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ISOMORPHISM CLASSES OF GENUS-3 POINTED
TRIGONAL CURVES OVER FINITE FIELDS
OF CHARACTERISTIC 2

PyuNG-LyuN KANG! AND SUNMI SUN

ABSTRACT. We find all distinct representatives of isomorphism classes of
genus-3 pointed trigonal curves and compute the number of isomorphism
classes of a special class of genus-3 pointed trigonal curves including that
of Picard curves over a finite field F' of characteristic 2.

1. Introduction

A Cyp curve C over a field F is defined by a nonsingular affine equation in
the affine plane over F' of the form

b o
(1.1) apor” + aOGya + Z aijxlyj, apo, Gpe € F*, a;j € F
ai+bj<ab

for a < b and (a,b) = 1. It is introduced by S. Miura in [8]. Arita then studied
an addition algorithm on the Jacobian of C,; curves in [1]. These Cy; curves
generalize hyperelliptic curves, Picard curves and superelliptic curves whose
properties and the addition algorithms on which studied intensively by many
people [5], [4].

On the other hand, Encinas-Menezes-Masque [3] and Choie-Yun [2] classified
the isomorphism classes of hyperelliptic curves of genus 2 over a finite field of
characteristic different from 2 and 5, and of characteristic 2 respectively, in
order to know how many essentially different choices of curves there are. Along
this line, Lee [6] computed the number of isomorphism classes of Picard curves
over a finite field, but there is some error when the characteristic of the field
is 2. In this paper we correct this error in Corollary 1.2. A Picard curve is a
nonsingular curve of genus 3 whose affine equation is given by y® = f(z).
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In this paper we study the isomorphism classes of (5 4 curves over a finite
field of characteristic 2. The moduli space of C'3 4 curves over a field F' has codi-
mension 1 in the moduli of curves of genus 3. Note that every non-hyperelliptic
curve of genus 3 can be realized as a nonsingular plane quartic, and the study of
nonsingular quartics has a long history. More general result for the number of
isomorphism classes of smooth plane quartics over a finite field of characteristic
2 was studied in [9] by Nart and Ritzenthaler and others.

In Section 2, we give all distinct representatives of isomorphism classes of
(5,4 curves that are pointed genus-3 trigonal curves over a finite field F' of
characteristic 2. In Section 3, we prove Theorem 1.1 in which we compute the
number of isomorphism classes of codimension 1 subfamily of C3 4 curves.

Theorem 1.1. Let F' be a field of order ¢ = 2™. Then the number of isomor-
phism classes of genus-3 trigonal curves that are represented by nonsingular
equations

y® 4+ (box® 4 bg)y = x* + c32 4 ce2® + cox + 10
18
@ +q-—1) if m is odd;
¢ +3¢>+q—2 if mis even and m Z0 (mod 6);
@ +3¢2+q+4 ifm=0 (mod6).

From the proof of Theorem 1.1, we obtain Corollary 1.2 that corrects the
error in Theorem 4.5 of [6].

Corollary 1.2. The number of isomorphism classes of Picard curves over a
field of order ¢ = 2™ 1is

*+q-1 if m is odd,
3(¢?+q—1) ifmis even and m 0 (mod 6);
3¢2+3¢+3 ifm=0 (mod 6).

Notations. For the remainder of this paper, we fix notations.

o F'=F,, a field of order ¢ with ¢ = 2.

e g is a generator of the multiplicative cyclic group F* = F — {0}.

e p € F is a fixed primitive cubic root of unity when m is even. So, p
satisfies p? + p 4+ 1 = 0. Note that such p does not exist if m is odd
since p = 1. See Lemma 2.2.

