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LIGHTLIKE SUBMANIFOLDS
OF AN INDEFINITE QUATERNION KAEHLERIAN

MANIFOLD

Tae Ho Kang

Abstract. We introduce three classes of quaternion lightlike submani-

folds, screen real lightlike submanifolds and CR lightlike submanifolds of
an indefinite quaternion Kaehlerian manifold and study the geometry of

leaves of their distributions.

1. Introduction

It is well known that on an indefinite quaternion Kaehlerian manifold M̄
with an indefinite Riemannian metric ḡ there exists a 3-dimensional vector
bundle V of tensors of type (1, 1) with local cross section of almost Hermitian
structures {Φα;α = 1, 2, 3} satisfying certain conditions(cf. [7]). In case M is
nondegenerate submanifold in an indefinite quaternion Kaehlerian manifold M̄ ,
the theory of quaternion CR submanifolds of quaternion Kaehlerian manifolds
was introduced in [1]. In case of lightlike(or degenerate) submanifold M of
indefinite quaternion Kaehlerian manifold M̄ , several vector bundles involved,
for example, Rad(TM), S(TM), ltr(TM) and S(TM⊥), etc. (see section 2).
Therefore there would be several classes of lightlike submanifolds according to
the action of almost Hermitian structures {Φα;α = 1, 2, 3} on subbundles of the
tangent bundle TM . In this article we introduce the general notion of quater-
nion CR lightlike submanifolds, which is similar to the concept of lightlike CR
submanifolds of indefinite Kaehler manifolds([4]). We study the integrability
conditions of their distributions, and investigate the geometry of leaves of the
distributions involved in the induced quaternion CR structure on M. Contrary
to the nondegenerate case, but similar to the lightlike CR submanifolds of in-
definite Kaehler manifolds, they do not include the quaternion lightlike and the
screen real lightlike submanifolds.
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2. Preliminaries

In this section, we recall briefly some results from the general theory of
lightlike submanifolds(cf. [4]). An m-dimensional submanifold M immersed
in an indefinite Riemannian manifold (M̄, ḡ) of dimension n + m is called a
lightlike submanifold if it admits a degenerate metric g induced from ḡ whose
radical distribution Rad(TM) := TM ∩ TM⊥ is of rank r(1 ≤ r ≤ m), where

TM⊥ := ∪x∈M{u ∈ TxM̄ ; ḡ(u, v) = 0,∀v ∈ TxM}.

Let S(TM) be a screen distribution which is an indefinite Riemannian comple-
mentary distribution of Rad(TM) in TM , i.e., TM = Rad(TM) ⊥ S(TM),
where the symbol ⊥ denotes the orthogonal direct sum. We consider a screen
transversal vector bundle S(TM⊥), which is an indefinite Riemannian comple-
mentary vector bundle of Rad(TM) in TM⊥. Let (M, g, S(TM)) be a lightlike
submanifold of an indefinite Riemannian manifold (M̄, ḡ). For any local basis
{ξi; i = 1, · · · , r} of Rad(TM), there exists a local frame {Ni; i = 1, · · · , r} of
sections with values in the orthogonal compelment of S(TM⊥) in [S(TM)]⊥

such that ḡ(ξi, Nj) = δij and ḡ(Ni, Nj) = 0. It follows that there exists a light-
like transversal vector bundle ltr(TM) locally spanned by {Ni}. Let tr(TM)
(called a tranaversal vector bundle) be complementary (but not orthogonal)
vector bundle to TM in TM̄ |M . Then we have the following decompositions :

tr(TM) = ltr(TM) ⊥ S(TM⊥),

T M̄ |M = S(TM) ⊥ {Rad(TM)⊕ ltr(TM)} ⊥ S(TM⊥)
= TM ⊕ tr(TM).

