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RICCI CURVATURE OF SUBMANIFOLDS
OF AN S-SPACE FORM

JEONG-SIK KiM, MoHIT KUMAR DWIVEDI, AND MUKUT MANI TRIPATHI

ABSTRACT. Involving the Ricci curvature and the squared mean curva-
ture, we obtain a basic inequality for a submanifold of an S-space form
tangent to structure vector fields. Equality cases are also discussed. As
applications we find corresponding results for almost semi-invariant sub-
manifolds, #-slant submanifolds, anti-invariant submanifold and invariant
submanifolds. A necessary and sufficient condition for a totally umbili-
cal invariant submanifold of an S-space form to be Einstein is obtained.
The inequalities for scalar curvature and a Riemannian invariant © of
different kind of submanifolds of a S-space form M| (c) are obtained.

1. Introduction

One of the basic interests in the submanifold theory is to establish simple
relationships between the main intrinsic invariants and the main extrinsic in-
variants of a submanifold. The main intrinsic invariants include the classical
curvature invariants namely the Ricci curvature and the scalar curvature. For a
unit vector X in an n-dimensional submanifold M of a real space form R™(c),
B. Y. Chen [13] proved the following basic inequality

1) IHIP > 5 {Ric(X) — (n— 1)<}

involving the Ricci curvature Ric and the squared mean curvature |H|? of
the submanifold. The inequality (1) drew attention of several authors and
they established same kind of inequalities for different kind of submanifolds in
ambient manifolds possessing different kind of structures. The submanifolds
include mainly invariant, anti-invariant and slant submanifolds, while ambient
manifolds include mainly real, complex and Sasakian space forms.
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On the other hand, the concept of framed metric structure unifies the con-
cepts of almost Hermitian and almost contact metric structures. In particular,
an S-structure generalizes Kaehler and Sasakian structure. In [2], D. Blair
discusses principal toroidal bundles and generalizes the Hopf fibration to give
a canonical example of an S-manifold playing the role of complex projective
space in Kaehler geometry and the odd-dimensional sphere in Sasakian geom-
etry. An S-manifold of constant f-sectional curvature c is called an S-space
form M (¢) [7], which generalizes the complex space form and Sasakian space
form.

Motivated by the result of Chen in [13], recently in [19], a general basic
inequality involving the Ricci curvature and the squared mean curvature of a
submanifold in any Riemannian manifold was established and its several appli-
cations were presented. Using this inequality, in a previous paper [22], a basic
inequality for integral submanifolds of an S-space form M (¢) was obtained and
applied this to recover the already known inequalities for totally real submani-
folds in complex space forms and C-totally real submanifolds in Sasakian space
forms. This paper is the continuation of the study started in [22]. The paper is
organized as follows. In Section 2, we present a brief account of Ricci curvature
and scalar curvature in a Riemannian manifold. We also give basic formulas
and definitions for a submanifold. Then we recall the result of [19] giving a
general basic inequality involving the Ricci curvature and the squared mean
curvature of a submanifold in any Riemannian manifold. Section 3 includes
basic preliminaries about framed metric manifolds and its submanifolds. The
emphasis is given on S-manifolds and S-space forms. The submanifolds include
almost semi-invariant submanifolds [33], which in particular cases, reduce to
f-slant, invariant and anti-invariant submanifolds. In Section 4, we obtain a
basic inequality involving the Ricci curvature and the squared mean curvature
of submanifolds of an S-space form M (c) tangent to the structure vector fields,
and present some of its consequences. In Section 5, we obtain a necessary and
sufficient condition for a totally umbilical invariant submanifold of an S-space
form M(c) to be Einstein. In Section 6, the inequalities for scalar curvature
and a Riemannian invariant © of different kind of submanifolds of a S-space
form are obtained.

