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A STUDY ON RECTIFYING CURVES
IN THE DUAL LORENTZIAN SPACE

EMIiNE OzBEY AND MEHMET ORAL

ABSTRACT. In this work, we give some characterizations of rectifying
curves in dual Lorentzian space. Also, we show that rectifying dual
Lorentzian curves can be stated by the aid of dual unit spherical curves.

1. Introduction

Dual numbers were introduced by W. K. Clifford (1849-1879) as a tool for
his geometrical investigations. After him E. Study used dual numbers and dual
vectors in his research on the geometry of lines and kinematics. He devoted
special attention to the representation of directed lines by dual unit vectors
and defined the mapping that is known by his name. There exists one-to-one
correspondence between the points of dual unit sphere S? and the directed lines
in R? [5].

If we take the Minkowski 3-space R} instead of R? the E. Study mapping
can be stated as follows: The dual timelike and spacelike unit vectors of dual
hyperbolic and Lorentzian unit spheres Hg and Sf at the dual Lorentzian space
D$ are in one-to-one correspondence with the directed timelike and spacelike
lines in R}, respectively. Then a differentiable curve on Hg corresponds to a
timelike ruled surface at R$. Similarly, the timelike (resp. spacelike) curve on
Sf corresponds to any spacelike (resp. timelike) ruled surface in R [8].

We will survey briefly the fundamental concepts and properties in the Lorent-
zian space. We refer mainly to O’Neill [7].

Let Rf be the 3-dimensional the Lorentzian space with Lorentzian metric
(,) = —dx? —l—dxg +dw§. It has been known that in Rf’ there are three categories
of curves and vectors, namely, spacelike, timelike and null, depending on their
causal character. Let 7 be a tangent vector of Lorentzian space. Then 7 is
said to be spacelike if (7', 7) > 0 or @ = 6), timelike if (7', 7") < 0, null
(lightlike) if (7', @) = 0 and 7" # 0. Leta:ICR— Rf’ be a regular curve
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in ]R‘:’. Then, the curve « is spacelike if all its velocity vectors are spacelike.
Similarly, it is called timelike and null curve if all its velocity vectors are timelike
and null vectors, respectively.

A dual number Z has the form z 4 ex* with properties

£#£0, 0e=e0=0, le=cecl=¢, &2=0,

where x and z* are real numbers and ¢ is the dual unit (for the properties of
dual numbers, see [9]). An ordered triple of dual numbers (Z,,Z,,Z,) is called
a dual vector and the set of dual vectors is denoted by

3 P * * *
D=DxDxD={2| 2% = (2, +ex},z, +ex,,2, +ex})
= (mnxzvxs)—'_g(x;k’x:’x:)
— —
_ T tert, TR

For any 2 T +ex*, y =7y +ey" € D’ if the Lorentzian inner product of
— —
dual vectors  and g is defined by

(7.9) = (@, 9)+=(T ) + & 7)),
then the dual space D? together with this Lorentzian inner product is called as
dual Lorentzian space and it is shown by ID)f’. A dual vector g in D? is said to
be spacelike, timelike and lightlike (null) if the vector 7 is spacelike, timelike
and lightlike (null), respectively. Lorentzian vectorial product of dual vectors
¥ = (&,,4,,4,) and § = (§,,0,,§,) in D? is defined by

— =

TNy = (i‘ggz - .f32:g3,.f3@1 - i‘1y37£‘1?)2 - ‘%2@1)'
—

If 7 # 0, the norm H_Q?;H of & =7 +ex* is defined by

z (%, &)

‘_>_>‘

A dual vector & with norm 1 is called a dual unit vector. Let & = o +ex* €

D?. Then,
i) The set
— —
S? = (7 =T +er" | H_i;H = (1,0); @,2" € R® and the vector @’ is spacelike}

is called the pseudo dual sphere with the center O in ]D)i” .
ii) The set

— — — —
HZ = {& =2 +ex” | ” Z H = (1,0); 7, z" € R? and the vector 7' is timelike}

is called the pseudo dual hyperbolic space in D? [8].
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If every real valued functions z,(t) and 2*(¢), 1 < i < 3, are differentiable,
dual Lorentzian curve

z : ICR — D?
t = &) = (2, (1) +exf(t), ,(t) + ez (1), z,(t) + ez (1))

—

in D? is differentiable. We call the real part x(t) as indicatrix of (). The dual

!

