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COMMON FIXED POINT THEOREMS FOR A CLASS OF
WEAKLY COMPATIBLE MAPPINGS IN D-METRIC SPACES

JoNG Kyu KiM, SHABAN SEDGHI AND NABI SHOBE

ABSTRACT. In this paper, we give some new definitions of D-metric spaces
and we prove a common fixed point theorem for a class of mappings un-
der the condition of weakly compatible mappings in complete D-metric
spaces. We get some improved versions of several fixed point theorems in
complete D-metric spaces.

1. Introduction and preliminaries

In 1922, the Polish mathematician, Banach proved a theorem which ensures,
under appropriate conditions, the existence and uniqueness of a fixed point. His
result is called Banach’s fixed point theorem or the Banach contraction princi-
ple. This theorem provides a technique for solving a variety of applied problems
in mathematical science and engineering. Many authors have extended, gen-
eralized and improved Banach’s fixed point theorem in different ways. In [11],
Jungck introduced more generalized commuting mappings, called compatible
mappings, which are more general than commuting and weakly commuting
mappings. This concept has been useful for obtaining more comprehensive
fixed point theorems(see, e.g.,( [1, 2, 3, 4, 6, 8, 9, 12, 13, 14, 16]). One such
generalization is generalized metric space or D-metric space initiated by Dhage
[5] in 1992. He proved some results on fixed points for a self-map satisfying a
contraction for complete and bounded D-metric spaces. Rhoades [11] gener-
alized Dhage’s contractive condition by increasing the number of factors and
proved the existence of unique fixed point of a self-map in a D-metric space. Re-
cently, motivated by the concept of compatibility for a metric space, Singh and
Sharma [15] introduced the concept of D-compatibility of maps in a D-metric
space and proved some fixed point theorems using a contractive condition.

In what follows N the set of all natural numbers, and R* the set of all positive
real numbers.
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Definition 1.1. Let X be a nonempty set. A generalized metric (or D-metric)
on X is a function D : X® — RY that satisfies the following conditions for
each r,y,z,a € X.

(1) Dixy,2) >

(2) D(z,y,= )—Olfandonlylf:r—y—z

(3) D(z,y,2) = D(p{z,y,2}), (symmetry) where p is a permutation
function,

(4) D(z,y,2) < D(z,y,a) + D(a, z, 2).
The pair (X, D) is called a generalized metric (or D-metric) space.

It is easy to show that the following functions D are D-metric.
(a) D(.’t, Y, Z) = max{d(xa y), d(y> Z)a d(Z> l’)},
(b) D(x,y,2) = d(z,y) + d(y, 2) + d(z, z),
where, d is the ordinary metric on X.
(¢) If X = R"™ then we define

1
D(z,y,2) = (|lx = yll” + |ly — 2" + ||z — =|[")>
for every p € RT.
(d) If X =R" then we define

_ 0 ife=y=z,
D(x)y7 Z) - { Inax{x,y7 Z} OtherWiSe-

Remark 1.2. Let (X, D) be a D-metric space. Then we have D(z,z,y) =
D(x,y,y) Since

and

We get D(z,2,y) = D(z,y,y).

Let (X, D) be a D-metric space. For r > 0 define
BD(.’E,’I") = {y €X: D(if,y,y) < 7’}.
Example 1.3. Let X = R and D(z,y,2) = |z —y| + |y — 2| + |z — z| for all
x,y, 2 € R. Then,
Bp(1,2) ={y€R:D(L,y,y) <2} ={y cR: [y — 1|+ [y - 1] <2}
={yeR:ly—1[<1}=(0,2).
Definition 1.4. Let (X, D) be a D-metric space and A C X.
(1) A is said to be open if for every x € A there exist » > 0 such that
Bp(z,r) C A.
(2) A is said to be D-bounded if there exists r > 0 such that D(z,y,y) <r

for all z,y € A.
(3) A sequence {z,} in X converges to z if and only if

D(xnaxnvx) = D(vaaxn) —0
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as n — o0o. That is, for each € > 0 there exist ng € N such that

(%) Vn > ng = D(z,z,x,) < €.