2. Ricci curvature of submanifolds

Let M be an n-dimensional Riemannian manifold. Let {ey,...,ex}, 2 <
k < n, be an orthonormal basis of a k-plane section II; of T,M. If k = n,
then II,, = T, M; and if k = 2, then Il is a plane section of T, M. For a fixed
i€ {l,...,k}, a k-Ricci curvature of Iy, at e;, denoted Ricry, (e;), is defined
by [13]

k
(2) Ricn, () = Y Kij,

J#i
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where K;; is the sectional curvature of the plane section spanned by e; and
ej. An n-Ricci curvature RichM(ei) is the usual Ricci curvature of e;, denoted
Ric(e;). Thus for any orthonormal basis {e1,...,e,} for T,M and for a fixed
ie{l1,...,n}, we have

RichM(ei) = Ric(ei) = ZK”
J#i
The scalar curvature 7(IIj) of the k-plane section IIj is given by
(3) ()= ) Ky
1<i<j<k

Geometrically, 7(Il) is the scalar curvature of the image exp,(Il;) of Il at
p under the exponential map at p. We define the normalized scalar curvature

7n () of II by [20]

27 (i)
4 ) = ———.
The normalized scalar curvature at p is defined as [12]
_ 21 (p)

Then, we see that 7n (p) = 7w (T, M). The scalar curvature 7(p) of M at p is
identical with the scalar curvature of the tangent space T, M of M at p, that
is, 7(p) = 7 (ITp,M). If Il is a plane section and {ei, ez} is any orthonormal
basis for I, then

RiCH2 (61) = lriiCH2 (62) = T(HQ) = TN(HQ) = K12.
Let M be an n-dimensional submanifold of an m-dimensional Riemannian
manifold M equipped with a Riemannian metric g. We use the inner product

notation (-,-) for both the metrics g of M and the induced metric g on the
submanifold M. The Gauss and Weingarten formulas are given respectively by

VxY =VxY +0(X,Y) and VxN=—-AyX +ViN

for all X,Y € TM and N € T+ M, where 6, V and V= are respectively the
Riemannian, induced Riemannian and induced normal connections in M , M
and the normal bundle T+ M of M respectively, and o is the second fundamen-
tal form related to the shape operator A by (o(X,Y),N) = (AnyX,Y). The
equation of Gauss is given by

(6) RX,)Y,Z W) = RX,Y,Z, W)+ (c(X,W),0(Y,2))
- <O(Xa Z)7U(Y7W)>

for all X, Y, Z, W € TM, where R and R are the Riemann curvature tensors of
M and M respectively.
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The mean curvature vector H is given by H = trace(c). The submanifold
M is totally geodesic in M if o = 0, and minimal if H = 0. If o(X,Y) =
g(X,Y)H for all X, Y € TM, then M is totally umbilical.

The relative null space of M at p is defined by [13]

N, ={X € T,M|o(X,Y)=0forall Y € T,M},

which is also known as the kernel of the second fundamental form at p [14].

Now, let {e1,...,e,} be an orthonormal basis of the tangent space T, M and
e, belongs to an orthonormal basis {€,41,...,€n} of the normal space TPLM.
We put

n

oy = (o (eies),en) and o] =Y (o (eie;),0 (e e5)) .

i,j=1

Let K;; and f(ij denote the sectional curvature of the plane section spanned
by e; and e; at p in the submanifold M and in the ambient manifold M respec-

tively. Thus, we can say that K;; and I~Qj are the “intrinsic” and “extrinsic”
sectional curvature of the Span{e;, e;} at p. In view of (6), we get

(7) Kij = Kij + Z (O—Ziagj - (Uirj)2) .
r=n+1

From (7) it follows that

(8) 27(p) = 27 (T, M) +n* | H|* - |0,

where 7(T,M) denotes the scalar curvature of the n-plane section T,M in

the ambient manifold M. Thus, we can say that 7(p) and 7 (T,M) are the
“intrinsic” and “extrinsic” scalar curvature of the submanifold at p respectively.
We denote the set of unit vectors in T, M by Tle ; thus

oM ={Xe€T,M| (X,X)=1}.

Now, we recall the following result (cf. [19, Theorem 3.1], [17, Theorem
6.1]).

Theorem 2.1. Let M be an n-dimensional submanifold of a Riemannian
manifold M. Then the following statements are true.

(a) For X € TI}M we have
. n2 2 =
(9) RIC(X) < Z ||HH + RlC(TpM)(X)v

where ﬁiE(TpM)(X) is the n-Ricci curvature of T,M at X € Ty M with

respect to the ambient manifold M.
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(b) The equality case of (9) is satisfied by X € Ty M if and only if
(10) o(X,X) = gH(p) and o(X,Y) =0
for allY € T,M such that (X,Y) =0.
(c) The equality case of (9) holds for all X € T) M if and only if either (1)
p is a totally geodesic point or (2) n = 2 and p is a totally umbilical
point.

