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ANALYSIS AND COMPUTATIONS OF LEAST-SQUARES
METHOD FOR OPTIMAL CONTROL PROBLEMS FOR
THE STOKES EQUATIONS

YouncMi CHOI, SANG DoNG KiMm, AND HYUNG-CHUN LEE

ABSTRACT. First-order least-squares method of a distributed optimal con-
trol problem for the incompressible Stokes equations is considered. An
optimality system for the optimal solution are reformulated to the equiv-
alent first-order system by introducing the vorticity and then the least-
squares functional corresponding to the system is defined in terms of the
sum of the squared H~! and L? norms of the residual equations of the
system. Finite element approximations are studied and optimal error es-
timates are obtained. Resulting linear system of the optimality system is
symmetric and positive definite. The V-cycle multigrid method is applied
to the system to test computational efficiency.

1. Introduction

Recently there has been an increased interest in mathematical analyses and
computations of optimal control problems for incompressible viscous flows.
Even though mathematical analysis and some computational methods were
studied, the efficient and feasible numerical methods are still needed to study.
To apply the fast and stable methods in numerical algorithm, we change the
unsymmetrical and indefinite system to a symmetric positive definite system
using FOSLS. One of the simple problem for simple flow is to minimize the
functional

(1) Tup.) = 5wl + 6]
subject to the stationary Stokes equations

(1.2) —vAu+Vp=f in Q,

(1.3) V-u=0 in Q,

(1.4) u=0 on 09,
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where uy is a given desired function. Here, 2 denotes a bounded convex polyg-
onal domain in R? or has C*'! boundary and u = (u1,u2)! a candidate velocity
field, p the pressure, f a prescribed forcing term and v the viscous constant.
Assume that p satisfies the zero mean constraint, fQ pdx = 0. The objective
of this optimal control problem is to seek a state variables u and p, and the
control f which minimize the L?-norm distances between u and uy and satisfy
(1.2)-(1.4). The second term in (1.1) is added as a limiting the cost of con-
trol and the positive penalty parameter 6 can be used to change the relative
importance of the two terms appearing in the definition of the functional.

For this purpose, a Lagrange multiplier approach has been studied exten-
sively; for example, see [2, 15, 18, 20, 21, 23, 24, 27, 28]. As a result one
may have a coupled optimality system related to two Stokes type equations
associated with state variables and adjoint variables. This optimality system
can be dealt with mixed finite element approaches. On the other hand, with a
connection with least-squares concept which has been a considerable attention
in the methods of least-squares type for fluid flow problems (see for example,
see [3, 4, 5, 8, 9, 10, 11, 12, 13]), one may convert the second-order optimal-
ity system into the corresponding first-order system by introducing physically
meaningful new dependent variables.

In this paper, using the state vorticity w = V x u of the state velocity u and
the adjoint vorticity z = V X v of the adjoint velocity v we reformulate the
coupled second-order optimality system as the coupled first-order optimality
system. These process enables us to avoid using the finite elements satisfying
LBB conditions and to reduce the number of unknowns and variables of the
first-order system comparing to using new flux variables. The proposed least-
squares functional is consists of the L? and H ! norms of residual equations of
the coupled first-order system of optimality system. Then following the tech-
niques in [12] the coercivity and continuity of such a functional can be shown
with respect to a product norm of appropriate H' and L? norms. Because the
computations of H~! norm is not feasible, we employ the computable inner
product using discrete solution operator corresponding to Dirichlet operator
(see [10, 11]). Further we will use the weighted L? inner product to compute
the H~! inner product (see [5]). For actual computations, we use the V-cycle
multigrid method with the Gauss-Seidel smooth iteration for a model problem.
By choosing a parameter, we will show several computation results.

The plan of the paper is as follows. We introduce the notation and prelim-
inary results that will be used throughout the paper in the remainder of this
section. In §2, we give a precise statement of the optimization problem and
prove that an optimal solution exists. Then we reformulate the optimality sys-
tems to the first-order system and define the L? and H ~'-norm least squares
functional. In §3, we obtain the optimal error estimates for least-squares finite
element method for the optimality system. Finally, In §4, some numerical tests
are performed.
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1.1. Notation and preliminary results

The standard Sobolev spaces H™(Q) and H}(Q) will be used with the as-
sociated standard inner products (-, ),, and their respective norms || - ||;. In
particular, for m = 0 we replace H™(£2) by L?(Q2) with the norm |[|-|| and inner
product (-, ), and denote L3(2) as the subspace of square integrable functions
with zero mean. For positive values of m the space H~™ () is defined as the
dual space of H{"(€2) equipped with the norm [[¢[|—m = SuPgye (o) m
where (-,-) is the duality pairing between H™(Q) and H{*(2). Define the
product spaces H{*(Q)? = % H*(Q) and H-™(Q)¢ = T, H~™(2) with
standard product norms. All subspaces are equipped with the norms inherited
from the corresponding underlying spaces.

