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A STUDY ON RECTIFYING CURVES
IN THE DUAL LORENTZIAN SPACE

Emi̇ne Özbey and Mehmet Oral

Abstract. In this work, we give some characterizations of rectifying
curves in dual Lorentzian space. Also, we show that rectifying dual
Lorentzian curves can be stated by the aid of dual unit spherical curves.

1. Introduction

Dual numbers were introduced by W. K. Clifford (1849-1879) as a tool for
his geometrical investigations. After him E. Study used dual numbers and dual
vectors in his research on the geometry of lines and kinematics. He devoted
special attention to the representation of directed lines by dual unit vectors
and defined the mapping that is known by his name. There exists one-to-one
correspondence between the points of dual unit sphere S2 and the directed lines
in R3 [5].

If we take the Minkowski 3-space R3
1 instead of R3 the E. Study mapping

can be stated as follows: The dual timelike and spacelike unit vectors of dual
hyperbolic and Lorentzian unit spheres H2

0
and S2

1
at the dual Lorentzian space

D3
1 are in one-to-one correspondence with the directed timelike and spacelike

lines in R3
1, respectively. Then a differentiable curve on H2

0
corresponds to a

timelike ruled surface at R3
1. Similarly, the timelike (resp. spacelike) curve on

S2
1

corresponds to any spacelike (resp. timelike) ruled surface in R3
1 [8].

We will survey briefly the fundamental concepts and properties in the Lorent-
zian space. We refer mainly to O’Neill [7].

Let R3
1

be the 3-dimensional the Lorentzian space with Lorentzian metric
〈, 〉 = −dx2

1
+dx2

2
+dx2

3
. It has been known that in R3

1
there are three categories

of curves and vectors, namely, spacelike, timelike and null, depending on their
causal character. Let −→x be a tangent vector of Lorentzian space. Then −→x is
said to be spacelike if 〈−→x ,−→x 〉 > 0 or −→x =

−→
0 , timelike if 〈−→x ,−→x 〉 < 0, null

(lightlike) if 〈−→x ,−→x 〉 = 0 and −→x 6= −→
0 . Let α : I ⊂ R→ R3

1
be a regular curve
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in R3
1
. Then, the curve α is spacelike if all its velocity vectors are spacelike.

Similarly, it is called timelike and null curve if all its velocity vectors are timelike
and null vectors, respectively.

A dual number x̂ has the form x + εx∗ with properties

ε 6= 0, 0ε = ε0 = 0, 1ε = ε1 = ε, ε2 = 0,

where x and x∗ are real numbers and ε is the dual unit (for the properties of
dual numbers, see [9]). An ordered triple of dual numbers (x̂1 , x̂2 , x̂3) is called
a dual vector and the set of dual vectors is denoted by

D3 = D× D× D = {−→̂x | −→̂x = (x1 + εx∗
1
, x2 + εx∗

2
, x3 + εx∗

3
)

= (x1 , x2 , x3) + ε(x∗
1
, x∗

2
, x∗

3
)

= −→x + ε
−→
x∗, −→x ,

−→
x∗ ∈ R3}.

For any
−→̂
x = −→x + ε

−→
x∗,

−→̂
y = −→y + ε

−→
y∗ ∈ D3, if the Lorentzian inner product of

dual vectors
−→̂
x and

−→̂
y is defined by

〈−→̂x ,
−→̂
y 〉 = 〈−→x ,−→y 〉+ ε(〈−→x ,

−→
y∗〉+ 〈−→x∗,−→y 〉),

then the dual space D3 together with this Lorentzian inner product is called as
dual Lorentzian space and it is shown by D3

1
. A dual vector

−→̂
x in D3

1
is said to

be spacelike, timelike and lightlike (null) if the vector −→x is spacelike, timelike
and lightlike (null), respectively. Lorentzian vectorial product of dual vectors−→̂
x = (x̂1 , x̂2 , x̂3) and

−→̂
y = (ŷ1 , ŷ2 , ŷ3) in D3

1
is defined by

−→̂
x ∧ −→̂y = (x̂3 ŷ2 − x̂2 ŷ3 , x̂3 ŷ1 − x̂1 ŷ3 , x̂1 ŷ2 − x̂2 ŷ1).