From Theorem 2.1, we immediately have the following:

Corollary 2.2. Let M be an n-dimensional submanifold of a Riemannian
manifold. For X € T[}M any two of the following three statements imply the
remaining one.

(a) The mean curvature vector H(p) vanishes.

(b) The unit vector X belongs to the relative null space N,.

(c) The unit vector X satisfies the equality case of (9), namely

. 1 =
(11) Ric(X) = 7 n*[ H|[* + Riccr, 1) (X).

3. S-manifolds and its submanifolds

Let M be a (2m+ s)-dimensional framed metric manifold [36] (also known as
framed f-manifold [27] or almost r-contact metric manifold [35]) with a framed
metric structure (f,&q,n%,9), a € {1,...,s}, that is, f is a (1,1) tensor field
defining an f-structure of rank 2m; &,..., &, are vector fields; n',...,n° are
1-forms and g is a Riemannian metric on M such that for all X Y € TM and

a,Be{l,...;s}
(12)  fP=—T+1"®&, n*(€) =205, [()=0, n%f=0,

(13) (FX, 1Y) = (X,Y) =Y n™(X)m*(Y),
(14) Q(X,Y)E<X,fY>:—Q(KX), <X7€a>:na(X)a

where (,) denotes the inner product of the metric g. A framed metric structure
is an S-structure [2] if the Nijenhuis tensor of f equals —2dn®®¢&, and Q = dn®
for all « € {1,...,s}.

When s = 1, a framed metric structure is an almost contact metric structure,
while an S-structure is a Sasakian structure. If a framed metric structure on
M is an S-structure, then it is known [2] that

(15) (VxHY =D ((fX fY) &+ (V) F?X),

a=1

(16) Véa=—f, ac{l,... s}
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The converse may also be proved. In case of Sasakian structure (that is, s = 1),
(15) implies (16). For s > 1, examples of S-structures are given in [2], [3] and
[5]. Thus, the bundle space of a principal toroidal bundles over a Kaehler
manifold with certain conditions is an S-manifold. Thus, a generalization of
the Hopf fibration 7 2 §2mH+l _, PC™ s a canonical example of an S-manifold
playing the role of complex projective space in Kaehler geometry and the odd-
dimensional sphere in Sasakian geometry. Also, every n-dimensional Lie group
G admits a framed f-structure of rank 2k, where k is any positive integer less
than (n+1) /2 (cf. [21])

A plane section in T, M is a f-section if there exists a vector X € TpM
orthogonal to &;,...,& such that {X, fX} span the section. The sectional
curvature of a f-section is called a f-sectional curvature. It is known that [7]
in an S-manifold of constant f-sectional curvature ¢

(17 RX,Y)Z = > {n* (X’ (2) Y = (V) (2)f°X
o8

X2 (V) Y, FZ) (X))
IS 5V 12) PPX - (FX.2) £2Y)

+
4
(X, f2) fY =Y, f2) X +2(X, fY) fZ}

cC— S

+

forall XY, 7 € M , where R is the curvature tensor of M. An S-manifold of
constant f-sectional curvature c is called an S-space form M (o).

When s = 1, an S-space form M (¢) reduces to a Sasakian space form M (c)
[4] and (17) reduces to

Rxv)Z = vz x - (x.2)v)

4
c—1

+ (X f2) 1Y =Y. fZ) fX +2(X, fY) fZ
+n(Xn(2)Y —n(Y)n(2)X
+ (X, Z2)n(Y)§ = (Y, Z) n(X)&}
where & = ¢ and 0t = 7. N
For a submanifold M of a framed metric manifold M, we put

fX = PX + FX, X,PX e TM, FX € T+ M,

fN =tN + N, (N,uN € T* M, tN € TM),
and we say that M is
(1) frinvariant [24] if F =0,
(2) invariant [24] if it is f-invariant and &q,...,& € TM,
(3) anti-f-invariant [34] if P =0, and
(4) anti-invariant [36] if it is anti- f-invariant and &,...,& € TM.
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Let M be a submanifold of a framed metric manifold such that £,’s € TM =
E®EL, where £ denotes the distribution spanned by &, ...,¢§, and £+ is the
complementary orthogonal distribution to £ in M.

Now, we recall the definition of almost semi-invariant submanifold [29, 33]
of a framed metric manifold.