2. Isomorphism classes of Cs 4 curves

Let a and b be positive integers such that a < b and (a,b) = 1. A Cyp
curve C' in (1.1) over a field F' is a pointed a-gonal curve, i.e., there exists a
point P € C with dim L(aP) = 2, L(coP) = (z,y) where z,y € F(C) with
a = —ordp(x),b = —ordp(y) and g(C) = (a —1)(b—1)/2. Furthermore, it can
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be written
(2.1) Y =ab + Z aijz’y!

ai+bj<ab
unique up to a change of coordinates of the form
(2.2) r=u's+r, y=uj+t),
where u € F*, r € F and t is a polynomial over F' of degree not greater than
%. In fact, we can ag, = —1 by dividing the equation (1.1) through —aq,.
Since there exist integers 0 and e with ad + be = 1, we obtain ayg = 1 from
the F-rational transformation & = ajyz, § = a;o‘sy. The final claim comes from
the direct computations. Note that L(D) consists of rational functions f with
poles no worse than D when D is effective and L(coP) is a ring of functions

on C which are holomorphic away from P.
From now on, we restrict our study on Cs 4 curves
(2.3) T(z,y) : y* + a(z)y® + b(2)y = z* + c32° + c62” + cox + c12
that are the simplest cases of Cj; curves besides hyperelliptic ones. We may
assume a(z) = 0 by replacing y with y — alz) ¢ char(F) # 3 .

3
The next lemma gives the condition for our curves to be nonsingular. Note

that Resultant(f,g) # 0 if and only f and g in F[z] have no common zeroes
in F. So, the discriminant D(f) = Resultant(f, f') # 0 if and only if f is
separable, i.e., f has no multiple zeroes in F'.

Lemma 2.1. Let F be a field of characteristic 2.
(1) Assume that bs # 0. Then

T(x,y) : y> + (baz?® + bsz + bg)y = 2t + c32° + cgx? + cox + 12
1s monsingular if and only if
Resultant(c3z* + bobZa? + bz + c3 + b2bg, x* + c32® + cgx® + cox + c12) # 0.
(2) Letbs = 0. Then y3+(bax?+bg)y = f(x) = 2*+c323 +cex® +coz+c19

is nonsingular if and only if c3 + cscpeg + ciern # 0 if and only if f(z)
has no multiple zeroes in F'.

Proof. The partial derivatives with respect to = and y are, respectively,
b5’y = 03$2 + ¢9, y2 + bg.’E2 + b5117 + bg =0.

So, if singular, the above partial derivatives must have a common solution with
f(x) = 2% + e32® + c2? + cox + 12 = 0. Since bs # 0, by substituting y in the
first equation into f(x) and by multiplying b2, we see that two polynomials in
resultant have a common zero. Now suppose that two polynomials in resultant
have a common zero xo. Then (xg, yo) becomes a singular point of T'(z,y) if we
let yo = bgl(c;;xz + ¢g). Assume bs; = 0. Then, from the similar computation
as in the proof of (1), y® + (baa? +bg)y = x* + 323 + 2% + cow + c12 is singular
if and only if Resultant(czx? + co, 2% + 323 + cg2? + cox + c12) = D(f) = 0,
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since f'(z) = c3x? + c9. Since D(f) = (c2 + c3ceco + c3e12)? when charF = 2,
we are done. g

Let
(2.4)
T ={T(z,y) : >+ (bax® +bsz+bg)y = x*+c323 +cga®+cox4cio | nonsingular}.
Then the group
(2.5) G ={Auy: (z,y) = (WP +7,u'y) | u € F*,y € F}
of all possible changes of coordinates of curves in T acts on T in the obvious
way: Ay T(2,y) = T(u3z + v,u'y). We say two curves
T(x,y) : y> + (box® + bsz + bg)y = 2t + c32° + cx? + cox + 12,
T(x, y) : y3 + (621‘2 + B5$ + Bg)y =gt + é3$3 + 561‘2 + Cox + C12
in T are isomorphic over F' if they satisfy Ay~ T =T(z,y) for some u € F* and

~ € F. If this happens, we have the following relations when the characteristic
of Fis 2:

Uzgg = bg,
u5B5 = b5,
usi)g = bg'yQ + b5y + bs,

(2.6) udts = c3,

u®cs = c37 + ce,
u’y = c37% + co,

u?e12 = v + 37 + 672 + coy + cro.

The following observation on a finite field of characteristic 2 is useful.

Lemma 2.2. Let F be a finite field of order 2™.