For an introduction of vorticity of the velocity u, we define the curl of v for
a vector function v = (vy,v2)! as the scalar function V x v = 9,vy — 0yv1 and
denote by V+ the formal adjoint of Vx defined by V+p = (9,p, —9,p)*. Then
with these notations it follows that

(1.5) VAV x v = —Av + grad div v.

Because the constrained optimal control problem is the present topic of this
paper, we will make a lot use of the Stokes equations. First of all we recall the
H?' regularity of the weak solutions of the Stokes equations. The weak form of
the constraint equations (1.2)-(1.4) is then given as follows: seek u € Hg ()2
and p € L3(Q) such that

(1.6) va(u,v) +b(v,p) = (f,v) Vv e H(Q)?
(1.7) b(u,q) = 0 Vg€ L§(Q),

where (-, -) is duality pairing and

a(u,v)= [ Vu:Vvdx, VYu,ve H (Q)?
Q

b(u,q) = —/QqV-udx vu e HY(Q)?, vq € L*(Q).

Then, the (weak form of the) boundary value problem (1.6)-(1.7) is well-posed
and has a unique solution (u,p) € H(2)? x L3(Q) for any f € H=1(Q)? (see
[17]). The following stability condition is well known:

(1.8) [ally + [lpll < ClIF] -1,

where C' is a positive constant. From now on, a constant C' will denote a
positive quantity whose meaning and values change with context.
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2. Formulation and analysis of the optimal control problem
2.1. The optimization problem

We look for a (u,p,f) € HE(Q)? x LE(Q) x H1(Q)? such that the cost
functional

T p8) = 5 = wal? + 3P,
subject to the constraints which are the stationary Stokes equations (1.2)-(1.4).
The admissibility set U,q is defined by
(2.9)
Usa = {(u,p.f) € Hy()* x L§(Q) x HH(2)*:
J(u,p,f) < oo and (u,p, f) satisfies (1.6) and (1.7)}.

Then, (,p,f) is called an optimal solution if there exists an € > 0 such that
J (4, p,f) < T (u,p,f) for all (u, p,f) € Uyq satisfying [ju—1l|; +||p—p|| +||f —
f||_; < e. The optimal control problem can now be formulated as a constrained
minimization problem in a Hilbert space :

2.10 i .p.1).
(2.10) (wr’rfl)lreluadj (u,p,f)

The existence and uniqueness of an optimal solution of (2.10) is easily proven
using standard arguments in the following theorem.

Theorem 2.1. Given uy, there exists a unique solution (u,p,f) € Uyg.

Proof. We first note that Uyq is clearly not empty. Let {(u(™,p™ ()} be a
minimizing sequence, i.e., (u("),p(”), f(")) € Uyq for all n and satisfies

lim ~7(l.l(n),p(n)7 f(n)) = inf j(uapv f)

n—oo (u,p,f)EUqa

Using the fact [[f™[2 < 27(u®, p® £©) and (1.8), we deduce that the
sequence {|[u™|;} and {|[p™]/} and {||f(™|_1} are uniformly bounded. So,
we may then extract subsequences such that

£ o f in  H Q)2
p) ~ p in L3(Q),
ul") =4 in  H}(Q)?
u™) - q in L2(Q)2

for some (@, p,f) € HE(Q)? x L3(Q) x H~1()2. The last convergence results
above follows from the compact imbedding H}(Q)? << L?(Q)2. By process

of passing to the limit, we have that (Q,p, ) satisfies (1.6)-(1.7). Now, by the
weak lower semi-continuity of J (-, -, ), we conclude that (@, p,f) is an optimal
solution, i.e.,

inf  J(u,p,f) = lim inf 7 (™) p) £y = 7(q, p, f).
(u,p,f)EUaa i—00
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Thus, we have shown that an optimal solution belonging to U, exists. Fi-
nally, the uniqueness of the optimal solution follows from the convexity of the
functional and the linearity of the constraint equations. ([

2.2. The optimality system
From the Lagrangian
L(w,p,f,v,q:uq) =T (u,p,f) - (vAu—-Vp+1,v) = (V-u,q),

where J(-,-,) is defined by (1.1), one may derive an optimality system of
equations for the solution of (2.10). The constrained problem (2.10) can now
be recast as the unconstrained problem of finding stationary points of L(-). We
now apply the necessary conditions for the latter problem. Clearly, setting to
zero the first variations with respect to u,p,f,v and ¢ yields the optimality
system

—vAu+Vp=f inQ,
V-u=0 in{,
u=0 onodf,
(2.11) —VvAv+Vg+u=uy in{,
V-v=0 1inQ,
v=0 onodf,
f=v inQ.

Note that this system is coupled, i.e., the constraint equations for the state vari-
ables depend on the unknown controls, the adjoint equations for the Lagrange
multipliers depend on the state, and optimality conditions for the controls de-
pend on the Lagrange multipliers.

