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SENSITIVITY ANALYSIS FOR COMPLETELY
GENERALIZED NONLINEAR VARIATIONAL INCLUSIONS

SALAHUDDIN AND M. FIRDOSH KHAN

ABSTRACT. In this paper, by using the technique of the resolvent oper-
ators, we study the behaviour and sensitivity analysis of the solutions
set for a class of parametric completely generalized nonlinear variational
inclusions with set-valued mappings.

1. Introduction

Sensitivity analysis of solutions of variational inequalities with single-valued
mappings have been studied by many authors via quite different techniques.
By using the projection method, Dafermos [3], Yen [13], Robinson [10], Qiu
and Magnanti [9], Mukherjee and Verma [5] and Pan [8] studied the sensi-
tivity analysis of solutions of some variational inequalities with single valued
mappings in finite dimensional spaces and Hilbert spaces.

Our inspiration and motivation is devoted to [4,7,11,12,14], we use the tech-
nique of resolvent operator, study the behaviour and sensitivity analysis of the
solution set for a class of parametric completely generalized nonlinear varia-
tional inclusions with set-valued mappings. Our results improves the results of
Dafermos [3], Ding and Lou [4], and Park and Jeong [7], etc.

Let H be a real Hilbert space with norm and inner product denoted by
I -1 and {-), respectively. Let d¢ denote the subdifferential of a proper convex
and lower semicontinuous function ¢ : H x H — R U {4o00}. Given set-
valued mappings M, S,T : H — 27 where 27 denotes the family of nonempty
bounded subsets of H and single valued mappings g, F,G,P : H — H with
Im(g) Ndom dp(-,v) # @. It is known that the subdifferential dp(-,v) is a
maximal monotone operator.

Let 6 : 2f — [0, +00) be a function defined by

0(A,B) = sup{lla—b||: a€ A, be B}.
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Let H : C(H) — [0,00) be a function defined by

H(A, B) = max {sup d(u, B), sup d(A,v)} ,
u€A vEB
where
d(u, B) = sup [[u— o],
veB
then (277,6) and (C(H), H) are complete metric spaces.
We consider the following completely generalized nonlinear variational in-
clusions for finding v € H, € M(u), y € S(u) and z € T(u) such that
g(u) Ndom Ap(-,v) # 0 and

(1.1) (P(x) — (Fy—G=z), v—g(u)) > ¢(g(u), u) —p(v, u), forall veH,
considered by Ahmad et al [1].

Definition 1.1 ([2]). If A is a maximal monotone operator on H, then the
resolvent operator associated with A is defined by

(1.2) Ja(u) = (I+nA)"Yu), forall uec H,

where 77 > 0 is a constant and [ is an identity operator. Since the subdifferential
0p(-, ) of a proper, convex and lower semicontinuous function (-, -) : Hx H —
R U {400} is a maximal monotone operator with respect to first variable, so
we denote by

Jagp(<,u) = <I+778(‘0<7’U,))_1
the resolvent operator associated with ¢(-, u).

Lemma 1.1 ([2]). The resolvent operator Ja is a single-valued and nonexpan-
sive, 1.e.,

(1.3) [Ja(w) = Ja()]] < |lu—=2|, for all u,v € H.

2. Preliminaries

In this section, we present the parametric version of (1.1), and also provide
some pertinent definitions which are essential for the study of our problems.
Now, we consider the parametric version of problem (1.1). To formulate the
problem, let 2 be a nonempty open subset of H in which the parameter A takes
values. Let M, S, T : Qx H — 2H be the set-valued mappings and g, F, G : 2 x
H — H be the single-valued mappings. Since the subdifferential Oy of a proper
convex and lower semicontinuous function ¢ : H x H — RU{+oc0} is a maximal
monotone operator with respect to first argument with I'm(g) Ndom dy(-,v) #
(), v € H. For each fixed A € Q, the parametric completely generalized nonlinear
variational inclusions consists of finding v € H, z(u,\) € M(u,\), y(u,A) €
S(u,A) and z(u, A) € T'(u, A) such that g(u, \) N dom dyp(-,v) # ) and

(P(m(u,/\), /\) - (F(y(ua /\)’)‘) - G(Z(U,/\), /\))v V= g(u” )‘)>

2.1
(21) > p(g(u,N),u) — p(v,u), for all v e H.
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Remark 2.1. By the suitable choice of the mappings M, S, T, G, F,g prob-
lem (2.1) includes many known results as special cases such as [3,4,7] and the
references therein.