(1) F* has an element of order r if and only if r divides 2™ — 1.

(2) A homomorphism e, : F* — F* defined by e.(a) = " is an auto-
morphism of the multiplicative group F* if and only if (r,2™ — 1) = 1.
In this case, for any B € F*, there exists a unique o € F* such that
o =0.

(3) m =0 (mod 2) if and only if 2™ — 1 =0 (mod 3).

(4) m =0 (mod 6) if and only if 2™ —1 =0 (mod 9).

(5) Suppose m =0 (mod 6). If F* is generated by g, there exists no ele-
mem‘ueFwithugzglf0r1§l§8.

(6) p is a cube in F if and only if m =0 (mod 6).

Proof. (1) Since F™* is a cyclic group of order 2™ —1 with respect to the multipli-
cation, it is well known fact from group theory. (2) Since e, is a homomorphism
of finite group F™*, it is enough to show that e, is injective. But Kere, = {1}
if and only if (r,2™ — 1) = 1 by (1). The proofs of (3) and (4) are similar. We
here do (4). Note that 2™ —1 = 0 (mod 9) for m = 0 and 6. Now suppose
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m = 6k for k > 2. Then 20k —1 = (26 — 1)(26(k=1) £ 26(k=2) 1 ... 1 26 L 1) =0
(mod 9). To show the converse, assume m = 6k + 1 for 1 <! < 5. Then
2m — 1 =26kl — 1 =20~ 1 #£0 (mod9) for 1 <1 < 5. For (5), suppose
there exists an element u € F such that v® = ¢’ for some 1 <1 < 8. Then
g'@"=1/9 = 1, which implies that ord(g) < 2™ — 1. (6) If m is odd, there
is no solution p in F of 22 + 2 + 1 = 0 by (3). Otherwise, p = g®"~1/3 or
p = g?>?"=1/3 where F* = (g). So, p is a cube only if 9 divides 2™ — 1, i.e.,
m =0 (mod 6). O

Proposition 2.3. If b; # 0, then every curve in T is isomorphic to one of
following three types of nonsingular equations:

(1) y3 + 2%y + bszy + fiy = 2t + 323 + c62? + cox + c12,7 = 1,2, where
fi=0and fo € F—{y*+bsy | v € F};

(2) y3 + bswy = ot + 32 + co2? + by + C19;

(3) 2 + bszy = 2* + c32® + cex? + bE.

Proof. Suppose bs # 0 and by # 0. Then taking u? = by, we get (1). The
existence of such u € F* is guaranteed by Lemma 2.2(2). If b5 # 0 and by = 0,
we may assume that bg = 0 by replacing x with x—i—bglbg. In this case we must
have cg # 0 or c12 # 0 for such curves to be nonsingular due to Lemma 2.1. If
two curves in this type are isomorphic, then, by (2.6), we have either u*& = <

bs  bs

2cC __c _ : : 4 _ c 2 _ ¢
or U %'5 = z%f and v = 0. So, by taking either u* = o Or u” = ff’ we have
(2) or (3). O

We remark that no two in (2) and (3) of Proposition 2.3 are isomorphic.
For, if Ay~ T =T for T,T in (2) (or in (3), resp.), we have v = 0 and u* = 1
(u? =1, resp.), and u* = 1 or u? = 1 implies u = 1 if the characteristic of F is
2 (Lemma 2.2(1)). But the special two curves in (1) are possibly isomorphic.
For example, 32 + 22y +ay =2* + 22 +x+1land > + 22y +ay =z + 22 + 2
are isomorphic over F5. In fact, there are 18 distinct isomorphism classes over
Fy when bs # 0. See Example 2.11.