Definition. A submanifold M of a framed metric manifold M with all &L’s
€ TM, is called an almost semi-invariant submanifold of M if there are k
distinct functions Ay, ..., A defined on M with values in the open interval (0, 1)
such that T'M is decomposed as P-invariant mutually orthogonal differentiable
distributions given by

TM =D'¢D°@eD" @ ... D¢,
where D} = ker (Flex), DY = ker (Plg+), and
D;‘i:ker(P2|gL+)\?(p)I)p, ie{l,....k}.

If in addition, each \; is constant, then M is called an almost semi-invariant*
submanifold.

An almost semi-invariant submanifold becomes

(1) a semi-invariant submanifold [23] or CR submanifold [25, 9] if k = 0.

(2) an invariant submanifold [24] if k = 0 and D° = {0}.

(3) an anti-invariant submanifold (8] if k = 0 and D} = {0}.

(4) a generic CR submanifold [1] if k = 0 and JD° = T+ M.

(5) a (proper) 0-slant submanifold [11] if D! = {0} = D%, k =1 and )\ is
constant. In this case, we have TM = D @ {¢} and the slant angle 0
is given by A1 = cos#.

(6) a semi-slant submanifold if D* # {0}, D° = {0}, k = 1 and )\, is
constant. In this case, we have TM = D! @ D @ {¢}, and the slant
angle 6 of the distribution D is given by A; = cos 6.

(7) a bi-slant submanifold if D' = {0} = D°, k = 2 and A\;, Ay are con-
stants. In this case, we have TM = DM @ D*2 @ {¢}, and the slant
angles 6; of the distributions D¢ are given by \; = cos 6;.

Thus, the definition of almost semi-invariant submanifold seems to be the
most logical generalized definition. If M is an almost semi-invariant submani-
fold of a framed metric manifold M, then for X € TM we may write

X=U'X+UX+UMX +- +UMX + 1% (X)&,,
where U, U°, U™, ..., U™ are orthogonal projection operators of TM on D',

DO, DA ... D> respectively. Then, it follows that

IX 17 = U X+ [[0x|* + UM X)) 4 o) S (0%

a=1
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We also have
P’X =-U'X -\ (UMX) — - = N2 (UMX),
which implies that
(18)  |IPX|* = (PX,PX)=—(P’X,X)= > X|0*x|".
Ae{1,A1,..., Ak}

In particular, if M is an n-dimensional #-slant submanifold, then \;? = cos? @
and we have

(19)  IPX]* = cos? 6 [UMX]* = cos?6 <||X||2 - Zﬂ"‘(X)2> .
a=1

If X € T) M, then (19) becomes

(20) |PX|* = cos? 0 <1 -y n&(xﬁ) .

a=1

Moreover, if the unit vector X € Tle is orthogonal to the structure vector
field &, then

(21) |IPX|* = cos? 0.

4. Ricci curvature of submanifolds of S-space forms
We begin with the following:

Lemma 4.1. Let M be a submanifold of a framed metric manifold satisfying
(16). If at least one structure vector field &, 1is tangent to the submanifold and
p € M is a totally umbilical point, then p must be a totally geodesic point, and
hence the tangent space T,M is f-invariant, that is, f(T,M) C T, M.

Proof. In view of (16) we have
(22) Vxéy=—-PX and o(X,&,)=-FX

for all X € TM, where PX and FX are the tangential and the normal parts
of fX respectively. Let p € M be a totally umbilical point. Then, we get

H = ({0,80)H = 0(8a,80) = —F&a =0,

which shows that o(X,Y) = 0 for all X,Y € T,M, that is, p is a totally
geodesic point. Since p is a totally geodesic point, therefore we have

0=0(X,6) = —FX
for all X € T'M, which shows that f(T,M) C T,M. O

Consequently, we have the following:
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Proposition 4.2. If M is a totally umbilical submanifold of a framed metric
manifold satisfying (16) such that at least one structure vector field &, is tangent
to the submanifold, then M is a totally geodesic f-invariant submanifold. In
particular, if all structure vector fields are tangent to M, then it is invariant.

Now, we have the following theorem.

Theorem 4.3. Let M be an n-dimensional submanifold of an S-space form

M(c) such that &1,...,& are tangent to the submanifold. Then the following
statements are true.