This is equivalent with, for each € > 0 there exist ng € N such that
(%) Yn,m > ng = D(z,z, Tm) < €.

Indeed, suppose that (*) hods. Then

€ €
D(xp, xm,z) = D(xn, 2, 2m) < D(x,,z,2) + D(2, Ty, T ) < 3 + 5= e.

Conversely, set m = n in (x*) we have D(z,, Tn,x) < €.

(4) {z,} in X is called a Cauchy sequence if for each ¢ > 0, there exits
ng € N such that D(z,, z,,z,) < € for each n,m > ng. The D-metric space
(X, D) is said to be complete if every Cauchy sequence in X is convergent.

Let 7 be the set of all open subset of X. Then 7 is a topology on X induced
by the D-metric D.

Lemma 1.5. Let (X, D) be a D-metric space. If r > 0, then ball Bp(z,r)
with center x € X and radius r is open.

Proof. Let z € Bp(z,r). Then D(z,z,2) < r. If set D(z,z,2z) = § and
r’ = r—¢ then we prove that Bp(z,7") C Bp(x,r). Let y € Bp(z,r’). Then, by
triangular inequality, we have D(z,y,y) = D(y,y,x) < D(y,y,2)+D(z,z,x) <
"+ 6 = r. Hence Bp(z,7") C Bp(z,r). This implies that Bp(z,r) is open
ball. (]

Lemma 1.6. Let (X, D) be a D-metric space. If sequence {x,} in X converges
to x, then it is unique.

Proof. Let x, — y and y # x. Since {x,} converges to = and y, for each
€ > 0 there exist n1,np € N such that for every n > ny, D(z,z,2,) < §, and
for every n > na, D(y,y,zn) < §. If set ng = max{ni,no}, then for every
n > no we have

D(a,a,y) < D(w,2,2a) + D, y,y) < 5 + 5 =¢.

Hence D(zx,z,y) = 0, which is a contradiction. So, z = y. O

Lemma 1.7. Let (X, D) be a D-metric space. If the sequence {x,} in X is
convergent to x, then it is a Cauchy sequence.

Proof. Since z,, — =z, for each € > 0 there exists ny,ny € N such that for
every n > ny, D(Zn,rn,z) < §, and for every m > ny, D(x, 2, Tm) < 5. If
set ng = max{ni,n2}, then for every n,m > ng we have

€ €
D(xp, xp, m) < D(Xp, Tn, x) + D(T, Ty T) < 3 + 3= €.

Hence sequence {z,} is a Cauchy sequence. ([
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Definition 1.8. Let (X, D) be a D-metric space. D is said to be a continuous
function on X3 if

lm D(xn,Yn,2n) = D(x,y, 2),

n—oo

where a sequence {(Z,,,Yn,2n)} in X3 converges to a point
(r,y,2) € X3, ie.,
lim z, =z, hm Yn =y, lim 2z, = z.
n—oo Nn— 00

Lemma 1.9. Let (X, D) be a D- metric space. Then D is continuous function
on X3.

Proof. If the sequence {(x,,¥n, 2,)} in X3 converges to a point
(r,y,2) € X3, ie.,

lim z, =z, hm Yn =Y, hrn Zn = 2,
n—oo

then for each € > 0 there exist nq,no,n3 € N such that for every n > nq,
D(z,z,r,) < §, for every n > na, D(y,y,yn) < 5, and for every n > ng,
D(z,2,2,) < §. If set ng = max{ny,n2,n3}, then for every n > ng we have

D(mnaynazn) S D(l"ruy’ﬂ? )+D(Z Znyzn>
< D(xn,2,Y) + DY Yns Yn) + D(z, 2n, 2n)
< D( ZY,T )+D(I xnyxn)+D(y ynayn)+D(z Zn7zn)
D —
< (z,y,2 )+ 3 +< 3 + & 3
= D(z,y,2) +