We say that a submanifold (M, g, S(TM),S(TM⊥)) of M̄ is

case 1 : r-lightlike if r < min{m,n};
case 2 : co-isotropic if r = n < m, S(TM⊥) = {0};
case 3 : isotropic if r = m < n, S(TM) = {0};
case 4 : totally lightlike if r = m = n, S(TM) = {0}

and S(TM⊥) = {0}.
Throughout the paper Γ(•) denotes the smooth sections of the vector bundle
•. As TM and tr(TM) are complementary vector subbundles of TM̄ |M we
put

∇̄XY = ∇XY + h(X,Y ), ∀X,Y ∈ Γ(TM), (1)
∇̄XU = −AUX +∇tXU, ∀X ∈ Γ(TM), U ∈ Γ(tr(TM)), (2)

where {∇XY,AUX} and {h(X,Y ),∇tXU} belong to Γ(TM) and
Γ(tr(TM)), respectively. ∇ and ∇t are linear connections on M and on the
vector bundle tr(TM), respectively.

We note that the lightlike second fundamental forms of a lightlike subman-
ifold M do not depend on S(TM), S(TM⊥) and ltr(TM). According to the
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decomposition tr(TM) = ltr(TM) ⊥ S(TM⊥), (1) and (2) become in the form

∇̄XY = ∇XY + hl(X,Y ) + hs(X,Y ), ∀X,Y ∈ Γ(TM), (3)

∇̄XN = −ANX +∇lXN +Ds(X,N), N ∈ Γ(ltr(TM)), (4)

∇̄XW = −AWX +∇sXW +Dl(X,W ), W ∈ Γ(S(TM⊥)), (5)

where hl(X,Y ),∇lXN,Dl(X,W ) ∈ Γ(ltr(TM)), and hs(X,Y ), Ds(X,N),∇sXW
∈ Γ(S(TM⊥)).

Then, by using (1),(3),(4),(5) and the fact that ∇̄ is a metric connection, we
obtain

ḡ(hs(X,Y ),W ) + ḡ(Y,Dl(X,W )) = g(AWX,Y ), (6)
ḡ(Ds(X,N),W ) = ḡ(N,AWX). (7)

Denote the projections of TM on S(TM) and Rad(TM) by S and R, respec-
tively. From the decomposition TM = S(TM) ⊥ Rad(TM), we have

∇XSY = ∇∗XSY + h∗(X,SY ), (8)

∇Xξ = −A∗ξX +∇∗tXξ (9)

for X,Y ∈ Γ(TM) and ξ ∈ Γ(Rad(TM)), where {∇∗XSY,A∗ξX} and
{h∗(X,SY ),∇∗tXξ} belong to Γ(S(TM)) and Γ(Rad(TM)), respectively. It
follows that ∇∗ and ∇∗t are linear connections on distributions S(TM) and
Rad(TM), respectively. By using the above equations we obtain

ḡ(hl(X,SY ), E) = g(A∗EX,SY ), (10)
ḡ(h∗(X,SY ), N) = g(ANX,SY ), (11)

ḡ(hl(X, ξ), ξ) = 0, A∗ξξ = 0. (12)

In general, the induced connection ∇ on M is not metric connection, since

(∇Xg)(Y,Z) = ḡ(hl(X,Y ), Z) + ḡ(hl(X,Z), Y ), (13)

which is easily obtained by using (3) and the fact that ∇̄ is a metric connection.
However, it is important to note that ∇∗ is a metric connection on S(TM).

3. Quaternion Lightlike Submanifolds

Let (M̄, V ) be an almost quaternion manifold ( cf. [8])with a canonical
local basis {Φα;α = 1, 2, 3} of a 3-dimensional vector bundle V consisting of
tensors of type (1, 1) over M̄. Consider an indefinite Riemannian metric ḡ on
M̄ satisfying

ḡ(ΦαX,ΦαY ) = ḡ(X,Y ), α = 1, 2, 3 (14)

for any vector fields X,Y on M̄. Then (M̄, ḡ, V ) is called an indefinite almost
quaternion Kaehlerian manifold.

If the Levi-Civita connection ∇̄ of (M̄, ḡ, V ) satisfies
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∇̄XΦ1 = a3(X)Φ2 − a2(X)Φ3,

∇̄XΦ2 = −a3(X)Φ1 + a1(X)Φ3, (15)
∇̄XΦ3 = a2(X)Φ1 − a1(X)Φ2

for any vector field X on M̄ , a1, a2, a3 being local 1-forms over the open for
which {Φα;α = 1, 2, 3} is a local basis of V, we shall say that (M̄, ḡ, V ), or
simply M̄ is an indefinite quaternion Kaehlerian manifold.