If −→x 6= 0, the norm
∥∥∥−→̂x
∥∥∥ of

−→̂
x = −→x + ε

−→
x∗ is defined by

∥∥∥−→̂x
∥∥∥ =

√∣∣∣〈−→̂x ,
−→̂
x 〉
∣∣∣.

A dual vector
−→̂
x with norm 1 is called a dual unit vector. Let

−→̂
x = −→x + ε

−→
x∗ ∈

D3
1
. Then,
i) The set

S2
1

= {−→̂x = −→x +ε
−→
x∗ |

∥∥∥−→̂x
∥∥∥ = (1, 0); −→x ,

−→
x∗ ∈ R3

1
and the vector −→x is spacelike}

is called the pseudo dual sphere with the center Ô in D3
1
.

ii) The set

H2
0

= {−→̂x = −→x +ε
−→
x∗ |

∥∥∥−→̂x
∥∥∥ = (1, 0); −→x ,

−→
x∗ ∈ R3

1
and the vector −→x is timelike}

is called the pseudo dual hyperbolic space in D3
1

[8].
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If every real valued functions x
i
(t) and x∗

i
(t), 1 ≤ i ≤ 3, are differentiable,

dual Lorentzian curve
x̂ : I ⊂ R → D3

1

t →
→

x̂(t) = (x1(t) + εx∗
1
(t), x2(t) + εx∗

2
(t), x3(t) + εx∗

3
(t))

=
→

x(t) + ε
→

x∗(t)

in D3
1

is differentiable. We call the real part
→

x(t) as indicatrix of
→

x̂(t). The dual

arc length of the curve
→

x̂(t) from t1 to t is defined as

(1.1) ŝ =

t∫

t1

∥∥∥∥
→

x̂(t)
′∥∥∥∥ dt =

t∫

t1

∥∥∥∥
→

x(t)
′∥∥∥∥ dt + ε

t∫

t1

〈→t ,
→

x∗(t)
′
〉dt = s + εs∗,

where
→
t is a unit tangent vector of

→
x(t). From now on we will take the arc

length s of
→

x(t) as the parameter instead of t.

The equalities relative to derivatives of dual Frenet vectors
→
t̂ ,
→
n̂ ,

→
b̂ through-

out the dual Lorentzian curve are written in the matrix form

(1.2)
d

dŝ




→
t̂
→
n̂
→
b̂


 =




0 κ̂ 0
−ε1ε2 κ̂ 0 τ̂

0 −ε2ε3 τ̂ 0







→
t̂
→
n̂
→
b̂


 ,

where κ̂ = κ + εκ∗ is nowhere pure dual curvature and τ̂ = τ + ετ∗ is nowhere

pure dual torsion and 〈
→
t̂ ,
→
t̂ 〉 = ε1 , 〈

→
n̂ ,

→
n̂〉 = ε2 , 〈

→
b̂ ,
→
b̂ 〉 = ε3 , 〈

→
t̂ ,
→
n̂〉 = 〈

→
t̂ ,
→
b̂ 〉 =

〈
→
b̂ ,
→
n̂〉 = 0. The formulae (1.2) are called the Frenet formulae in the dual

Lorentzian space (see [1], [2] and [12] for details). The planes spanned by

{
→
t̂ ,
→
b̂ }, {

→
t̂ ,
→
n̂}, and {

→
n̂ ,

→
b̂ } at each point of the dual Lorentzian curve are

called the rectifying plane, the osculating plane, and the normal plane, respec-
tively.

When the position vector of a dual Lorentzian curve
→

x̂(s) lies in the recti-
fying plane its which is called rectifying dual Lorentzian curve. Therefore, the

position vector of
→

x̂(s) can be written as

(1.3)
→

x̂(s) = λ̂(s)
→

t̂(s) + µ̂(s)
→

b̂(s)

for some dual functions λ̂(s) and µ̂(s).
A useful method of determining rectifying curves in the Euclidean 3-dimen-

sional space R3 has been developed by Chen [3]. He shows that it can be possi-
ble to determine completely all rectifying curves in R3. In [6], the authors have
characterized non-null and null rectifying curves lying fully in the Minkowski
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3-space. Yücesan, Ayyıldız, and Çöken have given some characterizations of
the rectifying curves in the dual space D3 [11].

