiction. If hy = 0, then 0 < —1, a contradiction. So we conclude that G
has a fractional f-factor. Completing the proof of Theorem 5. O

3. Remarks

Remark 1. By the following example we can demonstrate that the condition
(1) in Theorem 5 is best possible in the following sense. The condition (1) in
Theorem 5 can not be replaced by | Ng(z1)UNg(z2)U- - -UNg(z)| 2 f—&*l. We
let G1 = Ky, be a complete graph and G2 = (at + 1)K, be at + 1 independent
vertices. Then let G = G + G3 be the join of G; and Ga(that is, V(G) =
V(G1)UV(G2), E(G) = E(G1)UE(G2)U{uv:u € V(G1),v € V(G2)}), where t

is a sufficiently large positive integer(For some k, we choose ¢ > W - aﬁ,

thus the conditions §(G) > i (k Y and n > M(—w suffice). Then it
follows that n = |G| + |G2| = (a +b)t +1 and

bn bn

> [N, N N =bt>——-1

ot > Nel@)UNa(e)U---UNa(ag)| = bt > =
for any subset {z1,z2,...2x} of Ga. We take S = V(G1) and f(z) = a for
z € V(G1); T = V(Gy) and f(z) = b for x € V(G2). It is easy to see G
has no fractional f-factors because dq(S,T) = f(S) — f(T) = alS| — b|T| =
abt — blat +1) = —b < 0.
Remark 2. We can see that the minimum degree bound in Theorem 5 §(G) >
2
@ is best possible when b =a and k& = 2.

Finally we present the following conjecture.
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Conjecture. Let G be a connected graph of order n, and let a and b be integers
with 1 < a < b, and let f(z) be a nonnegative integer-valued functions defined
on V(G) such that a < f(z) < b for each x € V(G). If f(V(Q)) is even,

5(@,) > b2(/fl—l)} n> (a+b)(kga+b)~2) and ING(IL)UNG(J?Z)U' . 'UNG(JJk)| > al%

for any independent subset {x1,x2,..24} of V(G), where k > 2 be a positive
integer not larger than the independence number of G, then G has an f-factor
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