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GENERALIZED HÖLDER ESTIMATES FOR THE
∂̄-EQUATION ON CONVEX DOMAINS IN C2

Hong Rae Cho∗ and Yeon Seok Seo

Abstract. In this paper, we introduce the generalized Hölder space with

a majorant function and prove the Hölder regularity for solutions of the

Cauchy-Riemann equation in the generalized Hölder spaces on a bounded
convex domain in C2.

1. Introduction and regular majorant

Let D be a bounded domain in Cn. The Hölder space of order α, Λα(D)
(0 < α < 1), is defined by the set of all functions g on D such that there exists
a constant C = Cg > 0 satisfying

|g(z)− g(ζ)| . C|z − ζ|α, z, ζ ∈ D.

We first introduce some generalized Hölder space with a majorant function. A
continuous increasing function ω on [0,∞), satisfying that ω(0) = 0, ω(t)/t is
non-increasing, and in addition, there is a constant C = C(ω) such that∫ δ

0

ω(t)
t

dt+ δ

∫ ∞
δ

ω(t)
t2

dt ≤ Cω(δ), for any 0 < δ < 1, (1)

is called a regular majorant. Given a regular majorant, the generalized Hölder
space, Λω(D), is defined by the family of all functions g on D such that

|g(z)− g(ζ)| ≤ Cω(|z − ζ|), z, ζ ∈ D. (2)

The norm ||g||ω of g ∈ Λω(D) is given by Cg + ||g||∞, where Cg ≥ 0 is the
smallest constant satisfying (2) and ||g||∞ is the L∞ norm in D. Note that
with this norm Λω(D) is a Banach space and Λω(D) ⊂ L∞(D). The generalized
Hölder spaces have been studied by many authors (see [2], [3], [4], [5], [6], [7],
[8], and references in their papers).
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Theorem 1.1. Let D be a bounded convex domain in C2 with C2 boundary bD.
Let ω be a regular majorant. There is a bounded linear operator S : C0,1(D̄)→
C(D) such that ∂̄(Sf) = f on D and

‖Sf‖Λω(D) ≤ C‖f‖Λω(D) for all f with ∂̄f = 0.

As convention we use the notation A . B or A & B if there are constants
c1, c2, independent of the quantities under consideration, satisfying A ≤ c1B
and A ≥ c2B, respectively.

Remark 1. Before proving Theorem 1.1, we give some examples of regular
majorants.

(i) Typical example of the regular majorant is a function ω(t) = tα (0 <
α < 1).

(ii) Non-trivial example is the type of the function, ω(t) = tα| log t|β , where
0 < α < 1 and −∞ < β <∞.

(iii) Let m(t) = 1/| log t|β , β > 0. Then m(t) is continuous and increasing
near 0, but it is not a regular majorant.

2. Henkin’s solution operator of the ∂̄-equation

Let D be a bounded and convex domain in C2 with C2 boundary bD. We
choose a C2 defining function ρ for D, so that in a neighborhood U of bD

ρ(z) =

{
−dist(z, bD) for z ∈ U ∩ D̄
+dist(z, bD) for z ∈ U \D.

We define

φ(ζ, z) =
2∑
j=1

∂ρ

∂ζj
(ζ)(ζj − zj).

The following estimate-for a sufficiently small neighborhood U of bD-is a well-
known consequence of the convexity of D :

|φ(ζ, z)| & |Im φ(ζ, z)|+ ρ(ζ)− ρ(z) for ζ, z ∈ U (3)

and dζφ(ζ, z)|z=ζ = ∂ρ(ζ).

Lemma 2.1. ([9]) Let (ζ0, z0) ∈ ∂D× ∂D such that φ(ζ0, z0) = 0. Then there
exist neighborhoods V of ζ0 and W of z0 such that for each z ∈W , there exists
a C1 local coordinate system ζ 7→ t(z)(ζ) = (t1, t2, t3, t4) on V with the following
properties:

t1(ζ) = ρ(ζ), t2(ζ) = Imφ(ζ, z), t3(z) = t4(z) = 0;

|t(z)(ζ)− t(z)(ζ ′)| ∼ |ζ − ζ ′|
for all ζ, ζ ′ ∈ V with the constants in (3) independent of z ∈W .
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We have the Henkin’s solution operator Sf = Hf + Kf of the ∂̄-equation,
where

Hf(z) = c

∫
ζ∈bD

f(ζ) ∧
∂ρ
∂ζ1

(ζ̄2 − z̄2)− ∂ρ
∂ζ2

(ζ̄1 − z̄1)

φ(ζ, z)|ζ − z|2
dζ1 ∧ dζ2, (4)

and

Kf(z) =
∫
ζ∈bD

f(ζ) ∧K(ζ, z),

where K(ζ, z) is the Bochner-Martinelli kernel [10].
It is well-known that the Bochner-Martinelli integral, Kf has a good reg-

ularity such that K is a bounded operator from bounded forms to the forms
whose coefficients are in Λα(D) for any 0 < α < 1 [10]. However, it is not at all
clear that this kind of generalized Hölder regularity for the Bochner-Martinelli
integral still holds.