By using this method, we have characterizations of rectifying curves in the
dual Lorentzian space D3

1
. In Section 2, we give characterizations of rectifying

curves in D3
1
. In Section 3, we characterize rectifying curves with respect to the

distance function and the components of the position vector of dual Lorentzian
curve. Also we get characterization of rectifying dual Lorentzian curves in
terms of its harmonic curvature.

In the last section, we show that rectifying dual Lorentzian space curves can
be stated by the aid of dual unit spherical curves.

Therefore, this work gives a link with the classical surface theory since a
differentiable curve on H2

0
corresponds to a timelike ruled surface in R3

1
and

similarly the timelike (resp. spacelike) curve on S2
1

corresponds to any spacelike
(resp. timelike) ruled surface in R3

1
[10].

2. Some characterizations of rectifying curves in D3
1

In this section, we shall give two theorems relative to properties of rectifying
curves in dual Lorentzian space D3

1
.

Theorem 2.1. Let x̂ : I → D3
1

be a dual timelike or dual spacelike rectifying
curve in dual Lorentzian space D3

1
with κ̂ = κ+εκ∗ such that κ > 0 and let ŝ be

dual arc length of the dual Lorentzian curve x̂. Then the following statements
hold:

(i) The dual distance function ρ̂ =
∥∥∥∥
→

x̂(s)
∥∥∥∥ satisfies ρ̂2 =

∣∣ε1 ŝ
2 + ĉ1 ŝ + ĉ2

∣∣ for

some dual constants ĉ1 and ĉ2 .
(ii) The tangential component of the position vector of the dual Lorentzian

curve is given by

〈
→

x̂(s),
→

t̂(s)〉 = ε1 ŝ + k̂,

where k̂ is a dual constant.
(iii) The normal component x̂N of the position vector of the dual Lorentzian

curve is of dual constant length and the dual distance function ρ̂ is non-constant.
(iv) The torsion τ̂ = τ + ετ∗ is nowhere pure dual that is τ 6= 0, and the

binormal component 〈
→

x̂(s),
→

b̂(s)〉 of the position vector is dual constant.
Conversely, if x̂ : I → D3

1
is a dual timelike or a dual spacelike curve in D3

1

with κ̂ = κ + εκ∗, where κ > 0, and if one of (i), (ii), (iii), or (iv) holds, then
x̂ is a rectifying dual Lorentzian curve.

Proof. Let us first suppose that x̂ : I → D3
1

is a non-null dual rectifying curve

parametrized by the dual arc length function ŝ. Then the position vector
→

x̂(s)
of the dual Lorentzian curve x̂ satisfies the equation

(2.1)
→

x̂(s) = λ̂(s)
→

t̂(s) + µ̂(s)
→

b̂(s)



A STUDY ON RECTIFYING CURVES IN THE DUAL LORENTZIAN SPACE 971

for some dual functions λ̂(s) and µ̂(s). Differentiating equation (2.1) with
respect to the dual arc length function ŝ and by using the Frenet equations
(1.2), we get

(2.2)
d

dŝ
λ̂(s) = (1, 0) = 1 + ε0 = 1, λ̂(s)κ̂(s) = ε2ε3 τ̂(s)µ̂(s),

d

dŝ
µ̂(s) = 0.

Therefore, from equations (2.2) we obtain that λ̂(s) = ŝ + k̂ for some dual
constant k̂ = k + εk∗, where k, k∗ ∈ R, and that µ̂(s) =dual constant. On the
other hand, since

λ̂(s)κ̂(s) 6= 0,

the dual constant µ̂(s) is nonzero. Taking into consideration equation (2.1), we
have

(2.3) 〈
→

x̂(s),
→

t̂(s)〉 = ε1 ŝ + k̂.