From now on we concentrate on curves with b5 = 0. Let

—

(2.7) T={T(x,y) € Ty + (box? + bg)y = 2t 4 c32° + cx? + cox + 12}

Lemma 2.1(2) tells that the nonsingular condition of T'(x,y) € T depends on
the terms only in z. We start by dividing 7 into the following G-invariant
subsets. Let

Ay ={T(x,y) €T | by =0 = bs,c3 # 0},

Az ={T(z,y) €T | by =0=1bs,c3 =0,c6 # 0},

Az ={T(z,y) €T | ba =0=bg,c3 =0,c6 = 0},
(2.8) B ={T(z,y) € T | by # 0},
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61 :{T(Z,y) €7|b2 :O,bg #0,03#0},
Co={T(x,y) €T | by =0,bg # 0,c3 = 0,¢6 # 0},
C3 = {T(a:,y) E‘.T|b2 :O,bg 750,03:070620}.

Let h(z) = 2* + az? + bx € F[z]. Define
\I’h F— F, ‘l!h(a) = h(Oé)

Then Wy, is an additive homomorphism if char(F) = 2. Moreover, |F/Im¥,,| =
|KerW,,| since F is finite.

Theorem 2.4. Let F be a field of order 2™ and let h(z) = x* + az? + bx with
b#0. Then Ty : y> = h(x) + e and Ty : y> = h(x) + ez are isomorphic if and

only if
e1 + U3€2 € ImV¥,,

for some u € F* satisfying u® = 1. In particular, if m #Z 0 (mod 6), then T}
and Ty are isomorphic if and only if ey + ImWy, = es + Im¥y,. That is,
(WP =ha) +e; | 1< <n=[Ker 0]}

are all distinct representatives of the class given by y> = h(z) + e where {e; +
Im\I'h} = F/Im\I/h.

Proof. Suppose A, ~(T1) = To. Then, from (2.6), we have v’ = 1, uley =
v +ay? +by+er. So, ey +udey € Im¥y,. Conversely, if there exist u and
satisfying e +u®es = h(vy) and u® = 1, then A, ,(T1) = To. If m # 0 (mod 6),
then u? = 1 implies either v = 1 when m is odd or u? = 1 otherwise, since 9

does not divide 2™ — 1 by Lemma 2.2(4). Now the last statement follows from
that ¥y is a homomorphism. (I

Proposition 2.5. Curves in A,
(1) If m is odd, then every curve in A is isomorphic to only one curve in
{v* =a* + 2%+ cox 4+ c1a | 2+ 1o #0}.

(2) If m is even, then every curve in Ay is isomorphic to only one curve
m

{(* =2 + g2 +cox +c12 |1 =0,1,2, c2 + g% cia # 0}

where F* = (g). If m £ 0 (mod 6), we can take p instead of g in (2).
Proof. By letting = — x + cglc(g, we may assume that ¢g = 0. If m is odd,
then c3 = d3 for some d € F*. Then (1) follows if we let x — d3x, y — d*y. If
m is even, write c3 = ¢3**? 0 < i < 2. Then letting = — w3z, y — u*y where
u = ¢g¥, we can make c3 = ¢* for i = 0,1,2. Since y3 = 2* + p'a® + cox + c12
are all distinct for ¢ = 0,1, 2 if p is not a cube, we can replace g with p if m is
even and m Z 0 (mod 6). O

Proposition 2.6. Curves in A
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(1) If m is odd, then every curve in Ag is isomorphic to only one curve in
{’ =2+ 2%+ cor+e; | 1 <j<|KerWyl, cg # 0},
where {e; + Im¥,,} = F/Im¥}, and h(z) = 2* + 22 + cox.
(2) If m is even, then every curve in Asg is isomorphic to only one curve
m
{yd :$4+gi$2+69$+61j | 1= 071527 C9 #0}5
where hi(z) = 2* + g'2? + cox and {e;; + ImVy, } = F/ImVy, for each
0<i<2 Wecan take g=p if m Z0 (mod 6).