Hence we have
D(xna Yn, Zn) - D(JZ, Y, Z) <€
On the other hand,

D(z,y,2z) < D(x,y,2n) + D(2n,2,2)
< D(z,2n,Yn) + D(Yn,y,y) + D(zn, 2, 2)
< D(zn,Yn,Tn) + D(xn,as x) + D(yn,y,y) + D(zn, 2, 2)
< D nyYns #n o o5 o
(Ty Yns 2 )—|— 3 + 3 ‘4l 3
= D(zp,Yn,2n) + €
That is,

D(xayv Z) - D({En, Yn, Zn) < €.

Therefore we have |D(2p, Yn, 2n) — D(x,y, 2)| < €, that is
lim D('Tnvyny zn) = D(SL’, Y, Z)
n—oo

Hence D is a continuous function. O
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Definition 1.10. Let (X, D) is a D-metric space. Then D is called of first
type if for every x,y € X we have

D(z,z,y) < D(z,y,2)
for every z € X.
In 1998, Jungck and Rhoades [8] introduced the following concept of weak
compatibility.

Definition 1.11. Let A and S be mappings from a D-metric space (X, D)
into itself. Then the pair (A, .S) is said to be weak compatible if they commute
at their coincidence point, that is, Az = Sz implies that ASx = SAz.

2. The main results
Our main result, for a complete D-metric space X, reads follows:

Theorem 2.1. Let A, B,C,S,T and R be self-mappings of a complete D-
metric space (X, D) where D is first type with :

()A(X) C T(X), B(X) C S(X), C(X) € R(X) and A(X) or B(X) or
C(X) is a closed subset of X,

(ii) D(Az, By,C=2)

< aD(Rz,Ty,Sz) + fmax{D(Rz, Az, By), D(Ty, By, Cz), D(Sz,Cz, Az)}

+ v(D(Rz, By, Ty) + D(Ty,Cz,Sz) + D(Sz, Az, Rx))

where a, 3,7 >0 and a4+ B+ 3y < 1, for every z,y,z € X,

(iil) the pairs (A, R) , (B,T) and (S,C) are weak compatible.
Then A, B,C,S,Tand R have a unique common fixed point in X .

Proof. Let ¢ € X be an arbitrary point. By (i), there exists x1,z2,23 € X
such that

Axg =Tx1 = yg, Br1 = Sz = y1 and Cxy = Rxs = ys.
Inductively, construct sequence {y,} in X such that

Y3n = Axzn = Tr3n11, Y3n+1 = Brspi1r = Sx3,42 and

Ysn+2 = Cx3p42 = R3nqs,

forn=0,1,2,--.
Now, we prove {y,} is a Cauchy sequence. Let d,, = D(Ym, Ym+1,Ym+2)-
Then, we have

dsn = D(Y3n: Yan+1, Yan+2)
= D(Ax3,, Bxsni1, Cxanio)
< aD(Rxzsn, Tr3nt1, ST3nt2)
+ Bmax{D(Rzsy, Axsn, Bxsnt1), D(Tx3n+1, Brani1, Cxani2),
D(Sw3n42, Cr3ny2, ATs,)}
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+ v(D(Rxs3n, Brsnt1, Txsns1) + D(Tx3nt1, CTsnta, STanio)
+ D(Sxsp42, Axsn, Rxsy,))
= aD(Y3n-1,Y3n, Y3n+1)
+ B8 max{D(ysn—1, Y3n, Yan+1), D(Y3n, Yan+1, Yan+2),
D(Y3n+1,Y3n+2,Y3n) }
+Y(D(Y3n—15Y3n+15Y3n) + D(Yan, Ysn+2, Ysn+1) +D(Ysnt1, Ysn, Yan—1))
= adzn—1 + Bmax{dz,_1,ds3n,d3n} +Y(d3n—1 + dzn + dzp—1)-