—

arc length of the curve Z(t) from ¢; to ¢ is defined as

(1.1) g_/t ot dt_/t o) dt+s/t<?,z%)/>dt_s+as*,

1 1 1

—

where ¢ is a unit tangent vector of x(¢). From now on we will take the arc

—

length s of x(t) as the parameter instead of ¢.

The equalities relative to derivatives of dual Frenet vectors ¢, 7, b through-
out the dual Lorentzian curve are written in the matrix form

S 0 ool

(1.2) 0| = | Taek 0 7 al,
= 0 —ee€T O y
b b

where & = k + exk* is nowhere pure dual curvature and 7 = 7 + e7* is nowhere

— — — —

pure dual torsion and (#, ) = e, (TT;,fL) =, (b,b)=¢,, <f,5>:<f, b) =

<ZA7,E> = 0. The formulae (1.2) are called the Frenet formulae in the dual
Lorentzian space (see [1], [2] and [12] for details). The planes spanned by

{#,b}, {f,n}, and {f, b} at each point of the dual Lorentzian curve are
called the rectifying plane, the osculating plane, and the normal plane, respec-
tively.

—

When the position vector of a dual Lorentzian curve &(s) lies in the recti-
fying plane its which is called rectifying dual Lorentzian curve. Therefore, the

—

position vector of Z(s) can be written as

_ — —

(1.3) i(s) = Ms)i(s) + ()b(s)

for some dual functions A(s) and fi(s).

A useful method of determining rectifying curves in the Euclidean 3-dimen-
sional space R? has been developed by Chen [3]. He shows that it can be possi-
ble to determine completely all rectifying curves in R3. In [6], the authors have
characterized non-null and null rectifying curves lying fully in the Minkowski
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3-space. Yiicesan, Ayyildiz, and Coken have given some characterizations of
the rectifying curves in the dual space D3 [11].

By using this method, we have characterizations of rectifying curves in the
dual Lorentzian space ]D)zl)’. In Section 2, we give characterizations of rectifying
curves in ]D):f. In Section 3, we characterize rectifying curves with respect to the
distance function and the components of the position vector of dual Lorentzian
curve. Also we get characterization of rectifying dual Lorentzian curves in
terms of its harmonic curvature.

In the last section, we show that rectifying dual Lorentzian space curves can
be stated by the aid of dual unit spherical curves.

Therefore, this work gives a link with the classical surface theory since a
differentiable curve on Hf corresponds to a timelike ruled surface in R? and
similarly the timelike (resp. spacelike) curve on S? corresponds to any spacelike
(resp. timelike) ruled surface in R? [10].

2. Some characterizations of rectifying curves in ]D)::

In this section, we shall give two theorems relative to properties of rectifying
curves in dual Lorentzian space ]D)?.

Theorem 2.1. Let z: I — ID);3 be a dual timelike or dual spacelike rectifying
curve in dual Lorentzian space ]D)i)’ with k = k+ek™ such that kK > 0 and let § be

dual arc length of the dual Lorentzian curve &. Then the following statements
hold:

(i) The dual distance function p = ||Z(s) for

satisfies p* = |61§2 +¢,8+¢,

some dual constants ¢, and ¢, .
(ii) The tangential component of the position vector of the dual Lorentzian
curve s given by

(@(s),8(s)) = e, + k,
where k is a dual constant.
(iii) The normal component 2™V of the position vector of the dual Lorentzian
curve is of dual constant length and the dual distance function p is non-constant.
(iv) The torsion T = T + eT* is nowhere pure dual that is T # 0, and the

—

binormal component (i(s),b(s)) of the position vector is dual constant.

Conversely, if £ : I — D‘:’ 18 a dual timelike or a dual spacelike curve in D‘?
with & = k + ex™, where k > 0, and if one of (i), (ii), (iii), or (iv) holds, then
T 1s a rectifying dual Lorentzian curve.

Proof. Let us first suppose that £ : I — ]D‘z’ is a non-null dual rectifying curve

—

parametrized by the dual arc length function §. Then the position vector &(s)
of the dual Lorentzian curve Z satisfies the equation

— — —

(2.1) #(s) = Ms)i(s) + u(s)b(s)
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for some dual functions A(s) and ji(s). Differentiating equation (2.1) with
respect to the dual arc length function § and by using the Frenet equations
(1.2), we get

d <
(22) SN =(1L,0)=1+0=1, A(s)ls) = e,6, 7(s)ils), 2iils) = 0.