Definition 2.1. For all u,v € H, )\ € ), the parametric operator g : H x Q) —
H is said to be
(i) strongly monotone if there exists a constant o > 0 such that

<g(u7 )‘) - g(v» )‘)a u—= U> 2 a”u - /Usz
(ii) Lipschitz continuous if there exists a constant 3 > 0 such that

lg(u, ) = g(v, M| < Bllu—wvl|.
Definition 2.2. For all u,v € H, A € Q, the set-valued mapping S : H x Q —
2H (S H x Q — C(H)] is said to be
(i) p-9-Lipschitz [p-H-Lipschitz] continuous if there exists a constant p > 0
such that
0(S(u,N), S(v,N) <
H(S(u, ), S(0,) <
where H(-,-) is a Hausdorff metric.
(ii) relazed Lipschitz continuous with respect to a mapping F': H x Q — H
if there exists a constant s > 0 such that

(Fy(u,\),X) = Fy(v,X),A), u —v) < —sllu—o]*.

for all y(u, \) € S(u, A) and y(v,A) € S(v, \),
(iii) relazed monotone with respect to a mapping G : H x Q — H if there
exists a constant ¢ > 0 such that

(G(y(u,A), A) = Gy(v, A), A), u—v) > —cllu— o>,
for all y(u, \) € S(u, A) and y(v, A) € S(v, A).

Assumption 2.1. For all u,v,w € H, the operator Jy,.,.) satisfies the condi-
tion

[ Joe(-u) (W) = Jopy (W)l < pllu— o,
where p > 0 is a constant.

3. Main Results

First of all, we prove the following lemma.

Lemma 3.1. Fized A € Q, u = u(X) € H, z(u(X), ) € M(u(X), N), y(u(X),A) €
S(u(A), A), z(u(X), A) € T(u(X),N) is a solution of problem (2.1) if and only if
for some given 1 > 0, the set valued mapping Q : H x Q — 28 defined by

(3.1)
Q(uv )‘) = U [u - g(u, )‘) + Jaw(',u)(g(uv )‘) - n(P(mv )‘) - (F(ya )‘) - G(Z7 A))))]
zEM(u,\), y€S(u,\), z€T (u,\)

has a fized point u(X).
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Proof. For any fixed A € Q, let u = u(X), z(4, A) € M(a, A), y(a, \)
z(a,\) € T(u,\) be a bolutlon of (2.1). Then u € H, z(a,\) € M(a,

y(@, \) € S(u,\) and z(a,\) € T(u, \) such that
(P(a(@,A), A) = (F(y(a, A), \) = G(2(@, ), A)), v — (@, A))
> o(g(a,A),u) — p(v,u), forall ve H.
By definition of d¢, we have
9(a, %) — 1 (P(a(@, %), %) — (F(y(a, 3), }) — G(=(@, %), ) € g(@, ).

Thus we obtain

(I+775<P('a u)>_1 [g(u, )‘) -n (P(aj(ﬂa )‘)7 5‘) - (F(y(ﬂa )‘)7 5‘) —G(Z(’IL )‘)7 /\))):|

= g(u, ),
i.e.

J8g0(~,u) |:g(1_1,, )‘) -n (P(:L’(ﬂ, 5‘)7 5‘) - (F(y(ﬂ, 5‘)7 5‘) _G(Z(ﬂa 5‘)7 5‘))):| = g(l—”? 5‘)

Hence, we have

u=1u—g(u,\)
+ Jog(u) [9 (u A) 1 (P(x(@, ), A) = (F(y(a,A),A) — G(2(a,A), \)))]
€ (JJop(u {9(@,X) —n (P(x(@,X), %) — (F(y(a, 1), A) — G(za, 1), 1)) }
z(a,X)eM(a}\),y(a,X)eS(u ), z(@,\) €T (T,\)
= Q(u, \).