(a) For every unit vector X in T,M, it follows that
2 3 2
(23) Ric(X) < %HHHQ—FMHPXH +(n—s (ZU )

+i (4s(n—s)+(c—s) (n—1—s)) (1_217&()()2).
a=1

(b) The equality case of (23) is satisfied by a unit vector X in T,M if and
only if (10) is true. If H(p) =0, then a unit vector X € T,,M satisfies
equality in (23) if and only if X € N,,.

(c) The equality case of (23) holds for all unit vectors X € T,M if and
only if f(Tp,M) C T,M and p is a totally geodesic point.

Proof. Let M be an n-dimensional submanifold of an S-space form M (c) such
that &1,. .., & are tangent to the submanifold. Let {ey,...,e,} be an orthonor-
mal basis of the tangent space T,M. Then from (17) and (14) it follows that

I?ij = @<Peia€j>2_2<fej7f€i>zna(€i)z77ﬁ(€j)
a=1 B=1

2
fez,fel (ZU 6]) fejafej (Zn ez)

c+3s

2

+ S (e feid (fes fe) = (fei o)}

Using (13) in the above equation, we get

(24) K = @ (Pei,e;)?
+ 2 va (e))n” (e;) Z n*(e;) Z Uﬁ(ej)
=1 a=1 B=1

+ (1= () (D (ey)
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S S
+ (1= 07 (e)?) (D (e)
v=1 =1
+3 >
T { (1= e (1= Yo (e)?)

»

|
—~
[
3
2
——

Using (24) in /P—{E(TPM) (e) =20 s K”, we obtain

Ric(r, ) (&) = 3(04_ ) §<P€i7€j>2
o z_j ey (Z w7 () <ej>§nﬁ<e»)
i (1 - Zn <e,-,>2> > (Z Wej)>2
+ <Z_:1 n”(@))2 z#: (1 - zi:ln” (6j)2>
y ot { <1 - ;77 <ei>2> > (1 - gn <ej>2>

s 2
- (va (ex) <ej>> }
J#i \v=1

After simplifying the above equation, we get

oyt 3(c—s) 2
Ric(r, ar) (e;) = 1 | Pe;l

S S

+zzn e) DS e) o o) (o)
y=1

7j=1pB=1

s (1 S w) 5 (2 n”(%))

j=1 \n=1

s 2
+(n-2-5s) (Z n”(%))

y=1



RICCI CURVATURE OF SUBMANIFOLDS

-i-6—238{(n—l—s)—(n—2—s)2277"(ei)2

y=1
-> (Z " (ei)n” (8j)>
7j=1 \n=1

Now, for any unit vector X € T, M, from the above equation we obtain

— J(c—s
Ricir,n (X) = 2oy

S

+2 Z”Q(X)Zznﬁ(ej) > 0 (ej)n (X)
a=1

Jj=1p=1 ~y=1

n (1 S <X>2> S (imw)z

7=1 J=1 \r=1

s 2
+ (n—-2-5s) (ZW”(@)

c+ 3s

{(n—l—s)—(n—2—s)ZnW(X)2

-3 ()

989

Since, the above expression is independent of the choice of orthonormal bases
for T, M, therefore choosing an orthonormal basis {e1,...,ep—s,&1,...,&s} for

T,M, from the above expression, we get

RiC(TpM) (X)

s 2
= 2 ypxp 4 <Zn°‘(X)>

+8<1—Zﬁa(X)2> +(n—-2-5s) (Z”a(X>>
c—+3s . - 2 : a 2
+ 1 {(n—l—s)—(n—Z—s)Zn (X) —ZU(X)

which leads to
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(25) Ric(r, ar) (X)

= Y ypxiP g () (Znam)

a=1

+ i(é‘:s(n—s)—i—(e—s)(n—l—s)) (1—27]0‘()()2).

Now, the inequality (23) follows from (9) and (25). Proof of (b) is as usual.
Next, in view of the statement (c) of Theorem 2.1 and Lemma 4.1, the state-
ment (c) follows easily. O

We immediately have the following:

Corollary 4.4. Let M be an n-dimensional submanifold of an S-space form

M(c) such that &1, ...,&s are tangent to the submanifold. Then for every unit
vector X in T, M, which is perpendicular to all the structure vectors, it follows
that

(26)  4Ric(X) < n?|H|? + (c — s) (3 1PX|? - 1) +(c+3s)(n—s).
When s = 1, from Theorem 4.3, we get the following:

Corollary 4.5 (Theorem 4.3, [20]). Let M be an n-dimensional submanifold
of a Sasakian space form M (c) such that the structure vector field £ is tangent
to the submanifold M. Then, the following statements are true.