3 8
Therefore, from equations (2.2) we obtain that A(s) = & + k for some dual
constant k = k + ek*, where k, k* € R, and that fi(s) =dual constant. On the
other hand, since

A(s)k(s) # 0,

the dual constant /i(s) is nonzero. Taking into consideration equation (2.1), we
have

(2.3) (@(5),8(s)) = €, 8 + k.

Thus, statement (ii) is proved.
Now, differentiating the equation

— —

(2(s), 2(s))
with respect to the dual arc length function § and using equation (2.3), we find

PP = e, 8 +¢,5+¢,
where ¢, and ¢, are dual constants. Hence, we get statement (i).

From equation (2.1) it follows that the normal component 2% of the position
vector of the dual Lorentzian curve is given by equation

P =

)

— >

(2(s),b(s)) = €;/(s)-
Here, since fi(s) is a dual constant, we get that the normal component 2% of
the position vector of the dual Lorentzian curve is of dual constant length.
Therefore, statement (iii) is proved.
And finally, from the dual constancy of ji, the fact that x > 0, the relation
A(s) = § + k, and the second equation of (2.2) we have statement (iv).
Conversely, let us suppose that statement (i) or statement (ii) holds. Then

—

we are of (i(s),i(s)) = €, +k, k € D. If we take the derivative of this

—

equation with respect to §, we get 4(Z(s),n(s)) = 0. As k > 0 by assumption,

— —

(%(s),n(s)) = 0 is found. Hence, the dual Lorentzian curve & is rectifying.
Now, suppose that statement (iii) holds. Then we obtain

(2.4) (@(s), 2(5)) = €,(2(s), i(s))” + ¢,
where ¢ = €,/1%(s) is a dual constant. Differentiating this equation with respect
to § we find that

— — — —

(2.5) (#(5),8(s)) = (1 + €, &{@(s), i(s))) (@ (s), E(s))-



972 EMINE OZBEY AND MEHMET ORAL

On the other hand, since the distance function p is a non-constant, we get

- —

(2(s),t(s)) # 0. Moreover, from equation (2.5) and the assumption that & > 0,

we obtain (Z(s),n(s)) = 0 which means that & is a rectifying dual Lorentzian
curve.

Finally, if statement (iv) holds, then by using Frenet equations (1.2), we
easily obtain that the dual Lorentzian curve Z is a rectifying curve. O

The Frenet formulae given by (1.2) can be interpreted kinematically as fol-
lows: If a moving point moves along a dual Lorentzian curve & with dual unit

— 7

speed, then the moving dual frame {£(s), A(s), b(s)} moves in accordance with
(1.2). This motion consists of an instantaneous translation along & and an
instantaneous rotation about &. The an instantaneous rotation is determined
by an angular velocity vector given by dual Darboux vector

g = €,6,7Tt(s) + €,€,kb(s)
which satisfies
) = i(s)
dz_gf) = 5 X AZ),
d{’i(;) = g X ZA)(:’)

The direction of the dual Darboux vector is that of the instantaneous axis of
rotation. Dual Darboux rotation of dual Frenet frame can be separated into
two rotation motions, see [1] and [12]:

Dual tangent vector #(s) rotates with a & angular speed round dual binormal

vector b(s), that is

dt(s) - ”

1

and dual binormal vector b(s) rotates with a 7 angular speed round dual tangent

—

vector £(s), that is

d(s)
1 = (e,6,7t(s)) x b(s).

By applying the second equation of (2.2), we know that the position vector
of a rectifying dual Lorentzian curve is always in the direction of the dual
Darboux vector (see [4]). Therefore, rectifying dual Lorentzian curves can
be interpreted kinematically as those dual Lorentzian curves whose position
vector field determines the axis of instantaneous rotation at each point of the
dual Lorentzian curve.
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Now, for rectifying dual Lorentzian curves we shall give the following char-
acterization in terms of the harmonic curvature

EES

Theorem 2.2. Let & : I — ID):;’ be a non-null dual Lorentzian curve with
Kk = K+ er™ such that kK > 0 and let § be dual arc length of . Then T is
congruent to a rectifying dual Lorentzian curve if and only if its the harmonic
curvature E 18 a non-constant linear function in dual arc length function §, that

is, = =¢,58+¢,, where ¢, =c, +ect, ¢, =c, +ec, €D and c, #0.