Thus, statement (ii) is proved.
Now, differentiating the equation

ρ̂2 =
∣∣∣∣〈

→
x̂(s),

→
x̂(s)〉

∣∣∣∣
with respect to the dual arc length function ŝ and using equation (2.3), we find

ρ̂2 =
∣∣ε1 ŝ

2 + ĉ1 ŝ + ĉ2

∣∣ ,
where ĉ1 and ĉ2 are dual constants. Hence, we get statement (i).

From equation (2.1) it follows that the normal component x̂N of the position
vector of the dual Lorentzian curve is given by equation

〈
→

x̂(s),
→

b̂(s)〉 = ε3 µ̂(s).

Here, since µ̂(s) is a dual constant, we get that the normal component x̂N of
the position vector of the dual Lorentzian curve is of dual constant length.
Therefore, statement (iii) is proved.

And finally, from the dual constancy of µ̂, the fact that κ > 0, the relation
λ̂(s) = ŝ + k̂, and the second equation of (2.2) we have statement (iv).

Conversely, let us suppose that statement (i) or statement (ii) holds. Then

we are of 〈
→

x̂(s),
→

t̂(s)〉 = ε1 ŝ + k̂, k̂ ∈ D. If we take the derivative of this

equation with respect to ŝ, we get κ̂〈
→

x̂(s),
→

n̂(s)〉 = 0. As κ > 0 by assumption,

〈
→

x̂(s),
→

n̂(s)〉 = 0 is found. Hence, the dual Lorentzian curve x̂ is rectifying.
Now, suppose that statement (iii) holds. Then we obtain

(2.4) 〈
→

x̂(s),
→

x̂(s)〉 = ε1〈
→

x̂(s),
→

t̂(s)〉2 + ĉ,

where ĉ = ε3 µ̂
2(s) is a dual constant. Differentiating this equation with respect

to ŝ we find that

(2.5) 〈
→

x̂(s),
→

t̂(s)〉 = (1 + ε1 κ̂〈
→

x̂(s),
→

n̂(s)〉)〈
→

x̂(s),
→

t̂(s)〉.
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On the other hand, since the distance function ρ̂ is a non-constant, we get

〈
→

x̂(s),
→

t̂(s)〉 6= 0. Moreover, from equation (2.5) and the assumption that κ > 0,

we obtain 〈
→

x̂(s),
→

n̂(s)〉 = 0 which means that x̂ is a rectifying dual Lorentzian
curve.

Finally, if statement (iv) holds, then by using Frenet equations (1.2), we
easily obtain that the dual Lorentzian curve x̂ is a rectifying curve. �

The Frenet formulae given by (1.2) can be interpreted kinematically as fol-
lows: If a moving point moves along a dual Lorentzian curve x̂ with dual unit

speed, then the moving dual frame {
→

t̂(s),
→

n̂(s),
→

b̂(s)} moves in accordance with
(1.2). This motion consists of an instantaneous translation along x̂ and an
instantaneous rotation about x̂. The an instantaneous rotation is determined
by an angular velocity vector given by dual Darboux vector

→
∂̂ = ε1ε2 τ̂ t̂(s) + ε1ε3 κ̂b̂(s)

which satisfies
d
→

t̂(s)
dŝ =

→
∂̂ ×

→
t̂(s),

d
→

n̂(s)
dŝ =

→
∂̂ ×

→
n̂(s),

d
→

b̂(s)
dŝ =

→
∂̂ ×

→
b̂(s).

The direction of the dual Darboux vector is that of the instantaneous axis of
rotation. Dual Darboux rotation of dual Frenet frame can be separated into
two rotation motions, see [1] and [12]:

Dual tangent vector
→

t̂(s) rotates with a κ̂ angular speed round dual binormal

vector
→

b̂(s), that is

d
→

t̂(s)
dŝ

= (ε1ε3 κ̂
→

b̂(s))×
→
t̂(s)

and dual binormal vector
→

b̂(s) rotates with a τ̂ angular speed round dual tangent

vector
→

t̂(s), that is

d
→

b̂(s)
dŝ

= (ε1ε2 τ̂
→

t̂(s))×
→
b̂(s).