Proposition 2.2. Let ω be a regular majorant. Then K : L∞0,1(D) → Λω(D)
is a bounded operator, where L∞0,1(D) is the space of bounded forms of type
(0, 1).

Proof. It suffices to show that for arbitrary z, z′ ∈ D,

|Kf(z)−Kf(z′)| . ω(|z − z′|)||f ||∞. (5)

The proof of the regularity of the Bochner-Martinelli integral in the classical
Hölder space implies that

|Kf(z)−Kf(z′)| . |z − z′|(1 + | log |z − z′||)||f ||∞
(for the details, see the chapter 4 of Range’s book [?]). Since ω(t)/t is non-
increasing, it follows that t . ω(t) for t with 0 < t < R, whereR = supz,ζ∈D |z−
ζ|. Thus we have |Kf(z)−Kf(z′)| . ω(|z − z′|)||f ||∞. �

3. Proof of Theorem 1.1

To prove that a function g belongs to the generalized Hölder space Λω(D),
we need a variant of the Hardy-Littlewood Lemma.

Lemma 3.1. ([1]) Let D ⊂ Rn be a bounded domain with the C1-boundary
defining function ρ. If g is a C1(D)-function and ω is a regular majorant such
that for some constant cg depending on g,

|dg(x)| ≤ cg
ω(|ρ(x)|)
|ρ(x)|

, x ∈ D,

then we have
|g(x)− g(y)| ≤ c · cg ω(|x− y|).

Lemma 3.2. For sufficiently small ε > 0, ω(t)/t1−ε is decreasing.
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Proof. Put

F (x) =
∫ ∞
x

ω(t)
t2

dt.

Since ω is a regular majorant, by the second term of the left hand side of (??),
it follows that

F (x) =
∫ ∞
x

ω(t)
t2

dt .
ω(x)
x

.

Since ω is increasing, we have

F (x) =
∫ ∞
x

ω(t)
t2

dt

≥ ω(x)
∫ ∞
x

1
t2
dt =

ω(x)
x

.

Thus it follows that

F (x) ∼ ω(x)
x

= −xF ′(x).

We will show that, for sufficiently small ε > 0, xεF (x) is decreasing. We choose
sufficiently small ε > 0 such that

F (x) ≤ 1
ε

ω(x)
x

= −1
ε
xF ′(x).

Thus it follows that

(xεF (x))′ = εxε−1F (x) + xεF ′(x) ≤ 0

and so that we get the result. �

By Lemma 3.1, for the proof of Theorem 1.1, it is enough to prove the
following result.

Proposition 3.3. There exists a constant Cω > 0 such that

|dzHf(z)| ≤ Cω‖f‖Λω(D)
ω(|ρ(z))|
|ρ(z)|

for z ∈ D. (6)

Proof. By differentiating under the integral sign in (4), one obtains dHf(z) =
G1f(z) + G2f(z), where

G1f(z) =
∫
bD

f ∧ A1(ζ, z)
(φ(ζ, z))2|ζ − z|2

,

G2f(z) =
∫
bD

f ∧ A2(ζ, z)
φ(ζ, z)|ζ − z|4

,

where Aj(ζ, z) are smooth double forms, of degree 1 in z and type (2,1) in
ζ, which satisfy Aj(ζ, z)| . |ζ − z|j , j = 1, 2. The compactness of bD, and a
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partition of unity, the estimation of G1f(z) is reduced to proving the estimate

|I(z)| ≤ Cω‖f‖Λω(D)
ω(|ρ(z)|)
|ρ(z)|

for z ∈W ∩D,

where

I(z) =
∫
bD∩V

f(ζ)
χ(ζ)A1(ζ, z)

(φ(ζ, z))2|ζ − z|2
,

where V,W are neighborhoods as given in Lemma 2.1, and χ has compact
support in V . Note that the new coordinate system in Lemma 2.1 satisfies
t(z)(ζ) = (0, t′) for ζ ∈ V ∩ bD, where t′ = (t2, t3, t4). We choose ζ ′ ∈ V ∩ bD
satisfying t(z)(ζ ′) = (0, 0, t3, t4). Then we have I(z) ≤ I1(z) + I2(z), where

I1(z) =
∣∣∣∣ ∫
bD∩V

(f(ζ)− f(ζ ′))χ(ζ)A1(ζ, z)
(φ(ζ, z))2|ζ − z|2

dσ(ζ)
∣∣∣∣,

I2(z) =
∣∣∣∣ ∫
bD∩V

f(ζ ′)χ(ζ)A1(ζ, z)
(φ(ζ, z))2|ζ − z|2

dσ(ζ)
∣∣∣∣.