Proof. Let & : I — ID)ZI” be a unit speed dual Lorentzian curve with & = Kk +ek*,
which is k > 0. If Z is a rectifying dual Lorentzian curve, then by the proof of
Theorem 2.1 and by relation (2.2), we get

§+k

= €,¢6,

|

)

Q>

where G and k are dual constants. Hence, the harmonic curvature g of the
dual Lorentzian curve & is a non-constant linear function of the dual arc length
function §.

Conversely, let us suppose that the harmonic curvature = is a non-constant

ENES

linear function such that = = ¢,5+¢,, where ¢,, ¢, € D and ¢, is nowhere pure

dual. If we take a = eii and k = €,€,aC,, then we have % = fj’;d. Therefore,
1 2-3
by using Frenet equations (1.2), we get that
d A*; R . A—) AA—)
2512(5) = (8 + k)i(s) — ab(s)] = 0,
which means that the dual Lorentzian curve & is congruent to a rectifying dual
Lorentzian curve. (|

3. Classification of rectifying dual Lorentzian curves

Now, we shall give a theorem determining the parameterization of unit speed
rectifying curves in D?.

Theorem 3.1. Let & : I — ]D):l” be a non-null dual Lorentzian curve with
k= K+ er™ such that k > 0. Then,

(i) & 4s a rectifying dual Lorentzian curve with a spacelike rectifying plane if
and only if, up to parameterization, T is given by
(3.1) @(t) = (asect)y(t),
where & = a + ea* (a > 0) is a dual number and § = §(t) is a dual unit speed
spacelike curve in pseudo dual sphere S?(l).

(i) & is a spacelike (timelike) rectifying dual Lorentzian curve with a timelike
rectifying plane and a spacelike (timelike) position vector if and only if

#(t) = (@ cosecht)j(t),

where §(t) is a dual unit speed timelike (spacelike) curve lying in the pseudo
dual sphere S?(1) (pseudo dual hyperbolic space H2(1)).
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(iii) Z is a spacelike (timelike) rectifying dual Lorentzian curve with a timelike
rectifying plane and a timelike (spacelike) position vector if and only if, up to
a parametrization, T is given by

#(t) = (asecht)j(t),

where §(t) is a dual unit speed spacelike (timelike) curve lying in the pseudo
dual hyperbolic space H2(1) (pseudo dual sphere S*(1)).

Proof. (1) Let us suppose that the dual Lorentzian curve & is a dual unit speed
non-null rectifying dual curve with spacelike rectifying plane in ID)?. Since the

—

position vector lies in the spacelike rectifying plane, we get (Z(s),&(s)) > 0

and (i,) = (b, b) =1. From Theorem 2.1, we know that the dual distance
function p = ||Z(s)|| satisfies p?> = §% + ¢, 8 + ¢, for some dual constants ¢, and

¢,. After making a suitable translation in 8, we have p? = 82 + ¢ for some dual
constant ¢é = ¢ + ec*, where ¢ > 0. Therefore, we may choose ¢ = a2. Next,
we define a dual Lorentzian curve § lying in the pseudo dual sphere S?(1) by

y= % Hence, we obtain
(3.2) Z(s) = V'8 + a2y(s).
Differentiating equation (3.2) with respect to §, we get
di(s) 5 = T 239(s)
3.3 = 2 2=
(33) R e L RCE
On the other hand, since (§(s),9(s)) = 1, it follows that (j(s), dlzigs)> = 0.
Thus, if we take into consideration that & = #(s) is a dual unit speed non-null

ﬂ(j) Now, let us

rectifying dual Lorentzian curve in (3.3), we find H 0

— a
§2+a?-

put

(3.4) t= /azL_’_dzdﬁ = arctan <2> ,
0

which is the dual arc length parameter of the curve 4. So, § = atant. By using
this in (3.2), we get (3.1).
Conversely, let us suppose that & : I — ID‘z’ is a dual Lorentzian curve defined
by
(3.5) #(t) = (asect)i(t)
for a dual number @ = a + ea* (a > 0), where § = §(t) is a dual unit speed
. D

spacelike curve lying in the pseudo dual sphere S?(l) ifferentiating equation
(3.5) with respect to t, we obtain