(a) For each X € T) M we have
(27) 4Ric(X) < n?|H|” +4(n—1) + (¢ = 1) 3[|PX|* + (n = 2)(1 = n(X)*)}.

(b) A vector X € Tle satisfies the equality case of (27) if and only if (10)
is true. If H(p) =0, then X € TZ}M satisfies the equality case of (27)
if and only if X € N,,.

(c) The equality case of (27) holds for all X € Ty M if and only if (T, M)
CTp,M and p is a totally geodesic point.

The above result is an improvement of Theorem 3.2 of [31].

One can see that the inequality (26) is the inequality (3.8) of [16] with a
change in the dimension of the submanifold. In fact, the dimension of the
submanifold in [16] is taken to be (n + s) instead of n. The inequality (27) is
same as the inequality (9) of Theorem 3.2 of [31] except a change in dimension
of the submanifold. In fact, the dimension of the submanifold in [31] is taken
as (n + 1) instead of n.

Now, from Theorem 4.3 we immediately have the following corollary.

Corollary 4.6. Let M be an n-dimensional submanifold of an S-space form
M (c) such that all the structure vector fields &’s are tangent to M. Then, the
following statements are true.



RICCI CURVATURE OF SUBMANIFOLDS 991

(a) If M is an almost semi-invariant submanifold, then for X € Tle we
have

2 _
(8) Riex) < P+ 20 s ek
AE{L A1, AR}

+(n—s) (Z no‘(X)>

—|—i (ds(n—s5)+(c—s)(n—1-23)) (1—Zna(X)2>,

a=1

where UY, UM, ... U are orthogonal projection operators of TM on
DL, DM, ..., D respectively.
(b) If M is a 0-slant submanifold, then for X € T, M we have

2 s s 2
(29) Ric(X) < % | H|? + % cos? 0 + (n — s) (Z na(X)>
a=1

—|—i (As(n—s)+(c—s)(n—1—19)) (1—217’1(X)2>.
a=1

(c) If M is an anti-invariant submanifold, then for X € Tle, we have

2 d 2
(80) Rie(X) < = [H|”+(n—s) (Znam)
a=1

+% (4s(n—s)+ (c—s)(n—1—y5)) <1Zna(X)2).

(d) The equality cases of (28), (29) and (30) are satisfied by X € T, M
if and only if (10) is true. If H(p) = 0, then X € T, M satisfies the
equality cases of (28), (29) and (30) if and only if X € N,.

Proof. Using (18) in the inequality (23) we get (28). Next, using (20) in the
inequality (23) we get the inequality (29). Putting 6 = 7/2 in (29) we get (30).
Rest of the proof is straightforward. O

Now, we prove the following:

Theorem 4.7. Let M be an n-dimensional non-invariant almost semi-invari-
ant submanifold of an S-space form M(c). Then, for any unit vector X € EPL

(31)
k
Ric(X) <% {n2 | H|]? + (c — 5) <3ZAZ»2 ]|UA1'X||2 - 1> + (c+3s) (n — s)} ,

i=1
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where UM ..., U are orthogonal projection operators of TM on D>, ... DM
respectively. In particular, if M is a non-invariant 0-slant submanifold, then

1
(32) Ric(X) < 1 {n*|H|? + (3cos®0 —1) (c—5) + (c+3s) (n—s)}.
In particular, if M is anti-invariant, then
1
(33) Ric(X) < Z{nz |H|* = (c—s)+ (c+3s)(n—s)}.

Proof. By using n®(X) = 0 in (28), for a unit vector X € &;- we get
(34)

k
Ric(X) Si {n2 |H|* + (c — s) <3Z>\i2 ||UA1'X||2 - 1) + (c+ 3s) (n — 5)} .

i=1

If possible, let equality case of (34) be satisfied by a unit vector X € 5;-.
Then, it follows that o (X,£) = 0, which in view of (22), gives FX = 0, a
contradiction. Thus, (31) is proved. Other two inequalities are straightforward.

