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GENERALIZED HOLDER ESTIMATES FOR THE
0-EQUATION ON CONVEX DOMAINS IN C?

HoNG RAE CHO™ AND YEON SEOK SEO

ABSTRACT. In this paper, we introduce the generalized Holder space with
a majorant function and prove the Holder regularity for solutions of the
Cauchy-Riemann equation in the generalized Hélder spaces on a bounded
convex domain in C2.

1. Introduction and regular majorant

Let D be a bounded domain in C™. The Holder space of order a, A, (D)
(0 < a < 1), is defined by the set of all functions g on D such that there exists
a constant C' = Cy > 0 satisfying

9(2) —9(OI S Clz = ¢|%, 2, (€D.

We first introduce some generalized Holder space with a majorant function. A
continuous increasing function w on [0, o), satisfying that w(0) = 0, w(t)/t is
non-increasing, and in addition, there is a constant C' = C'(w) such that
0 o]
w(t w(t

/0 Sf)dt+5/§ #dthuj(d), for any 0 <6 <1, (1)
is called a regular majorant. Given a regular majorant, the generalized Holder
space, A, (D), is defined by the family of all functions g on D such that

9(2) = 9(Q)] < Cw(lz =(]), 2 ¢eD. (2)

The norm ||gl|., of g € A, (D) is given by Cy + ||g||o0, where Cy > 0 is the
smallest constant satisfying (2) and ||g||ec is the L® norm in D. Note that
with this norm A, (D) is a Banach space and A,, (D) C L (D). The generalized
Holder spaces have been studied by many authors (see [2], [3], [4], [5], [6], [7],
[8], and references in their papers).
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Theorem 1.1. Let D be a bounded convex domain in C? with C? boundary bD.
Let w be a regular magjorant. There is a bounded linear operator S : Co1(D) —
C(D) such that O(Sf) = f on D and

1S fllauoy < Cllfllanpy for all f  with 9f =0.

As convention we use the notation A < B or A 2 B if there are constants
c1, c2, independent of the quantities under consideration, satisfying A < ¢; B
and A > ¢ B, respectively.

Remark 1. Before proving Theorem 1.1, we give some examples of regular
majorants.

(i) Typical example of the regular majorant is a function w(t) = t* (0 <
a<l1).
(ii) Non-trivial example is the type of the function, w(t) = t*|logt|®, where
0<a<land —oc0 < f < 0.
(iii) Let m(t) = 1/|logt|?, 3 > 0. Then m(t) is continuous and increasing
near 0, but it is not a regular majorant.

2. Henkin’s solution operator of the d-equation

Let D be a bounded and convex domain in C? with C? boundary bD. We
choose a C? defining function p for D, so that in a neighborhood U of bD

() —dist(z,bD) for z€UND
z) =

P +dist(z,bD) for zeU\D.
We define

The following estimate-for a sufficiently small neighborhood U of bD-is a well-
known consequence of the convexity of D :

[6(¢,2)] 2 [m §(C, )|+ p(Q) — plz) for C,z€U (3)
and dcd(C, 2)]oec = 9p(0)-

Lemma 2.1. ([9]) Let (¢o,20) € OD x 9D such that $(y, z0) = 0. Then there
exist neighborhoods V' of (o and W of zy such that for each z € W, there exists
a C" local coordinate system ¢ — t3)(¢) = (t1,ta,t3,ts) on V with the following
properties:

[tE(¢) =t ~ ¢ = ¢
for all ¢, € V with the constants in (3) independent of z € W.
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We have the Henkin’s solution operator Sf = Hf 4+ Kf of the d-equation,
where

op (7 > p (7 5
3 (G —22) — 58(C — 1)
_ 91 0C2
Hi(z) = C/CebD fon P(¢, 2)|¢ — 2[? Ao dea. W

and
Kf(z) = / F(O) NE(C.2),
cebD

where K ((, z) is the Bochner-Martinelli kernel [10].

It is well-known that the Bochner-Martinelli integral, Kf has a good reg-
ularity such that K is a bounded operator from bounded forms to the forms
whose coefficients are in A, (D) for any 0 < o < 1 [10]. However, it is not at all
clear that this kind of generalized Holder regularity for the Bochner-Martinelli
integral still holds.

Proposition 2.2. Let w be a regular majorant. Then K : Lg% (D) — A, (D)
is a bounded operator, where Lg% (D) is the space of bounded forms of type
(0,1).

Proof. Tt suffices to show that for arbitrary z, 2’ € D,

Kf(2) = Kf(2')] S w(lz = 2] f]oe- ()

The proof of the regularity of the Bochner-Martinelli integral in the classical
Hoélder space implies that

Kf(2) —Kf(2)] S [z = 2'|(1 + [log |z = 2| ]| flo

(for the details, see the chapter 4 of Range’s book [?]). Since w(t)/t¢ is non-
increasing, it follows that ¢ S w(t) for t with 0 <t < R, where R = sup, .cp |2—
¢|. Thus we have [Kf(z) = Kf(2')] S w(lz = 2'[)[|f]loo- O

3. Proof of Theorem 1.1

To prove that a function g belongs to the generalized Holder space A, (D),
we need a variant of the Hardy-Littlewood Lemma.