(3.6) dfl(ft) = (asect) {(tan H9(t) + dgzl(;) } .
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Since §(t) and df’i—(g) are orthonormal vector fields, from (3.6),
dz(t .
(3.7) ‘ I(A ) H = asec’t
dt

is found. Equations (3.5), (3.6), and (3.7) mean that
N dz(t)\2

<§3N AN> — ﬁ2 _ <x(t)’ %>
’ ’d:f:(t) 2

di
And this shows that the normal component " of the position vector has dual
constant length. Therefore, from Theorem 2.1 it is figure out that Z is a
rectifying dual Lorentzian curve.
(ii) Let us first suppose that & is a spacelike rectifying dual curve with a
timelike rectifying plane and a spacelike position vector. Then, we obtain

= a%

— — —_ = - =

(2(9),5(5)) > 0, €, = (H(s), {3) = 1, and e, = (B(s), b(5)) = —1.
From proof of Theorem 2.1, we get p? = (5 + ¢é)2 — a2, where a and ¢ are dual
constants. We may apply a translation with respect to 3 such that p? = 52 —a?2,

|s| > a. Now, if we define a dual curve §(s) lying in the pseudo dual sphere
S3(1) by

p

then we find
(3.8) Z(s) = V8% —a%y(s).
By taking differentiation of the previous equation with respect to §, we have

di(s) & > ——549(s)

F T §2_d2y(s)+ H a T
Since (j(s), 24L) =0,
di(s) di(s) 5? 2 a2y, d9(s) di(s)
= — =1
et i A R T T

is found. From the last equation, we have

dy(s) dy(s a2
(39) <€1§§)’ Z;)>_(§2—d2)2’

which means that ¢ is a timelike dual curve. By using (3.9), we easily get that
HL(S) & |s| > a. Let

ds || — #=—a>
‘o / dj(a)
di
0

du
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s
be the arc length parameter of the dual curve §. Then we obtain ¢ = [ e dil,
0

and thus = — coth_l(g) or § = —acoth(#). Substituting this into equation
(3.8), we have
#(t) = (acosecht)j(t).

Conversely, let us assume that dual curve &(t) is #(t) = (& cosecht)j(t),
where ¢(t) is a dual unit speed timelike curve lying in the pseudo dual sphere
S?(1). Differentiating the equation £ (t) = (@ cosecht)§(t) with respect to £, we
get

dz(t) a (dgj(t) P A)

3.10 = < —sinh ¢ — ¢(¢) cosht | .
(8.10) di  sinh®f \ df 0o
Taking into consideration equation (3.10), we have

o da(1) a2 cosh di(t) da(t) a2
3.11 z(t), —=) = — — and —, ———) =
( ) (#(®) dt ) sinh® ¢ < dt dt ) sinh® {
Therefore, it happens dgz(;) = sinl;ljz 7. Now, let us put &(t) = () dz;) + N,
where 4(t) € D, and £V is a normal component of the position vector #(t).

ar dﬁt)
Z(t),—=
@7‘&) and hence

(&' (t), 420y

Then, we obtain that 4(t) =

e G, 0y
(3.12) @N 2N = (2(t), 2 (t)) — ———dL
<d§1(At) da‘:(At)>
at * " di
Since (&(t), Z(t)) = ﬁ and by using (3.11), equation (3.12) becomes
(N, &N) = —a? = dual constant.

Thus, ||:i’N || =dual constant and p = = Z#dual constant, from Theorem 2.1
this means that the curve Z is rectifying.

The proof in the case when & is a timelike rectifying dual curve with a
timelike rectifying plane and a timelike position vector is analogous.

iii) The proof is analogous to the proofs of the statements (i) and (ii). O

The following corollary given for non-null dual curves gives a link between
our work and the classical surface theory.

Corollary 3.2. (1) Let & be a dual rectifying curve lying in spacelike rectifying
plane. Then

Z(t)

asect
corresponds to timelike ruled surface in Rf’.
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(2) Let & be a spacelike (timelike) dual rectifying curve with spacelike (timelike)
position vector lying in timelike rectifying plane. Then

1

ﬁl’
a cosecht

corresponds to spacelike (timelike) ruled surface in R3.

(3) Let & be a spacelike (timelike) dual rectifying curve with timelike (spacelike)
position vector lying in timelike rectifying plane. Then

1

P
a secht

corresponds to timelike (spacelike) ruled surface in R‘j’.
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