Proof. If m is odd, we may assume that cg = 1. For, cg = u® for some u € F*
since (6, 2™ —1) = 1 (Lemma 2.2). If m is even, write ¢g = ¢g>** for 0 < i < 2.
Choosing u € F* with u? = g*, we may assume cg = ¢’ since cg/u® = ¢* for
0 < i < 2. Now refer Theorem 2.4. For the last statement, see the proof of
Proposition 2.5. (I

Proposition 2.7. Curves in Aj
(1) If m is odd, every element in As is isomorphic to either y> = 2* + x
ory? =zt +x+1.
(2) If m= 2 or4 (mod 6), every curve in Az is isomorphic to either

v’ =a' +pr, v’ =2+ pPa,
or
v =2+ + €4,
where {e; + Im¥),} = F/ImV}), with h(z) = z* + .
(3) If m =0 (mod 6), every curve in As is isomorphic to either

v =at+glz, i=1,2,4,5,7,8,

or
v =z'+g'v, Y =a"+g'z+e
with e ¢ TmWy,, where h = x* + g'x for each i = 0,3, 6.

Proof. (1) If m is odd, we may assume that cg = 1. For, cg = u? for some
u € F* since (9,2™ — 1) = 1 (Lemma 2.2). Since there is no v satisfying
v* + 4+ 1 =0 when m is odd, two curves in (1) are not isomorphic. The fact
| Ker Uy,| = 2 for b = 2* + 2 implies that they are all. Note that, if there is
an element v € F satisfying 4 + v + 1 = 0, F contains Zs(y) as a subfield
and 4|m, since x* + x + 1 is an irreducible polynomial over Zy. (2) Suppose
m =2 or 4 (mod 6). Then p is not a cube. Therefore any two curves in (2) are
not isomorphic and give 6 different isomorphism classes since | Ker ¥, 2, .| = 4.
From Proposition 3.7, these are all. For (3), from the proof of Proposition 3.7
for the case m =0 (mod 6), we know that we can choose only one class when
c9 is not a cube and two when cg is a cube: one from c;o € ImV¥; and the
other from c¢j2 ¢ Im¥,. Note that no curves in the list are isomorphic by
Lemma 2.2(5) and Theorem 2.4. O
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Proposition 2.8. Curves in B
Every curve in B is isomorphic to only one in

{y + 2%y = ' + c32® 4+ cx® + cox + c10 | €2 + czcgeg + cieia # 0}
Proof. Take u,~ such that u? = by, 7% = b;lbg. [
Note that every curve in G; can be transformed to y® +y = z* + c323 +

c6T? + cox + c12 by taking A, o in (2.5) such that u® = bg. If c3 # 0 we can
make cg = 0. Now together with Theorem 2.4, we have:

Proposition 2.9. Curves in C;
(1) Ewvery curve in Cy is isomorphic to only one of {y> +y = x* + c32® +
cor + c12 | €3 + chea # 0}
(2) Every curve in Cy and Cs is isomorphic to only one of the following
curves given by

y3+y=x4+cﬁx2+09x+ej (cg #0),

where e; + ImW¥y, are distinct elements of F/ImV;, for each h(x) =
x4 C6$2 + cox.

Example 2.10. The representatives of the isomorphism classes of T over F5.

types representatives

A1 wr=at 423+, Y =at+25+1

As Y2 =at + 22 + o

A3z ywy=zt4z yY=z*+z+1.

B y3+$2y:$4+$3+z2+z, y3+x2y:z4+x3+ax2+1,
P a2y =at + 28t y3+ay=at+ad 1,
y3+$2y:m4+x2+x, y3+z2y:x4+$3+x2+x+l,
wr4o2y=at+z Y+Py=a*+z+1.

(G4 Pry=azt+23+1, Pry=azt+23+z

Ca vy H+y=a*+2%+a

C3 YPry=azt+z, P+y=at+z+1

Example 2.11. The representatives of the isomorphism classes of T over Fy
when b5 # 0. See Proposition 2.3.

types representatives

by #0,b5 #0 PP +2y+ay=at+2>+1, > +a2y+ay=af+a2+1,
y3+x2y+xy:z4+362+:v, y3+w2y+wy:x4+x+1,
P +a®y+ay+y=at, Py tayty=at+a?
Y ra?yt+ayty=at+23+22, P ralytayt+y=at+23+1,
vy H+2y+aoy+y=at+a+1.

by =0,b5#0 P tay=a*4+22+2, YPray=z*+z+1,
y3+zy:x4+x3+z, y3+xy:x4+z3+a:2+a:,
Proy=zt4+3+z+1, YPHa2y=at+22+22+z+1,
wrraoy=at+1, Y¥+ay=a*+23+1,
Y3 oy =a* + 22 + 1.
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Example 2.12. The representatives of the isomorphism classes of T over Fj.
Note that we get all representatives for C; by inserting y in each representative
of ‘Az .

types representatives cardinality

Al y3:z4+x3+cg$+012, y3:ac4+pac3+cga:+clg, 36
y3 =zt + p2m3 + co9x + c12.