This means that @ = u()) is a fixed point of Q(#@, \). Now, for any fixed A € Q,
let u = u(X) be a fixed point of Q(z, \). By the definition of @, there exists
,A) = M(a,\), y(a,\) = S(@, \) and z(@, \) = T(, \) such that

By definition of Ja, we get
g(’[L, 5‘) - W(P(x(ﬂ» 5‘)7 5‘) - (F(y(ﬂ7 ;\), 5‘) - G(z(ﬂ’ >‘)7 ;\)))
€ g(ﬂa 5‘) + U&P(a u)(g(ﬂ, 5‘))

(F(y(ﬂaA)vj‘) - G(Z(ﬂ,)\),j\)) - P(I(ﬂ‘v;‘)vj‘) € a‘ﬁ(ﬂu)(g(ﬂa)‘))
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Hence by definition of dp
(P(a(a,A),\) = (F(y(a, ), \) = G(2(@,A), X)), v — g(a, \))
> o(g(t,\),u) — @(v,u), for all v e H.
This completes the proof. [l

Theorem 3.1. Let g : Q@ x H — H be a strongly monotone and locally Lipschitz
continuous with corresponding constants a > 0 and [ > 0 respectively. Let
F.G,P:Qx H — H be the locally Lipschitz continuous with corresponding
constants € > 0, p > 0 and o > 0 respectively. Let M, S, T : H xQ — 2 be the
locally 0-Lipschitz continuous [[:I—Lipschitz continuous] with constants v > 0,
v > 0 and € > 0 respectively and operator S be the relaxed Lipschitz continuous
with respect to F with constant s > 0 and operator T is relaxed monotone with
respect to G with constant v. Let ¢ : H x H — RU{+400} be such that for each
fized v € H, p(-,v) is a proper, convex and lower semicontinuous function on
H, such that g(u, \) N domdp(-,v) # 0. Assume that Assumption 2.1 holds. If
there exists a constant n > 0 such that

_ =9 =rjov | _V((s=c)(A=r)ov)? — K(2—r)((E1+pe)*~0°V?)
(&7 + pe)? — 212 (&7 + pe)? — o?v?

)

(5 =€) > (1 — ) + /52 = W) (€ + pe)2 — o202),

s—c>ov(l —k),
(3.2) k<l
ov < &+ pe.

Then the set-valued mapping Q : H x Q — 2% defined by (3.1) is a uniform -6
set-valued [9-H -set valued] contraction mapping with respect to X € §, where

0 =k+nov+t(n) <1,

k=2y1-2a+ 2+ pu,

t(n) = /1 —2(s — c)n + n2(Ey + pe)?.

Proof. By the definition of @, for any u,v € H, a(u, \) € Q(u, A) and b(v, \) €
Q(v, \), there exists z1(u, A) € M(u, A), y1(u, A) € S(u, A), zl(u A) € T(u, N),
x2(v, A) € M (v, A), y2(v,A) € S(v,A) and z2(v, A) € T'(v, A) such that

G,(’U,, )‘) = (u - g(u’ )‘)

oo [gw, N) =1 (P 1, A), ) (F g (1, A) A)— Gz (1, A), A)))] ,
b(v,A\) = (v —g(v,\)

osm) [gw, N)— 1 (P (a0, A), ) — (F(ya(v, 1), A)— Gz (v, ), A)))} |
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Then by Lemma 1.1 and Assumption 2.1,

lla(u, A) = b(v, A)]|

< lu—v = (g(u, A) = g(v, M)l
o9 A) = n(P(x1(u, M), A) = (F(y1(u, A), A)
— G(21(4,A);A)) = o [9(0, A) = n(P(22(v; A), A)
= (F(y2(0,A), A) = G220, A), )| + [ o w9 (v; A)
= (P (2(v,A),A) = (F(y2(v,A), A) = G(22(v, M), A)))
= Jop(w)[9(vs A) = n(P(22(v; A), A)
— (F(y2(v,A); A) = G(22(v, A), )|

<Hlu—wv—=(g(u, A) = g(v, V)|l
+llg(u, A) = g(v, ) = n(P(x1(u, A), A) = P(z2(v, A), A)
— (F(y(u, A), A) = G(z1(u, A), A)) + (F(y2(v, A), A)
— G(22(0,A), )| + pllu =

<2flu—v—=g(u,A) = g(v, V)
F P (u,A), A) = Paz(v,A), A)]| + [Ju — v
+0(F(y1(u, A), A) = F(y2(v,A), ) = n(G(z1(u, A), A)
— G(22(v,A), V)| + pllw — o]

- =

A
A

(3.3)

Since g is strongly monotone and Lipschitz continuous, we have

(34)  Ju-v— (g — g < VI-2a+ B u—vl.