By applying the second equation of (2.2), we know that the position vector
of a rectifying dual Lorentzian curve is always in the direction of the dual
Darboux vector (see [4]). Therefore, rectifying dual Lorentzian curves can
be interpreted kinematically as those dual Lorentzian curves whose position
vector field determines the axis of instantaneous rotation at each point of the
dual Lorentzian curve.
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Now, for rectifying dual Lorentzian curves we shall give the following char-
acterization in terms of the harmonic curvature τ̂

κ̂ .

Theorem 2.2. Let x̂ : I → D3
1

be a non-null dual Lorentzian curve with
κ̂ = κ + εκ∗ such that κ > 0 and let ŝ be dual arc length of x̂. Then x̂ is
congruent to a rectifying dual Lorentzian curve if and only if its the harmonic
curvature τ̂

κ̂ is a non-constant linear function in dual arc length function ŝ, that
is, τ̂

κ̂ = ĉ1 ŝ + ĉ2 , where ĉ1 = c1 + εc∗
1
, ĉ2 = c2 + εc∗

2
∈ D and c1 6= 0.

Proof. Let x̂ : I → D3
1

be a unit speed dual Lorentzian curve with κ̂ = κ+ εκ∗,
which is κ > 0. If x̂ is a rectifying dual Lorentzian curve, then by the proof of
Theorem 2.1 and by relation (2.2), we get

τ̂

κ̂
= ε2ε3

ŝ + k̂

â
,

where â and k̂ are dual constants. Hence, the harmonic curvature τ̂
κ̂ of the

dual Lorentzian curve x̂ is a non-constant linear function of the dual arc length
function ŝ.

Conversely, let us suppose that the harmonic curvature τ̂
κ̂ is a non-constant

linear function such that τ̂
κ̂ = ĉ1 ŝ+ ĉ2 , where ĉ1 , ĉ2 ∈ D and ĉ1 is nowhere pure

dual. If we take â = ε2ε3
ĉ1

and k̂ = ε2ε3 âĉ2 , then we have τ̂
κ̂ = ŝ+k̂

ε2 ε3 â . Therefore,
by using Frenet equations (1.2), we get that

d

dŝ
[
→

x̂(s)− (ŝ + k̂)
→

t̂(s)− â
→

b̂(s)] = 0,

which means that the dual Lorentzian curve x̂ is congruent to a rectifying dual
Lorentzian curve. �

3. Classification of rectifying dual Lorentzian curves

Now, we shall give a theorem determining the parameterization of unit speed
rectifying curves in D3

1
.

Theorem 3.1. Let x̂ : I → D3
1

be a non-null dual Lorentzian curve with
κ̂ = κ + εκ∗ such that κ > 0. Then,

(i) x̂ is a rectifying dual Lorentzian curve with a spacelike rectifying plane if
and only if, up to parameterization, x̂ is given by

(3.1) x̂(t) = (â sec t̂)ŷ(t),

where â = a + εa∗ (a > 0) is a dual number and ŷ = ŷ(t) is a dual unit speed
spacelike curve in pseudo dual sphere S2

1
(1).

(ii) x̂ is a spacelike (timelike) rectifying dual Lorentzian curve with a timelike
rectifying plane and a spacelike (timelike) position vector if and only if

x̂(t) = (â cosecht̂)ŷ(t),

where ŷ(t) is a dual unit speed timelike (spacelike) curve lying in the pseudo
dual sphere S2

1
(1) (pseudo dual hyperbolic space H2

0
(1)).
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(iii) x̂ is a spacelike (timelike) rectifying dual Lorentzian curve with a timelike
rectifying plane and a timelike (spacelike) position vector if and only if, up to
a parametrization, x̂ is given by

x̂(t) = (â secht̂)ŷ(t),

where ŷ(t) is a dual unit speed spacelike (timelike) curve lying in the pseudo
dual hyperbolic space H2

0
(1) (pseudo dual sphere S2

1
(1)).