Ao Y=ot +a2tz, P =t 422+ px, =2t + 224+ pr 41, 15

v = 2t 422 4+ p2z, 3 = ot + 22 + pla+ 1,
y? =o' 4 pz® + 1z, v® =o' + pa® + pz, y3 =2t + pz? + pr +p,
y3 = 2t + pa? + p2x, y3 = 2 + pa? + p2x + 1,

¥ =t 4 222 + 7, y3 = ot + p222 + pz, 43 = ot + p22® + px + p,
v3 = 2t 4 p222 + p2x, 3 = 2 + p2a2 + p2a + p.

A3z Y=ottt P=at4+r+1, yP3=xt4+2+p, 6
v =atta+p? P =0t +pz, yP =0t 4 PP
B 2 4+ 22y =z + 323 + cgx? + cox + c12. 192

Corollary 2.13. The number of isomorphism classes of Cs4 curves over Fy is
36.

3. Proof of Theorem 1.1

In this section, we count the number of isomorphism classes in 7.

Proposition 3.1. We have |A;| = (¢—1)%¢?, |As| = (¢—1)%q, |A3| = (¢—1)g,
B] = (¢ = 1)*¢", [€1] = (¢ = 1)°¢, |C2| = (¢~ 1)%q, |€s] = (¢~ 1)%¢, and
T =q°(q—1).

Recall that the group G = {4, 5 : (z,y) — (u*z +v,u'y), u € F*,v € F}
acts on T as Ay T = T(u3z +~,u'y). Suppose that § is a G-invariant subset
of T. Then the number of isomorphism classes in 8 is |$/G| where §/G is the
set of all distinct G-orbits in 8. Note that

S| _ [8llGr|

if |G| is constant for any T € 8. Here G - T is a G-orbit containing T and G
is the isotropy group of T'.
From (2.6), the isotropy group of a curve in each set in (2.8) is given as
follows:
(3.2)
YEF*XF|ut=1, y=0}for T € Ay,
V) EF X F|u?=1, v* +cey? +coy =0} for T € Ao,
) EF* x Flu® =1, v* 4+ coy + c12(1 + u3) = 0} for T € As,
YEF*XF|u=1 vy=0}forT€B, orT € Cy,
V) EF* X F|lu=1, v* +¢c6v? + coy =0} for T € Co,
¥) EF* X F |u=1, ¥* + cgy =0} for T € Cs.
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We now count the number of isomorphism classes of sets in (2.8). Easily,
|Gr|=1when T € Bor C. f T € Ay, |Gr| =1 for an odd number m and
|G| = 3 for even m by Lemma 2.2. Now (3.1) gives:

Proposition 3.2. The number of isomorphism classes of curves in Ay, B and
C;.
(1) The number of isomorphism classes of curves in Ay is (¢ —1)q if m is
odd, and 3(q — 1)q if m is even.
(2) The number of isomorphism classes of curves in B is (¢ — 1)¢>.
(3) The number of isomorphism classes of curves in €1 is (¢ — 1)%q.

For Ay, Asz,Cs, and €3, we need to count the number of zeroes of some
polynomials € F[z] according to their coefficients.

Lemma 3.3. Let
Ro = {(a,b) € F x F*| 2* + ax + b has no zero in FY},

Ry = {(a,b) € F x F*| 2® + ax + b has only one zero in FY},

Rs = {(a,b) € F x F*| 2* 4+ ax + b has three distinct zeroes in F},
Roo = {b € F*| 2® + b has no zero in F},

Rip = {b € F*| ® + b has only one zero in F},

R3o = {b € F*| 2® + b has three distinct zeroes in FY}.