It follows from the definition of || · ||Λω(D) and the inequality |A1(ζ, z)| . |ζ−z|
that

I1(z) . ||f ||Λω(D)

∫
bD∩V

ω(|ζ − ζ ′|)
|φ(ζ, z)|2|ζ − z|

dσ(ζ). (7)

To estimate the integral of the right hand side of (7), we use the coordinate
system t, the inequality (3). We introduce polar coordinates in t′′ = (t3, t4) ∈
R2, and set r = |t′′|. Then we have

I1(z) . ||f ||Λω(D)

∫
|t′|<1

ω(|t2|)
(|t2|+ |ρ(z)|)2|t′|

dt′

. ||f ||Λω(D)

∫
|t2|<1

ω(|t2|)
[∫ 1

0

rdr

(|t2|+ |ρ(z)|)2r

]
dt2

. ||f ||Λω(D)

∫ 1

0

ω(t2)
(t2 + |ρ(z)|)2

dt2.

We may assume that 0 < |ρ(z)| < 1, since z ∈ D is close to the boundary. We
decompose the integral as follows:∫ 1

0

ω(t2)
(t2 + |ρ(z)|)2

dt2 =
∫ |ρ(z)|

0

ω(t2)
(t2 + |ρ(z)|)2

dt2 +
∫ 1

|ρ(z)|

ω(t2)
(t2 + |ρ(z)|)2

dt2.

By the first term of the left hand side of (1), we have∫ |ρ(z)|
0

ω(t2)
(t2 + |ρ(z)|)2

dt2 .
1
|ρ(z)|

∫ |ρ(z)|
0

ω(t2)
t2

dt2 .
ω(|ρ(z)|)
|ρ(z)|

.



226 H. R. CHO AND Y. S. SEO

By the second term of the left hand side of (1), one obtains∫ 1

|ρ(z)|

ω(t2)
(t2 + |ρ(z)|)2

dt2 .
∫ 1

|ρ(z)|

ω(t2)
t22

dt2

.
ω(|ρ(z)|)
|ρ(z)|

.

These imply

I1(z) . ||f ||Λω(D)
ω(|ρ(z)|)
|ρ(z)|

.

For I2(z), we need somewhat different method. An integration by parts
allows one to lower the singularity order of the Henkin kernel. This kind of
method was used in [11].

We see that
1
φ2

= −
(
∂φ

∂t2

)−1
∂

∂t2

(
1
φ

)
.

Therefore, by the integration by parts, we have

I2(z) .
∣∣∣∣ ∫
|t′|≤1

−
(
∂φ

∂t2

)−1
∂

∂t2

(
1
φ

)
f(0, 0, t′′)χ(t′)A1(t′, z)

|t′|2
dt′
∣∣∣∣

=
∣∣∣∣ ∫
|t′|≤1

f(0, 0, t′′)
1
φ

∂

∂t2

[(
∂φ

∂t2

)−1
χ(t′)A1(t′, z)
|t′|2

]
dt′
∣∣∣∣

=
∣∣∣∣ ∫
|t′|≤1

f(0, 0, t′′)
1
φ

(
∂φ

∂t2

)−2

B(t′, z)dt′
∣∣∣∣,

(8)

where

B(t′, z) = −∂
2φ

∂t22

χ(t′)A1(t′, z)
|t′|2

+
∂φ

∂t2

∂

∂t2

(
χ(t′)A(t′, z)
|t′|2

)
.

In the second equality of (8), we have use the fact that f(0, 0, t′′) does not
depend on t2. Since t2 = Im φ, we have |∂φ/∂t2| ≥ 1. Therefore we have

I2(z) . ||f ||∞
∫
|t′|≤1

dt′

|φ||t′|2
.

In [1], we proved that ∫
|t′|≤1

dt′

|φ||t′|2
. ‖f‖∞|ρ(z)|−ε.

Thus we have
I2(z) . ‖f‖∞|ρ(z)|−ε.

By Lemma 3.2, for sufficiently small ε > 0 we get

|ρ(z)|−ε =
|ρ(z)|1−ε

|ρ(z)|
.
ω(|ρ(z)|)
|ρ(z)|

.
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Thus it follows that

I2(z) . ‖f‖∞
ω(|ρ(z)|)
|ρ(z)|

and so that

|G1f(z)| . ‖f‖∞
ω(|ρ(z)|)
|ρ(z)|

.

The estimate for G2f(z) is exactly like the last part of the estimate for I2.
Thus we complete the proof of Theorem 1.1 by using Proposition 3 and

Lemma 3.1. �
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[1] H. Ahn, H. R. Cho, and J. -D. Park, Hölder type 1/2 estimates for the ∂̄-equation in

strictly pseudoconvex domains, Rend. Sem. Mat. Univ. Padova, 120 (2008), 127–138.
[2] S. Bloom and G. S. De Souza, Atomic decomposition of generalized Lipschitz spaces,

Illinois J. Math., 33-2 (1989), 181–209.

[3] , Weighted Lipschitz spaces and their analytic characterizations, Constr. Ap-

prox., 10-3 (1994), 339–376.

[4] K. M. Dyakonov, Equivalent norms on Lipschitz-type spaces of holomorphic functions,
Acta. Math. 178 (1997), 143–167.

[5] , Holomorphic functions and quasiconformal mappings with smooth moduli, Adv.

Math. 187 (2004), 146–172.
[6] , Strong Hardy-Littlewood theorems for analytic functions and mappings of finite

distortion, Math. Z. 249-3 (2005), 597–611.
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