Let (M, g, S(TM), S(TM⊥)) be a lightlike submanifold of an indefinite quater-
nion Kaehlerian manifold (M̄, ḡ, V ). For any vector field X tangent to M , we
put

ΦαX = φαX + ψαX, α = 1, 2, 3 (16)

where φαX and ψαX are the tangential and transversal parts of ΦαX, repec-
tively. Moreover, each φα is skew symmetric on S(TM).

A lightlike submanifold M of (M̄, ḡ, V ) is called to be quaternion if for any
α = 1, 2, 3

ΦαX = φαX, i.e., ΦαX ∈ Γ(TM), ∀X ∈ Γ(TM). (17)

Remark 1. Let (M, g, S(TM), S(TM⊥)) be a quaternion lightlike submanifold
of an indefinite quaternion Kaehlerian manifold M̄ . Then the distributions
Rad(TM) and S(TM) are Φα-invariant (α = 1, 2, 3). It follows that distribu-
tions S(TM⊥), ltr(TM) and tr(TM) are also Φα-invariant(α = 1, 2, 3).

Differentiating the equations (17) and comparing the tangential and transver-
sal parts, we get from Remark 3.1

(∇Xφ1)Y = a3(X)φ2Y − a2(X)φ3Y,

(∇Xφ2)Y = −a3(X)φ1Y + a1(X)φ3Y, (18)
(∇Xφ3)Y = a2(X)φ1Y − a1(X)φ2Y,

and
h(X,φαY ) = Φαh(X,Y ) = h(φαX,Y ), α = 1, 2, 3 (19)

for any vector fields X,Y on M.
Due to (18), the aggreate {M,φα(α = 1, 2, 3), g} is a singular quaternion

Kaehlerian manifold in a sense that the induced metric tensor g on M is de-
generate.

From (19) we have the following, which is the same result as in case of
nondegenerate submanifolds (cf. [3]).

Proposition 3.1. Any quaternion lightlike submanifold of an indefinite quater-
nion Kaehlerian manifold is totally geodesic.



LIGHTLIKE SUBMANIFOLDS 499

Proposition 3.2. Let (M, g, S(TM), S(TM⊥)) be a quaternion lightlike sub-
manifold of an indefinite quaternion Kaehlerian manifold (M̄, V, ḡ). Then
S(TM) is integrable if and only if

h∗(X,φαY ) = h∗(φαX,Y ), ∀X,Y ∈ Γ(S(TM)),

where α is 1,2 or 3.

Proof. Differentiating the equation (17) and comparing radical parts, we get
for any vector fields X,Y tangent to M

R(φα∇YX) = h∗(Y, φαX),

which implies that

R(φα[X,Y ]) = h∗(X,φαY )− h∗(Y, φαX).

Therefore h∗(X,φαY ) − h∗(Y, φαX) = 0 if and only if R(φα[X,Y ]) = 0 if
and only if φα[X,Y ] ∈ S(TM), i.e., [X,Y ] ∈ S(TM), which completes the
proof. �

Proposition 3.3. Let (M, g, S(TM), S(TM⊥)) be a quaternion lightlike sub-
manifold of of an indefinite quaternion Kaehlerian manifold M̄ . Then Rad(TM)
defines a totally geodesic foliation on M .

Proof. For any X,Y ∈ Γ(Rad(TM)) and Z ∈ Γ(TM) we get

ḡ(∇XY,SZ) = ḡ(∇̄XY,SZ)
= X(ḡ(Y,SZ))− ḡ(Y, ∇̄XSZ)
= 0,

since M is totally geodesic. Hence S∇XY = 0, which means that Rad(TM)
defines a totally geodesic foliation. �

4.. Quaternion CR lightlike Submanifolds.

Let (M, g, S(TM), S(TM⊥)) be a lightlike submanifold of an indefinite quater-
nion Kaehlerian manifold M̄. We say that M is a quaternion CR lightlike sub-
manifold of M̄ if the following conditions (A) and (B) are satisfied :
(A) Rad(TM) is a distribution on M such that

Rad(TM) ∩ Φα(Rad(TM)) = {0},∀α = 1, 2, 3;

(B) There exist vector bundles D0 and D′ over M such that

S(TM) = {⊕3
α=1Φα(Rad(TM))⊕D′} ⊥ D0,

Φα(D0) = D0, Φα(D′) = µα ⊥ να,∀α = 1, 2, 3,

where D0 is non-degenerate, µα and να are vector subbundles of S(TM⊥) and
ltr(TM), respectively.