We prove that ds, < ds,_1, for every n € N. If ds3,, > d3,_1 for some n € N,
by above inequality we have

dSn < adBn + ﬁd?)n + 37d3n = (04 + B + 3’7)d3n < d3n7
which is a contradiction. Now, if m = 3n + 1, then

dsn+1 = D(Y3n+1, Y3n+2, Ysn+3)
= D(Y3n+3,Y3n+1,Y3n+2)
= D(Ax3n+3, Brsni1, Cranis)
< aD(Rzsn+3, Tx3n+1, STant2) + Bmax{D(Rxs,+3, AT3n+3, BTani1),
D(Tz3n+41, Brant1, Crans2), D(Stany2, Crant2, A¥snis)}
+ Y(D(Rz3n43, Brani1, Toant1) + D(Txsnt1, Csny2, STan+2)
+ D(Sxz3p42, AT3nts, RT3nts))
= aD(Y3n+2,Y3n, Ysn+1)
+ Bmax{D(ysn+2; Y3n+3> Y3n+1)s D(Y3n, Y3n+1, Ysn+2),
D(Y3n+1, Y3n+2:Y3n+3) }
+ Y(D(Y3n+2, Ysn+1,Y3n) + D(Y3n, Ysn+2, Ysn+1)
+ D(Y3n+1, Y3n+3; Y3n+2))
= adg, + Bmax{dsn i1, d3n, d3n+1} +V(dsn + dzn + dant1)-

Similarly, if ds,y+1 > ds, for some n € N we have ds, 11 < d3py1 which is a
contradiction. If m = 3n + 2, then

d3n+2 = D(Ysn+2, Yan+3; Ysn+a) = D(Y3n+3, Y3n+4, Ysn+2)
= D(Az3pn+3, Bx3nt4, CT3n42)
< aD(Rxsn+3, TT3n+4, STani2)
+ Bmax{D(Rx3n+3, AT3n+3, Bxsnta), D(Tx3n14, Brania, CT3ni2),
D(Sxz3p42,Cranyo, Axsnis)}
+Y(D(Rz3n+3, Branta, T23n44) + D(T23014, CT3n12, ST3n12)
+ D(Sz3n42, AT3nt3, RT3n13))
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= aD(Y3n+2; Yan+3, Ysn+1)
+ Bmax{D(Ysn+2, Y3n+3, Ysn+4a)s D(Y3n+3, Ysnt4, Ysn+2),
D(Y3n+1,Y3n+2, Y3n+3)}
+ Y(D(Y3n+2, Ysn+4, Ysn+3) + D(Ysn+3, Yan+2, Ysn+1)
+ D(Y3n+1 Y3n+3: Y3n+2))
= adznq1 + Bmax{dsny2, dzni2, d3ni1} + Y(dante + dan1 + dzngr)-

Similarly, if ds,+o > dgn41 for some n € N we have ds, o < dspte which is
a contradiction. Hence for every n € N we have d,, < d,_1. Thus by above
inequalities we have d,, < qd,,—1, where g = o + 3+ 37 < 1. That is

dp = D(Yn, Ynt1,Yn+2) < 4D Yn—1,Yns Unt+1) < -+ < ¢"D(Yo, Y1, Yy2)-

Since D is of first type, we have

D(Yn, YnsYn+1) < ¢"D(yo, y1,92)-
Therefore

D(yn,ynvym) S D(yn7yn7yn+1) + D(yn+1vyn+layn+2) +
+D(ym717ym717ym)~

Hence
DY, yn,ym) < ¢"D(yo,y1,¥2) + ¢ D(yo, y1,42) + -+ ¢ D(yo, Y1, y2)
:up(y Y1, 92)
1_q 0, Y1, Y2
n
< D 0.
S1-¢ (Mo, y1,y2) —