O

Since the right hand side of the inequality (31) is not attained by any unit
vector in EPL, p € M, therefore we recall the following result, which is a combi-
nation of Theorems 3.1 and 3.3 of [16]). But first we need the notion of totally f-
geodesic and totally f-umbilical submanifolds. An n-dimensional submanifold
M of an S-space form M (c), tangent to the structure vector fields, is known to
be (i) a totally f-geodesic submanifold if o (X,Y") = 0 for all vector fields X,Y
€ &+, and (ii) a totally f-umbilical submanifold if o (X,Y) = 2= (X,Y) H
for all vector fields X,Y € £+.

Theorem 4.8. Let M be an n-dimensional submanifold of an S-space form

M (c), tangent to the structure vector fields. Then, for any unit vector field X
eet

(35)  Ric(X) < i [n? |HI? + (Be + ) |PX]P + (e +35) (n— 1~ 5)}

where UM | ..., U are orthogonal projection operators of TM on DM, ... D>
respectively. The equality case of (35) holds for all unit vector fields in E+ if
and only if either M is a totally f-geodesic submanifold or n =2+ s and M is
a totally f-umbilical submanifold.

Now, we apply Theorem 4.8 to find corresponding results for non-invariant
almost semi-invariant submanifolds of an S-space form.

Theorem 4.9. Let M be an n-dimensional submanifold of an S-space form
M(c), tangent to the structure vector fields and X be any unit vector field
belonging to E+. Then, the following statements are true.
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(a) If M is a non-invariant almost semi-invariant submanifold, then
(36)

k
1
Ric(X) < 1 {n2 |H|? + (3¢ + S)Z)\iz ||U’\iXH2 +(c+3s)(n—1— 5)} ,
i=1
where UM, ..., UM are orthogonal projection operators of TM on D>,
..., DM respectively.
(b) If M is a non-invariant -slant submanifold, then

1
(37) Ric(X) < 1 {n*|H|” + (3¢c+ s)cos* O+ (c+3s) (n—1—s)}.
(c) If M is an anti-invariant submanifold, then
1
(38) Ric(X) < 1 {n*|H|? (c+3s) (n—1—35)}.

(d) The equality cases of (36), (37), and (38) holds for all unit vector fields
in €L if and only if either M is a totally f-geodesic submanifold or
n=2+4s and M is a totally f-umbilical submanifold.

Proof. Using (18) and D! = {0} in (35) we get (36). Similarly, using (21) in
(35) we get (37). Putting § = 0 in (37) we get (38). Rest of the proof is
straightforward. O

In fact, the equations (37) and (38) are identical with the equations (3.9) and
(3.11) in [16] respectively, except a change in the dimension of the submanifold.

5. Totally umbilical invariant submanifold

In this section, we find a necessary and sufficient condition for a totally
umbilical invariant submanifold to be an Einstein manifold. In fact, we prove
the following;:

Theorem 5.1. A totally umbilical invariant submanifold of an S-space form
M (c) is Einstein if and only if the ambient S-space form reduces to Sasakian
space form M (1) (that is, s =1 =c).

Proof. Let M be an n-dimensional invariant submanifold of an S-manifold M.
Then all structure vector fields £, ...,&s are tangent to the submanifold and
M is a minimal S-manifold ([24, Proposition 2.4], [6, Proposition 2.2(i)]). Since
M is invariant, for any unit vector X in the submanifold, we get

(39) IPX|*=1-) n'(X)2

If M is assumed to be totally umbilical also, by minimality it becomes totally
geodesic. Now, if the ambient S-manifold M is an S-space form M (c), then
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in view of Theorem 4.3, the submanifold M satisfies the equality case of (23).
Thus, using H = 0 and (39) in the equality case of (23) we get

Ric(x) = 22D Ipx P 4 () (S0 (X))°
a=1

(40) s
1 o 2
+*1Mﬂn*ﬁ+QFWHn*1*®N1*§;ﬁ(X)%
where {e1,...,e,} is any orthonormal basis of the tangent space T,M, p € M.

Now suppose that M is Einstein also. Since there is no Einstein S-manifold if
the number of structure vector fields is greater than one [24, Proposition 1.3],
therefore s = 1 and the ambient S-space form reduces to Sasakian space form
M (c). Using s =1 in (40), we get

(41) 4Ric(X) =4(n—1)+ (c— D (n+1) (1 — n'(X)?)

for all unit vectors X € T, M, p € M. Since M is assumed to be Einstein, then
for any unit vector X € T,M, p € M, orthogonal to &, from (41) it follows
that

0 = Ric(X) — Ric(&1) = i(c —)(n+ 1),

which shows that ¢ = 1.
Conversely, it is easy to see that a totally umbilical invariant submanifold
of a Sasakian space form M (1) is always Einstein. O

6. Scalar curvature

We begin with the following:

Theorem 6.1 (Theorem 4.2, [17]). For an n-dimensional submanifold M in
an m-dimensional Riemannian manifold, at each point p € M, we have

n(n—1)
(42) T(p) < T

with equality if and only if p is a totally umbilical point.