Thus, we have the following decomposition

TM = D ⊕D′, D = Rad(TM) ⊥ ⊕3
α=1Φα(Rad(TM)) ⊥ D0. (20)
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Proposition 4.1. Let M be a quaternion CR lightlike submanifold of an in-
definite quaternion Kaehlerian manifold M̄ . Then we have for α = 1, 2, 3
(i) να is a non-zero totally lightlike vector subbundle of TM̄ |M ,
(ii) µα is a non-degenerate vector subbundle of S(TM⊥),
(iii) D′ is a degenerate distribution on M.

Proof. να is totally lightlike as a vector subbundle of the totally lightlike vector
bundle of ltr(TM). Suppose that να = {0}. Then D′ = Φαµα, which showes
that S(TM) is degenerate. This is a contradiction. Next, we suppose that µα
is degenerate. Then the condition (B) leads to a contradiction that S(TM) is
degenerate too. Finally, (iii) is a consequence of (i). �

Proposition 4.2. There exist no isotropic or totally lightlike quaternion CR
lightlike submanifolds on M̄ .

Proof. If M is isotropic or totally lightlike, then S(TM) = {0}. Hence condi-
tions (A) and (B) of the definition are not satisfied. �

Denote the projections of TM on D and D′ by P and Q, respectively. For
a quaternion CR lightlike submanifold M we put

ΦαX = fαX + ωαX, α = 1, 2, 3 ∀X ∈ Γ(TM), (21)

where fαX = ΦαPX ∈ Γ(D) and ωαX = ΦαQX ∈ Γ(µα ⊥ να). Then fα is a
tensor field of type (1, 1) on M and ωα is Γ(µα ⊥ να)-valued 1-form on M.

On the other hand, we set

ΦαU = BαU + CαU, α = 1, 2, 3 ∀U ∈ Γ(tr(TM)), (22)

where BαU ∈ Γ(TM) and CαU ∈ Γ(tr(TM)).
Differentiating (21) and (22) with (15), we obtain

Lemma 4.3. Let M be a quaternion CR lightlike submanifold of an indefinite
quaternion Kaehlerian manifold M̄ . Then we have for ∀X,Y ∈ Γ(TM) and
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U ∈ Γ(tr(TM))

(∇Xf1)Y = a3(X)f2Y − a2(X)f3Y +Aω1YX +B1h(X,Y ), (23)
(∇Xf2)Y = −a3(X)f1Y + a1(X)f3Y +Aω2YX +B2h(X,Y ), (24)
(∇Xf3)Y = a2(X)f1Y − a1(X)f2Y +Aω3YX +B3h(X,Y ), (25)
(∇tXω1)Y = a3(X)ω2Y − a2(X)ω3Y + C1h(X,Y )− h(X, f1Y ), (26)
(∇tXω2)Y = −a3(X)ω1Y + a1(X)ω3Y + C2h(X,Y )− h(X, f2Y ), (27)
(∇tXω3)Y = a2(X)ω1Y − a1(X)ω2Y + C3h(X,Y )− h(X, f3Y ), (28)
(∇XB1)U = a3(X)B2U − a2(X)B3U − f1(AUX) +AC1UX, (29)
(∇XB2)U = −a3(X)B1U + a1(X)B3U − f2(AUX) +AC2UX, (30)
(∇XB3)U = a2(X)B1U − a2(X)B2U − f3(AUX) +AC3UX, (31)
(∇tXC1)U = a3(X)C2U − a2(X)C3U − ω1(AUX)− h(X,B1U), (32)
(∇tXC2)U = −a3(X)C1U + a1(X)C3U − ω2(AUX)− h(X,B2U), (33)
(∇tXC3)U = a2(X)C1U − a2(X)C2U − ω3(AUX)− h(X,B3U), (34)

where (∇Xfα)Y := ∇XfαY − fα(∇XY ), (∇tXωα)Y := ∇tXωαY − ωα(∇XY ),
(∇XBα)U := ∇XBαU − Bα(∇tXU), (∇tXCα)U := ∇tXCαU − Cα(∇tXU) for
α = 1, 2, 3.