So, sequence {y,} is Cauchy in X and {y,} converges to y in X. That is,

lim y, = lim Azs, = lim Bxs,y1 = lim Cxs,49
n—oo n—oo

n—oo n—oo
= lim Tx3,4+1 = lim Rzspis = lim Szgnie = .
n—oo n—oo n—oo

Let C'(X) be a closed subset of X. Then there exist u € X such that Ru = y.
We prove that Au = y. For

D(Au, Bz, y1,Cx3n42)
< aD(Ru,Tx3n+1, ST3nt2)
+ fmax{D(Ru, Au, Bxs,i1), D(Tx3n+1, Brsnt1, CTani2),
D(Sz3p42, Crapye, Au)}
+ v(D(Ru, Bxsyi1, Tx3n+1) + D(T3n4+1, Cxsnyo, STani2)
+ D(Sz3n12, Au, Ru)).
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Letting n — o0, we get
D(Au,y,y) < aD(Ru,y,y) + Bmax{D(Ru, Au,y), D(y,y,y), D(y,y, Au)}
+~v(D(Ru,y,y) + D(y,y,y) + D(y, Au, Ru)).

If D(y,y, Au) > 0, then we have D(Au,y,y) < D(y,y, Au), which is a con-
tradiction. Thus Au = y. By weak compatibility of the pair (R, A), we have
ARu = RAu, hence Ay = Ry. We prove that Ay =y, if Ay # y, then

D(Ay, Bxsnt1, Csny2)

< aD(Ry, Txsn+1, STsn+2)
+ Smax{D(Ry, Ay, Bxsni1), D(Tx3n+1, Brsni1, CTani2),

D(Sx3n12,Cxgpia, Ax)}
+ v(D(Ry, Bxsnt1, Txant1) + D(Txsn+1, Cxant2, STant2)
+ D(Sz3p42, Ay, Ry)).
Letting n — oo, we have
D(Ay,y.y) < aD(Ry,y,y) + fmax{D(Ry, Ay, y), D(y,y,y), D(y,y, Ay)}
+v(D(Ry,y,y) + D(y,y,y) + D(y, Ay, Ry)).

This is a contradiction. Therefore, Ry = Ay = y, that is, y is a common fixed
of R and A. Since y = Ay € A(X) C R(X), there exist v € X such that
Tv = y. We prove that Bv = y. For

D(y, Bv,Cxsy42) = D(Ay, Bv,Cx3,12)
< aD(Ry,Tv,Sx3p42)
+ S max{D(Ry, Ay, Bv), D(Tv, Bv, Cx3,2),
D(Sxz3p42,Cranio, Ay)}
+v(D(Ry, Bv, Tv) + D(Tv, Cx3pt2, STan+2)
+ D(Sw3n+2, Ay, Ry))
Letting n — oo we get
D(y, Bv,y) < aD(y,Tv,y) + fmax{D(y,y, Bv), D(Tv, Bv,y), D(y,y,y)}
+7(D(y, Bv, Tv) + D(Tv,y,y) + D(y,y,))-

Thus Bv = y. By weak compatibility of the pair (B,T) we have TBv = BTv,
hence By = Ty. We prove that By = vy, if By # y, then

D(Ay, By, Cx3n42) < aD(Ry, Ty, St3n+2)
+ fmax{D(Ry, Ay, By), D(Ty, By, Cx3n+2),
D(Sxz3p42,Cranie, Ay)}
+v(D(Ry, By, Ty) + D(Ty, Cx3ni2, S3n2)
+ D(Sz3n42, Ay, Ry)).
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Letting n — oo we have

D(y, By,y) < aD(y, Ty,y) + fmax{D(y,y, By), D(Ty, By,y), D(y,y,y)}
+v(D(y, By, Ty) + D(Ty,y,vy) + D(y,y,v))-

This is a contradiction. Therefore, By = Ty = y, that is, y is a common fixed
of B and T . Similarly, since y = By € B(X) C S(X), there exist w € X such
that Sw = y. We prove that Cw = y. For

D(y,y,Cw) = D(Ay, By, Cw)
< aD(Ry, Ty, Sw)
+ Smax{D(Ry, Ay, By), D(Ty, By, Cw), D(Sw, Cw, Ay)}
+~v(D(Ry, By, Ty) + D(Ty, Cw, Sw) + D(Sw, Ay, Ry)).