Proof. (i) Let us suppose that the dual Lorentzian curve x̂ is a dual unit speed
non-null rectifying dual curve with spacelike rectifying plane in D3

1
. Since the

position vector lies in the spacelike rectifying plane, we get 〈
→

x̂(s),
→

x̂(s)〉 > 0

and 〈
→
t̂ ,
→
t̂ 〉 = 〈

→
b̂ ,
→
b̂ 〉 = 1. From Theorem 2.1, we know that the dual distance

function ρ̂ =
∥∥∥∥
→

x̂(s)
∥∥∥∥ satisfies ρ̂2 = ŝ2 + ĉ1 ŝ + ĉ2 for some dual constants ĉ1 and

ĉ2 . After making a suitable translation in ŝ, we have ρ̂2 = ŝ2 + ĉ for some dual
constant ĉ = c + εc∗, where c > 0. Therefore, we may choose ĉ = â2. Next,
we define a dual Lorentzian curve ŷ lying in the pseudo dual sphere S2

1
(1) by

ŷ = x̂
ρ̂ . Hence, we obtain

(3.2) x̂(s) =
√

ŝ2 + â2ŷ(s).

Differentiating equation (3.2) with respect to ŝ, we get

(3.3)
dx̂(s)

dŝ
=

ŝ√
ŝ2 + â2

ŷ(s) +
√

ŝ2 + â2
dŷ(s)
dŝ

.

On the other hand, since 〈ŷ(s), ŷ(s)〉 = 1, it follows that 〈ŷ(s), dŷ(s)
dŝ 〉 = 0.

Thus, if we take into consideration that x̂ = x̂(s) is a dual unit speed non-null
rectifying dual Lorentzian curve in (3.3), we find

∥∥∥dŷ(s)
dŝ

∥∥∥ = â
ŝ2+â2 . Now, let us

put

(3.4) t̂ =

ŝ∫

0

â

û2 + â2
dû = arctan

(
ŝ

â

)
,

which is the dual arc length parameter of the curve ŷ. So, ŝ = â tan t̂. By using
this in (3.2), we get (3.1).

Conversely, let us suppose that x̂ : I → D3
1

is a dual Lorentzian curve defined
by

(3.5) x̂(t) = (â sec t̂)ŷ(t)

for a dual number â = a + εa∗ (a > 0), where ŷ = ŷ(t) is a dual unit speed
spacelike curve lying in the pseudo dual sphere S2

1
(1). Differentiating equation

(3.5) with respect to t̂, we obtain

(3.6)
dx̂(t)

dt̂
= (â sec t̂)

{
(tan t̂)ŷ(t) +

dŷ(t)
dt̂

}
.
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Since ŷ(t) and dŷ(t)

dt̂
are orthonormal vector fields, from (3.6),

(3.7)
∥∥∥∥

dx̂(t)
dt̂

∥∥∥∥ = â sec2 t̂

is found. Equations (3.5), (3.6), and (3.7) mean that

〈x̂N , x̂N 〉 = ρ̂2(t)− 〈x̂(t), dx̂(t)

dt̂
〉2

∥∥∥dx̂(t)

dt̂

∥∥∥
2 = â2.

And this shows that the normal component x̂N of the position vector has dual
constant length. Therefore, from Theorem 2.1 it is figure out that x̂ is a
rectifying dual Lorentzian curve.

(ii) Let us first suppose that x̂ is a spacelike rectifying dual curve with a
timelike rectifying plane and a spacelike position vector. Then, we obtain

〈
→

x̂(s),
→

x̂(s)〉 > 0, ε1 = 〈
→

t̂(s),
→

t̂(s)〉 = 1, and ε2 = 〈
→

b̂(s),
→

b̂(s)〉 = −1.

From proof of Theorem 2.1, we get ρ̂2 = (ŝ + ĉ)2 − â2, where â and ĉ are dual
constants. We may apply a translation with respect to ŝ such that ρ̂2 = ŝ2− â2,
|s| > a. Now, if we define a dual curve ŷ(s) lying in the pseudo dual sphere
S2

1
(1) by

ŷ(s) =
x̂(s)
ρ̂(s)

,

then we find

(3.8) x̂(s) =
√

ŝ2 − â2ŷ(s).

By taking differentiation of the previous equation with respect to ŝ, we have

dx̂(s)
dŝ

=
ŝ√

ŝ2 − â2
ŷ(s) +

√
ŝ2 − â2

dŷ(s)
dŝ

.