Since M, S,T are locally 6-Lipschitz continuous, we have and P, F,G are
locally Lipschitz continuous

HP(:cl(u, )‘)7)‘) - P(I'?(vv )‘)7>‘)” < UHxl(ua)‘) - $2(U7>\)H
(3.5) < od(M(u,N), M(v,\))

<ov|u—1],

”F(yl(ua)‘)a)‘) - F(yQ(UvA)v)‘)H < nyl(ua )‘) - yg(U,A)H
(3.6) < &0(S(us A), S(v, X))
< &llu =l

1G(21(u, ), A) = G(22(0, A), | < pllz1(u, A) = z2(v, V)

(3.7) < po(T'(u, A), T(v, )
< pellu —vl|.
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Further since S is locally relaxed Lipschitz continuous and T is locally re-
laxed monotone, we have
(3.8)
[u—v +n(F (y1(u, A), \) = F(y2(v, A), ) =n(G (21 (u, A), A) =G (22(v, ), A)) H2

< ||U - U||2 + 2n<F(y1(uv>‘)7)‘) - F(yQ(v7>‘)a /\)a C 1)>
—2n(G(z1(u, N), A) — G(z2(v, N), A),u — v)
P F (ya(u, A), A) = F(y2(v,A),2) = (G(z1(u, ), A) = G(za(v, 1), A))|I?
< [1=2n(s =) + 0§y + pe)?] |lu — v].
From (3.3) and (3.8), we get

(3.9)
a(u, A) = b(v, A)|

2V/1 =204 B2+ ovn+ /1= 2n(s — ¢) + n2(&y + pe)2 + p] lu — v||
(k+nov+t(n)) lu—v|

<
<

where k = 24/1 — 2+ 82 + p and () = /1 — 2n(s — ¢) + n2(&y + pe)2.
By the arbitrariness of a(u, A) and b(v, \), we have

5(Q(u, A), Qv, A)) < 0d(u,v),

where § = &k + nov + t(n). By the condition (3.2) we have § < 1. This
proves that @ is a uniform 6-é-set-valued contraction mapping with respect to
A el O

Theorem 3.2. Assume that g, F,G, P, M,S, T are follows all hypothesis in
Theorem 3.1. Suppose there exists a constant n > 0 such that (3.2) in Theorem
3.1 and Assumption 2.1 hold. Then

(i) the set-valued mapping Q : H x Q — 28 defined by (3.1) in Lemma 3.1
is a compact uniform 0-H -contraction mapping with respect to \ € Q.

(i) for each A € Q, the (2.1) has nonempty solution set N(X) and M(\) is
closed in H.

Proof. For each given (u,\) € H x Q. Since M(u, ), S(u,\), T(u,\) €
C(H) and Jyy(. ) is continuous, it follows from the definition of Q(u,\) that
Q(u,\) € C(H).

Now, we show that Q(u, \) is a uniform 6-H-contraction mapping with re-
spect to A € . For any given (u,\), (v,\) € H x Q, and for any a € Q(u, \)
there exist x € M(u, \), y € S(u, A) and z € T'(u, \) € C(H) such that

a = u- g(u7/\) + JB¢(~7u) g(ua)‘) - U(P(JC,)\) - (F(y’)‘) - G(ka))) :
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Note that M(u, A), S(u, A), T'(u,\) € C(H), there exist z1 € M(v, ), y1 €
S(v,\) and z € T(v, \) such that

|z — a1 ]| < H(M (u, \), M (v, \)),
(3.10) ly —will < H(S

Iz =z < H(T
Let

b= v=g(,\) + Jog(.0) |9(v; A) =1 (P(z1,A) = (Fy1,A) = G(21,4))) |-

Then b € Q(v,A). Note inequalities (3.10), by using a similar argument as in
the proof of Theorem 3.1, we can obtain

H(Q(u,A), Q(v,A)) < Oflu—w].
This proves that Q(u,\) is a uniform 6-H-contraction mapping with respect
to A € Q.
(ii) Since Q(u,A) is a uniform 6-H-contraction mapping with respect to
A € Q, by the Nadler fixed point theorem [6], Q(u,A) has a fixed point u(\)
for each A € Q. By Lemma 3.1. N(\) # (). For each A € Q, let {u,} C N(})

and let u, — ug, as n — oco. Then we have
Up € Q(u’ruA)a n = 1727' .
By (i), we have

H(Q(un, A), Q(ug, A)) < Olun — uol|-
It follows that
(g, Q(u0, N)) < [uo — | + dtin, Qun, ) + H(Q(un, A), Q(uo, M)
< (14 0)|lun, —uol| — 0 as n — oo,
and hence ug € Q(ug, A) and xg € N(A). These N(A) is closed in H.
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