Then we have

Rol = 50— Dla+ 1), [Ra] = Jala— 1), [Rsl = (g~ (g~ 2)

|Roo| =0 [Rool = 3(¢ = 1)
|Riol =q—1 if m is odd; |Rio| =0 if m is even.
|R30| =0 |Rso| = (g — 1)

Proof. One can check that x> + ax + b has no multiple zeroes since b # 0.
Assume that f(z) = 23 + ax + b has three distinct zeroes. Then

2 tar+b = (z+a)(z+B)(z+7)
® + (a+ B+ 7)2* + (af + By +ya)z + afy

with afy # 0. Then v = a + (3, v is determined from «, 8. If we choose any
two elements of «, 3,7, we have the same equation. Hence
q—1)(g—2
- 0202
Suppose f(z) has one zero. Then f(z) = (z+a)(2? +az+3) with 2% +az+ 3 is
irreducible. Note that if 2% + ax + 3 is irreducible over Fym then o # 0,3 # 0.
So |Ri| = 2q(qg — 1) and |[Re| = 2(q — 1)(¢ + 1). For |Ryo|, it is enough to
observe the following. Note that the map es : F* — F* sending x — x> is one
to one if and only if > = 1 has only one solution 1 if and only if 3 does not
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divide 2™ — 1 if and only if m is odd (Lemma 2.2(3)). Otherwise e3 is a 3 to 1
map. O

Note that |[Ro — Roo| = 2(q — 1)(g + 1), |Ry — fR10| = Yg-1)(qg-2),
|R3 — Rzo| = (g — 1)(g — 2) if m is odd; [Rg — Roo| = (g — 1)2, |Ry — Ryo| =
2(1( 1), |Rs — Rgo| = *(q —1)(g —4) if m is even.

Proposition 3.4. The number of isomorphism classes of curves in Ay is
{21]3 if m s odd
6qg — 9 if m is even.
Proof. Note that
4y = {(u,7) € F* x F| u=1, 4" + c7* + coy = 0}

if m is odd, and

Ga, ={(u,y) € F* x F| v®> =1, v 4+ 7> + coy =0}
if m is even. Then, from Lemma 3.3

1 if m is odd and z3 + cgx + co € Ry — Roo,
2 if m is odd and 23 + cgz + cg € Ry — Rio,
4 if m is odd and z3 + cgz + cg € Rz — R0,

G =
Ga| 3 if m is even and 23 + cgx + c9 € Ry — Roo,
6 if m is even and 22 + cgx + cg € R1 — Ry,
12 if m is even and 23 + cgz + cg € Rz — Rsg.
Therefore,
Ay)c) = 39~ D@+ {5la-Da—(a-D}g-2  gla—2)(g—1g-4
(@—1)q (¢—1)q (@—1)q
1 2
= %+(q72)+§(q72):2q73 if m is odd,
/)= Bl D+ - Fla—D}e-3
(¢—1)q
L ale-Dahe-6  {5la-2—1 - 5(¢-1)}q-12
(@—1)q (¢ —1)q
=(¢g—1)+3¢+(2¢—8)=6¢g—9 if m is even. O

We inserted the intermediate calculations because we need similar computa-
tions in following propositions and it is helpful when we try to find representa-
tives of isomorphism classes in each type. Similar computation as in the proof
of Proposition 3.4 gives:

Proposition 3.5. The numbers of isomorphism classes of curves in Cy and in
Cs are (¢ —1)(2¢ — 3) and 2(q — 1), respectively.



928 PYUNG-LYUN KANG AND SUNMI SUN

Proof. We divide Gy as we have done for A,. For €3, we divide it into two
subsets according that cg is a cube or not. Then Lemma 3.3 gives the answer.
For even m, we get 3(q — 1) isomorphism classes if ¢y is a cube and 2(q — 1)
isomorphism classes if cg is not a cube. O

Lemma 3.6. Let F be a finite field of order 2™ and let h(z) = x* +bx, b # 0.