Since 〈ŷ(s), dŷ(s)
dŝ 〉 = 0,

〈dx̂(s)
dŝ

,
dx̂(s)

dŝ
〉 =

ŝ2

ŝ2 − â2
+ (ŝ2 − â2)〈dŷ(s)

dŝ
,
dŷ(s)
dŝ

〉 = 1

is found. From the last equation, we have

(3.9) 〈dŷ(s)
dŝ

,
dŷ(s)
dŝ

〉 = − â2

(ŝ2 − â2)2
,

which means that ŷ is a timelike dual curve. By using (3.9), we easily get that∥∥∥dŷ(s)
dŝ

∥∥∥ = â
ŝ2−â2 , |s| > a. Let

t̂ =

ŝ∫

0

∥∥∥∥
dŷ(û)
dû

∥∥∥∥ dû
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be the arc length parameter of the dual curve ŷ. Then we obtain t̂ =
ŝ∫
0

â
û2−â2 dû,

and thus t̂ = − coth−1( ŝ
â ) or ŝ = −â coth(t̂). Substituting this into equation

(3.8), we have
x̂(t) = (â cosecht̂)ŷ(t).

Conversely, let us assume that dual curve x̂(t) is x̂(t) = (â cosecht̂)ŷ(t),
where ŷ(t) is a dual unit speed timelike curve lying in the pseudo dual sphere
S2

1
(1). Differentiating the equation x̂(t) = (â cosecht̂)ŷ(t) with respect to t̂, we

get

(3.10)
dx̂(t)

dt̂
=

â

sinh2 t̂

(
dŷ(t)
dt̂

sinh t̂− ŷ(t) cosh t̂

)
.

Taking into consideration equation (3.10), we have

(3.11) 〈x̂(t),
dx̂(t)

dt̂
〉 = − â2 cosh t̂

sinh3 t̂
and 〈dx̂(t)

dt̂
,
dx̂(t)

dt̂
〉 =

â2

sinh4 t̂
.

Therefore, it happens
∥∥∥∥

→
dx̂(t)

dt̂

∥∥∥∥ = â
sinh2 t̂

. Now, let us put
→

x̂(t) = γ̂(t)
→

dx̂(t)

dt̂
+ x̂N ,

where γ̂(t) ∈ D, and x̂N is a normal component of the position vector
→

x̂(t).

Then, we obtain that γ̂(t) =
〈
→

x̂(t),
→

dx̂(t)
dt̂

〉

〈
→

x̂′ (t),
→

dx̂(t)
dt̂

〉
and hence

(3.12) 〈x̂N , x̂N 〉 = 〈
→

x̂(t),
→

x̂(t)〉 − 〈
→

x̂(t),
→

dx̂(t)

dt̂
〉2

〈
→

dx̂(t)

dt̂
,

→
dx̂(t)

dt̂
〉
.

Since 〈
→

x̂(t),
→

x̂(t)〉 = â2

sinh2 t̂
and by using (3.11), equation (3.12) becomes

〈x̂N , x̂N 〉 = −â2 = dual constant.

Thus,
∥∥x̂N

∥∥ =dual constant and ρ̂ = â
sinh t̂

6=dual constant, from Theorem 2.1
this means that the curve x̂ is rectifying.

The proof in the case when x̂ is a timelike rectifying dual curve with a
timelike rectifying plane and a timelike position vector is analogous.

iii) The proof is analogous to the proofs of the statements (i) and (ii). �

The following corollary given for non-null dual curves gives a link between
our work and the classical surface theory.

Corollary 3.2. (1) Let x̂ be a dual rectifying curve lying in spacelike rectifying
plane. Then

1
â sec t̂

x̂ (t)

corresponds to timelike ruled surface in R3
1
.
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(2) Let x̂ be a spacelike (timelike) dual rectifying curve with spacelike (timelike)
position vector lying in timelike rectifying plane. Then

1
â cosecht̂

x̂ (t)

corresponds to spacelike (timelike) ruled surface in R3
1
.

(3) Let x̂ be a spacelike (timelike) dual rectifying curve with timelike (spacelike)
position vector lying in timelike rectifying plane. Then

1
â secht̂

x̂ (t)

corresponds to timelike (spacelike) ruled surface in R3
1
.
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