Theorem 4.4. Let M be a quaternion CR lightlike submanifold of an indefinite
quaternion Kaehlerian manifold M̄ . Then we have the followings :
(i) The quaternion distribution D is integrable if and only if the second funda-
mental form of M satisfies

h(X,ΦαY ) = h(ΦαX,Y ), ∀X,Y ∈ Γ(D);

(ii) The totally real distribution D′ is integrable if and only if the shape operator
of M satisfies

AΦαXY = AΦαYX, ∀X,Y ∈ Γ(D′),

where α is 1, 2 or 3.

Proof. From (26) ∼ (28) it follows that

h(X,ΦαY ) = Cαh(X,Y ) + ωα(∇XY ), ∀X,Y ∈ Γ(D).

Then taking into account that h is symmetric and ∇ is torsion free, we deduce

ωα([X,Y ]) = h(X,ΦαY )− h(Y,ΦαX).

It is clear that ωα[X,Y ] = 0 for any X,Y ∈ Γ(D) if and only if D is integrable.
Hence we prove assertion (i). Next, in a similar way, from (23) ∼ (25) we get

fα(∇XY ) = AΦαXY −AΦαYX ∀X,Y ∈ Γ(D′),

which proves assertion (ii). �
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Next, let {Ni; i = 1, · · · , r} be a basis of Γ(ltr(TM)) with respect to the
basis {ξi; i = 1, · · · , r} of Γ(Rad(TM)) such that {Nαi; i = 1, · · · , p} is basis
of να. Also consider an orthonormal basis {Wαa; a = 1, · · · , q} of µα. Then we
can restate (i) of Theorem 4.4 in the following form.

Corollary 4.5. Let M be a quaternion CR lightlike submanifold of an indef-
inite quaternion Kaehlerian manifold M̄ . Then the quaternion distribution D
is integrable if and only if the second fundamental form of M satisfies

ḡ(h(X,ΦαY )− h(Y,ΦαX), ξαi) = 0, i = 1, · · · , p,

ḡ(h(X,ΦαY )− h(Y,ΦαX),Wαa) = 0, a = 1, · · · , q,
where α is 1, 2, 3.

Theorem 4.6. Let M be a quaternion CR lightlike submanifold of an indefinite
quaternion Kaehlerian manifold M̄ . Then D defines a totally geodesic foliation
on M if and only if for any X,Y ∈ Γ(TM)

h(X,Y ) has no components in Γ(µα ⊥ να), α = 1, 2 or 3. (35)

Proof. Clearly, D defines a totally geodesic foliation on M, if and only if

∇XY ∈ Γ(D), ∀X,Y ∈ Γ(D). (36)

Using the first decomposition in (20) and D′ = Φα(µα ⊥ να), we know that
(36) holds if and only if

ḡ(∇XY,Φαξαi) = 0, ∀i ∈ {1, · · · , p}, (37)

ḡ(∇XY,ΦαWαa) = 0, ∀a ∈ {1, · · · , q}. (38)

By using (15), we get

ḡ(∇XY,Φαξαi) = −ḡ(h(X,ΦαY ), ξαi), (39)

and
ḡ(∇XY,ΦαWαa) = −ḡ(h(X,ΦαY ),Wαa). (40)

Since D is a quaternion distribution, our assertion follows from (37) ∼ (40). �

Theorem 4.7. Let M be a quaternion CR lightlike submanifold of an indefinite
quaternion Kaehlerian manifold M̄ . Then a totally real distribution D′ defines
a totally geodesic foliation on M if and only if for any X,Y ∈ Γ(D′) we have

h∗(X,Y ) = 0, (41)
AΦαYX has no component in Γ(D0), (42)
AΦαYX +Bαh(X,Y ) has no component in Γ(Rad(TM)), (43)

where α is 1,2,3.
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Proof. It is clear from (20) that D′ defines a totally geodesic foliation if and
only if