1H||* + 7 (T, M)

Remark 6.2. Using an inequality for roots of a polynomial, B. Suceava proved
Theorem 6.1 for a hypersurface (see Proposition 1, [28]). Then in general codi-
mension case, he proved Theorem 6.1 with out any information about equality
case (see Proposition 2, [28]). The proof of Theorem 6.1 given in [17, Theorem
4.2] is very short and also includes the necessary and sufficient condition for
the equality case.

For each integer k, 2 < k < n, the Riemannian invariant ©; on an n-
dimensional Riemannian manifold M is defined by [15]

1 . .
(43) O (p) = <k;—1) Hl]?g(Rlcnk_(X), pE M,
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where II;, runs over all k-plane sections in 7, M and X runs over all unit vectors
in IIx. We denote by II;,...;, the k-plane section spanned by e;,,...,e;, . From
(2) and (3), it follows that

1 .
(44) T (thk) = 5 Z R‘lcnil---ik (ei)v

i€ i1y sin}

and

1
(45) T(p) = o2 Z 7 (i i) -

k=2 1<ij<--<ip<n
Combining (43), (44), and (45), one obtains
n(n—1
%Gk(p)-

In view of the equations (42) and (46), we have the following relationship
between the Riemannian invariant O and the squared mean curvature for
submanifolds of a Riemannian manifold.

(46) 7(p) >

Theorem 6.3 (Theorem 6.4, [20]). Let M be an n-dimensional submanifold of
a Riemannian manifold. Then, for each integer k, 2 < k < n, and every point
p € M, we have

(47) O1(p) < | H|* + 7n (T,M),

where Tn (T, M) is the normalized scalar curvature of the n-plane section T, M
in the ambient submanifold.

Now, we study scalar curvature of submanifolds of S-space forms. In fact,
we have the following:

Theorem 6.4. Let M be an n-dimensional submanifold of a S-space form
M(c), such that the structure vector field £ is tangent to M. Then at each
point p € M, we have

(48)

nin —1)
7(p) < 5

with equality if and only if p is a totally umbilical point.

VB4 {30~ ) IPIP+ (0= ) (85 + (e +85) (n— 1 5))}.

Proof. Let {e1,...,en} be an orthonormal basis of the tangent space T,M.
The squared norm of P at p € M is defined to be ||P||* = 327 ._, (Pe;, e;)°.

- i,j=1
Then, using 27 (T, M) = Y~ | Ric(r, ar) (€:) in (25), we get

~ 1
(49)  F(TM) = £ {8(c= ) IPI* +(n—s) (8s +(c+35) (n—1—s) }.
Using (49) in (42) gives (48). O

Next, using (49) in (47) gives the following
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Theorem 6.5. Let M be an n-dimensional submanifold of a S-space form
M(c) such that & € TM. Then, for each integer k, 2 < k < n, and every point
p € M, we have

(50)

1
O (p) < |H|* +

2
m{g(cfs) 1Pl +(n*S)(83+(ch3$)(717175))}'
Now, we have the following:

Corollary 6.6. Let M be an n-dimensional 0-slant submanifold of an S-space
form M(c). Then the following statements are true.
(a) At each point p € M it follows that

(51)

) < 11

2
with equality if and only if p is a totally umbilical point.

(b) For each integer k, 2 < k <mn, and every point p € M, we have
(52)

Ok (p) < ||H||2+47(Ln(n__8)1){3(c—s)c0529+(85+(c+3s)(n—1—s))}.

Proof. Using ||P||> = (n — s) cos? 0 in (48) and (50) gives (51) and (52) respec-
tively. O

(n

HHHz—i-%S) {3(0— 5)00529-1- (8s+ (c+3s)(n—1— 3))}

Using # = 0 and ||H||> = 0 in (51) and (52), we get similar results for invari-
ant submanifolds. Similarly, using @ = 0 in (51) and (52), we get corresponding
results for anti-invariant submanifolds.
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