(1) If b is not a cube, then x*+bx+c has only one zero in F for any c € F.
([7, Theorem 3.83])

(2) If b is a non-zero cube in F, then either x* + bx + ¢ has no zeroes or it
has 4 (2, resp.) distinct zeroes if m is even (m is odd, resp.). Moreover
it has 4 (or 2, resp.) distinct zeroes if and only if ¢ € ImUy,.

(3) Suppose u® = 1. Then ¢ € Im¥y, if and only if udc € ImW¥y, if and only
if uSc € ImVy,.

(4) Suppose ord(a) = 9. Then ¢ € Im Uy, if and only if c(1+ o3') € Im¥y,
fori=1,2.

Proof. Since ¥}, is a homomorphism, the number | ¥} (c)| of zeroes of 2*+bx+c
is equal to |Ker ¥p,|. (1) follows since Ker¥;, = {0} when b is not a cube. (2)
Let b = A3. Then Ker ¥, = {0, A, Ap, Ap?} if m is even and Ker ¥, = {0, A} if
m is odd. (3) follows from u?(y* + by) = (u®y)* + b(u3y) and ¢ = u3(u?(uc)).
(4) Since a® # 1, o = 1 implies a® +a®+1 = 0. So, abc+a3c+c = 0. Thus,
c+a*c=abcorc+ alc=a’c. Now apply (3). O

Proposition 3.7. The number of isomorphism classes of curves in As is

2 if m is odd,
6 if m=24 (mod 6),
1249f m=0 (mod 6).

Proof. If m is odd, v® = 1 implies u = 1. Since every element is a cube, we
have |G4,| =2 and |A3/G| = 2.
If m=2or4 (mod 6), u’ =1 implies u® = 1. Then for T € As,

12 if ¢g is a cube,
Gr| = {(u,7) € F*x F | v’ =1, v +coy = 0} = o
3 if ¢g is not a cube.

Therefore, |A3/G| = 6: two from curves where ¢y is not a cube, two from curves
where cg is a cube. In fact, if ¢y is not a cube, then y® = z* + cox + ¢12 is
isomorphic either 32 = 2 + pz or y? = 2% + p?a; if ¢g is a cube, isomorphic to
y3 = z* 4+ z + ¢; for some e; in Theorem 2.4.

Now assume that m = 0 (mod 6). Write {u € F' | u? = 1} = (). Then the
isotropy group G of T € Ajg is

Gr={(u,7) € F* x F | v’ =1, y* +coy + c12(1 +u?)}
={(u,7) €EF*x F| u=1,a%0a° 7" +coy =0}
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U{(u,y) € F* x F | u=a’ with j #0 (mod 3),
v+ coy + cra(1+a¥) = 0},

Now the number of zeroes in the equations in Gt for T € A3 depends on
whether cg is cubic and ¢;5 € ImW¥y, or not, where h(z) = 2* + coz as in
Lemma 3.6. Divide Aj into three subsets:

2(g — 1
Dy = {T € Ay | ¢ nom-cubic), [Dy] = 241,
—1
Dy ={T € A3 | cg : cubic, c12 € Im¥y,}, |Do| = %;
1
Ds = {T € As | cg : cubic, c1o ¢ ImW¥y}, |Ds| = %~

Note that G acts on each D; since A, ~-C : y3 = 2t +cox + (v + g'y + c12) Ju?
due to Lemma 3.6. We also have cjo € ImW¥y, if and only if c12(14+u?) € ImWy,.
So,

9 if T €Dy,
Gr| =436 if TeD,,
12 if T € Dy

Therefore we get 6 isomorphism classes from D1, 3 from D5 and 3 from D3. [

Proof of Theorem 1.1. By combining all the results of Propositions 4.1-4.7, we
prove Theorem 1.1. O

Proof of Corollary 1.2. Tt follows from that A; UAs UAg consists of all Picard
curves. (]

We finally remark that the number of all isomorphic classes of C53 4 curves in
characteristic 2 other than F5 as well as in other characteristic is still unknown.
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