Thus Cw = y. By weak compatibility the pair (C,S) we have CSw = SCw,
hence C'y = Sy. We prove that Cy =y, if C'y # y, then

D(y,y,Cy) = D(Ay, By, Cy)
< aD(Ry,Ty, Sy)
+ Bmax{D(Ry, Ay, By), D(Ty, By, Cy), D(Sy, Cy, Ay)}
+7(D(Ry, By, Ty) + D(T'y, Cy, Sy) + D(Sy, Ay, Ry)).
This is a contradiction. Therefore, Cy = Sy = y, that is, y is a common fixed
of C'and S. Thus
Ay=Sy=Ty=By=Cy=Ry=y.

Now, we have to prove the uniqueness. Let v be another common fixed point
of T)A,B,C,R,S.
If D(y,y,v) > 0, then

D(y,y,v) = D(Ay, By, Cv))
< aD(Ry, Ty, Sv)
+ fmax{D(Ry, Ay, By), D(T'y, By, Cv), D(Sv, Cv, Ay)}
+~v(D(Ry, By, Ty) + D(Ty, Cv, Sv) + D(Sv, Ay, Ry)).

this is a contradiction. Therefore, y = v.
O

Corollary 2.2. Let S,T,R and {As}acr, {Bs}pes and {C,} ek be the set
of all self-mappings of a complete D-metric space (X, D), where D is of first
type satisfying:

(1) there exists ag € I , Bo € J and yo € K such that A, (X) C T(X),
Bﬁo(X) g S(X) and C’YO(X) g R(X)7

(i) Aao(X), Bg,(X) or Cy,(X) is a closed subset of X,
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(i) D(Aaz, Bgy,Cyz)
< a1D(Rz,Ty,Sz)
+ by max{D(Rx, Aoz, Bgy), D(Ty, Bgy, Cyz), D(Sz,Cyz, Aqx)}
+ c1(D(Rx, Bgy, Ty) + D(Ty,Cyz,5%) + D(Sz, Agz, Rx))

where a1,b1,¢1 > 0 and a1 + by + 3¢1 < 1, for every x,y,z € X and for every
acl,fedJ, yeK,

(iv) the pairs (Aay, R), (Bg,,T) or (C,,,S) are weak compatible.
Then A, B,C, S, Tand R have a unique common fixed point in X.

Proof. By Theorem 2.1 R, S,T and A,,, Bg, and C,, for some oy € I, §p € J,
Yo € K have a unique common fixed point in X. That is, there exist a unique
a € X such that R(a) = S(a) = T'(a) = Aa,(a) = Bg,(a) = Cy,(a) = a. Let
there exist A € J such that A # By and D(a, Bya,a) > 0. Then we have

D(a, Bya,a)

= D(Aqya, Bra, Cyyya)

< a1D(Ra,Ta,Sa)
+ by max{D(Ra, Aa,a, Bga), D(Ta, Bga,Cy,a), D(Sa,Cyya, Aqya)}
+ ¢1(D(Ra, Bga,Ta) + D(Ta,Cy,a, Sa) + D(Sa, Aa,a, Ra)),

which is a contradiction. Hence for every A € J we have By(a) = a. Similarly
for every 6 € I and n € K we get As(a) = C,(a) = a. Therefore for every
d eI, A€ Jand n e K we have As(a) = By(a) = Cp(a) = R(a) = S(a) =
T(a) = a. O
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