ḡ(∇XY,N) = ḡ(∇XY,Z) = ḡ(∇XY,ΦαN) = 0, ∀α = 1, 2, 3 (44)

for any X,Y ∈ Γ(D′) and Z ∈ Γ(D0), N ∈ Γ(ltr(TM)).
By using (1) and (2), we obtain from (44)

ḡ(∇XY,N) = ḡ(h∗(X,Y ), N), (45)

ḡ(∇XY,Z) = ḡ(AΦαYX,Z
′), Z = ΦαZ ′, (46)

and
ḡ(∇XY,ΦαN) = ḡ(AΦαYX +Bαh(X,Y ), N), (47)

where we have used (15) and the fact that D0 is a quaternion distribution. Our
assertion follows from (44) ∼ (47). �

Let M be a quaternion CR lightlike submanifold of an indefinite quaternion
Kaehlerian manifold M̄ such that both D and D′ define totally geodesic folia-
tions on M. Then M is locally represented as a product of S×S′ where S and
S′ are leaves of D and D′ respectively and both are totally geodesic immersed
in M. In this case we call M a QR lightlike product.

Theorem 4.8. Let M be a totally geodesic quaternion CR lightlike submanifold
of an indefinite quaternion Kaehlerian manifold M̄ . Suppose that there exists
a transversal vector bundle of M which is parallel along D′ with respect to the
Levi-Civita connection on M̄ , i.e.,

∇̄XU ∈ Γ(tr(TM)), ∀U ∈ Γ(tr(TM)), X ∈ Γ(D′). (48)

Then M is a QR lightlike product.

Proof. Since M is totally geodesic, it follows from Theorem 4.6 that D is a
totally geodesic foliation on M . The condition (48) and (2) imply that AUX =
0 for any X ∈ Γ(D′) and U ∈ Γ(tr(TM)). Hence both (42) and (43) hold.
Moreover, by using (11), we have (41). Thus, by theorem 4.7, D′ is a totally
geodesic foliation. Therefore M is a QR lightlike product.

�

A lightlike submanifold M of an indefinite Riemannian manifold is irrota-
tional([6]) if ∇̄Xξ ∈ Γ(TM) for any X ∈ Γ(TM) and ξ ∈ Γ(Rad(TM)).

From (3) we conclude that M is an irrotational lightlike submanifold if and
only if the followings hold :

hs(X, ξ) = 0, hl(X, ξ) = 0, ∀X ∈ Γ(TM), ξ ∈ Γ(Rad(TM)).

We say that a lightlike submanifold M of an indefinite quaternion Kaehlerian
manifold M̄ , is screen real if Rad(TM) and S(TM) are a quaternion distribu-
tion and a totally real distribution with respect to Φα, α = 1, 2, 3, respectively.
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Proposition 4.9. There exists a Levi-Civita connection on an irrotational
screen real lightlike submanifold of an indefinite quaternion Kaehlerian mani-
fold.

Proof. From (3) we have ḡ(hl(X,Y ), ξ) = ḡ(∇̄XY, ξ), ∀X,Y ∈ Γ(TM) and
ξ ∈ Γ(Rad(TM)). By using (14) and (15) we get

ḡ(∇̄XY, ξ) = ḡ(Φα∇̄XY,Φαξ) = ḡ(∇̄XΦαY,Φαξ),

where α is 1, 2, 3. Since ∇̄ is a metric connection we have

0 = ∇̄X ḡ(ΦαY,Φαξ) = −ḡ(∇̄XΦαY,Φαξ)− ḡ(ΦαY, ∇̄XΦαξ).

It follows from the above equations and M being irrotational that

ḡ(hl(X,Y ), ξ) = −ḡ(ΦαY, ∇̄XΦαξ) = −ḡ(ΦαY, hs(X,Φαξ)) = 0.

Hence hl = 0. Then the proof follows from (13). �

Proposition 4.10. A quaternion CR lightlike submanifolds are nontrivial.

Proof. Suppose M is a quaternion lightlike submanifold of an indefinite quater-
nion Kaehlerian manifold. Then we see from Remark 3.2 that radical distribu-
tion is invariant, which is not consistent with condition (A) of the definition.
Similarly, the case of screen real can be also argued. �
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