Lemma 3.1. ([1]) Let D C R"™ be a bounded domain with the C'-boundary
defining function p. If g is a C*(D)-function and w is a reqular magjorant such
that for some constant ¢y, depending on g,

wlp@))
|dg($)|§0g \p(m)\ ’ ED,

then we have
l9(z) —g(W)| < ¢ cqg w(lz —yl).

Lemma 3.2. For sufficiently small € > 0, w(t)/t1=¢ is decreasing.
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Proof. Put

Since w is a regular majorant, by the second term of the left hand side of (?7?),
it follows that

12
<1 w(x)
Zw(x)/w t—zdt— .
Thus it follows that
Flo)~ %) _ o),
x

We will show that, for sufficiently small € > 0, z€F(x) is decreasing. We choose
sufficiently small € > 0 such that

1
= ——zF'(x).
—oF(x)

Thus it follows that
(z°F(x)) = ex* ' F(x) + 2°F'(z) <0
and so that we get the result. (|

By Lemma 3.1, for the proof of Theorem 1.1, it is enough to prove the
following result.

Proposition 3.3. There exists a constant C,, > 0 such that

w(lp(2))]
|p(2)]

Proof. By differentiating under the integral sign in (4), one obtains dH f(z) =
G1f(2) + Gaf(z), where

A1C7)

A
sz / f/\ 2(5 )Z|47

where A;(¢,z) are smooth double forms, of degree 1 in z and type (2,1) in
¢, which satisfy A4;(¢,2)] < [¢ —z),j = 1,2. The compactness of bD, and a

d-HF ()] < Cullf a0 for = € D. (6)
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partition of unity, the estimation of Gy f(z) is reduced to proving the estimate

w(lp(2)])

()] < Cullflla, (D) 1p(2)]

for ze WnND,

where

B MOAL(C, )
Iz) = /bm KOG 2=

where V, W are neighborhoods as given in Lemma 2.1, and x has compact
support in V. Note that the new coordinate system in Lemma 2.1 satisfies
t2)(¢) = (0,t') for ¢ € V N bD, where t' = (tg,t3,t4). We choose ¢’ € V NbD
satisfying t(*)(¢') = (0,0, t3,t4). Then we have I(z) < I,(2) + I5(z), where

¢ _’/ oy (¢ (C)li)m(offf’z) do(Q)),
Al s
@=| [, JS e a0

It follows from the definition of || - |[5_(p) and the inequality |A; (¢, 2)| < [ — 2|
that

L(2) < 1 fllaueoy /b . |¢<<(|<>||§—)| 2(C). (7)

To estimate the integral of the right hand side of (7), we use the coordinate
system t, the inequality (3). We introduce polar coordinates in ¢/ = (t3,t4) €
R?, and set 7 = [t”|. Then we have

ot
Ii(z) S| flla, / dt
R Nl WO (AR P E T

1 rdr

S WEY /|tz<1°“('t2) [/0 (PErEI

1 w(tg)
S HfHAw(D)/O mdtz-

We may assume that 0 < |p(z)| < 1, since z € D is close to the boundary. We
decompose the integral as follows:

L w(ty) [P () ! w(ts)
/o &+ o2 "2 ‘/o (02 + ()2 dt2+/|p(z)| CERP Btk

By the first term of the left hand side of (1), we have

lp(2)] w(ty) lo(2)l w(|p(2)])
/o G+ 1o 2 ° TGz |/ 2 dns ()




226 H. R. CHO AND Y. S. SEO

By the second term of the left hand side of (1), one obtains

1 1
/ _ wly) S dty < / w(?)dtg
1o(2)) (B2 +1p(2)]) () 13

These imply
Li(2) S fllau o)

For I5(z), we need somewhat different method. An integration by parts
allows one to lower the singularity order of the Henkin kernel. This kind of
method was used in [11].

We see that
1 _ (9o (1
> \0tz) Ota \o)"

Therefore, by the integration by parts, we have

9\t 9 1\ £0,0,t")x(t)AL(H,2)
h@glﬂKl(mJ am(ﬁ ]2 a

3 w10 [0\ XA, 2) |
- /t/lélf(0,0,t 350 [<3t2) e 1 dt

_ " 1 aﬁ - ’ ’
- /t/lélf(070,t)¢(at2> B(, 2)dt

CPox)IA,2) | 06 9 (x(IAW,2)
ot3 |t/ Oty Oto |t']2 ’

In the second equality of (8), we have use the fact that f(0,0,t"”) does not

depend on ty. Since to = Im ¢, we have |0¢/0ta| > 1. Therefore we have

d !
&@smm/ t

i<t lollt[>

(®)

)

where

B(t',z) =

In [1], we proved that

dt’
T S I flleclp(2) ¢
/t’|§1 ol [t
Thus we have
Ir(2) S [ fllsolp(2)| ¢

By Lemma 3.2, for sufficiently small € > 0 we get

@I _ w2
P =0T = @l



GENERALIZED HOLDER ESTIMATES FOR THE H-EQUATION 227

Thus it follows that

I(2) ||f||oo“’fp’z(j>)|>

G f(2)] < IIfIIOOW.

The estimate for Go f(z) is exactly like the last part of the estimate for I5.
Thus we complete the proof of Theorem 1.1 by using Proposition 3 and
Lemma 3.1. (|

and so that
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