The strong form of the optimality system (2.11) may be written as first-order
systems of partial differential equations by introducing meaningful variables
w =V xuand z =V x v. The formal normal for this first-order systems
is not differentially diagonally dominant because of the optimality condition.
So, using the optimality condition f = ¥, we obtain the following optimality
system: find (w,u,p,z,v,q) € L2(Q) x H}(Q)? x L(Q) x L3(2) x HE(Q)? x
L3(9) such that

VVLUJ—I—V;D—X =0 in

1)
V-u=0 in(,
Vxu—w=0 in{),
(2.12) u=0 onodQ,
vWiz4+Veg+u=uy inQ,
V:-v=0 in{,

Vxv—z=0 in(,
v=0 onodf.
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2.3. Least-squares functional

In this section, we discuss of the continuous H ! and L? least-squares func-
tional on the space V where

V= L2(Q) x Hy(2)? x LE(Q) x L3(Q) x H}(Q)* x LE(N)

with a norm ||| - ||| as

1
1w, w,p, 2, v, @)lll = (lwl® + [l + llpI* + 120 + [IvIE + llal®) * -

The proposed least-squares functional is defined by the L?- and H ~!'-norms
of the residual equations of the system (2.12):

v
Flw,u,p,2,v,q:ug) = |[vViw+ Vp — gHz,l + IV -ul? + [|w = V x ul?
1
+5—2||1/VLz+Vq+u—ud||2_1
1 1
(2.13) +57||V~V\\2+5—2||Z—V><v||2.

Note that the weight 5% is used for the balance of state and adjoint equations.

The least-squares problem we consider is to minimize this quadratic func-
tional over V:

find (w,u,p, z,v,q) € V such that
(2.14) Flw,u,p,z,v,q:uq) = inf F(r,w,r, b, x, 2 : uy).

(T, w,r,,x,2)EV

In order to show the existence and uniqueness of the solutions of (2.14), the
ellipticity and continuity of the proposed least-squares functional should be
proven. One may note that the existence and uniqueness depends on § and v.

Theorem 2.2. For any (w,u,p,z,v,q) € V, there exist positive constant
C1(6,v) and Co(d,v) such that
(2.15)

Cilllw, w,p, 2,v, 9 II” < F(w,u,p,2,v,q:0) < Cof[|(w,u,p, z,v,9)[|*

Proof. The upper bound in (2.15) is straightforward from the triangle, Schwarz’
inequalities and definitions of H~!-norm.

To prove the lower bound in (2.15), we modify the techniques in [12]. We
assume that the domain Q is simply connected. Using Green’s formula (see
[17]), it follows that

(2.16)
1 2 1 2
SV < ul?+ SV x v

1 1 1
= (Vxu—w,qu)+g(w,Vxu)+5—2(va—z,va)+6—2(z,va)

SIS

1 1 1
(qufw,Vxu)+S(VLw,u)+6—2(vafz,Vxv)+ﬁ(VJ‘z,v)
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1 1, v 1
—S(qu—w,qu)—&—E(uV w—I—Vp—g,u)—&—E(p,V-u)
1 1 1 1 v, 1 1 1 1 1
and
(2.17)
Lo, 1 2
Slloll? + 5l
1 1 1 1
:g(w—qu,w)Jrg(Vxu,w)+ﬁ(z—va,z)+6—2(va,z)
1 1, 1 1,
:g(w—qu,w)Jrg(V w,u)Jr?(z—va,z)Jré—Q(V 2,V)
—E(W—quw)Jri(l/Vj‘erV fzu)Jri( V-u)
B TS L ST
1 1 1 1L v_ | 1 1 1 1 1

Combining (2.16) and (2.17), using the e-inequality and Schwarz’ inequality,
we have
(2.18)
1 2 1 o 1o 1 2
g”v xull” + (TQHV x viI*+ SHWH + §IIZII
2

_1 Cze 2oL _y 2 .
—glleu wl| +V5(VV w+ Vp 5,u)+V5(p,V u)
2

1 , 2. U 1 1 1 1
+52||V><v z|| +V(5V z+5Vq+5u,6v)+V5(q,5V V)

1 9 1 n V9 €1 9 2
SIV = w4 oVt Vo= T2+ 2l + Y - ul

IA

I xv = 2P 4T Ve Sul v+ el v
For any ¢ € HJ(2)? we have
(V9.0) = 0V 0+ Vp— ¥,6) ~ 1w,V x 6) + 2(v,0)
< (1094w + 9= Sles-+ vl + 511 ) ol
Hence, using the fact ||p|| < C||Vpl||-1, we have

v 1
219) Il <0 (Ivvre+ Vo T+l + 519 x v )

where C* is independent of § and v. In a similar way, we have
(2.20) lgll < ™ (IlvV2 + Vg +ul -y + vll2l| + |V x ull),

where C* is independent of v.
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Now from (2.18)-(2.20) and e-inequality, we have

1 1 1 1
IV xull® + IV x v + Sl + S 2]

Elc
52|

IN

1 1 v
SV X w0+ Tp = S+ S 9 x

aC 2 7 1 V2 1 2 2
+§7HV'U|| +T(63||1/V W+Vp*g||—1+763\|v'u|\ + eaf|w]|

1 1 1
+ — IV ul? +es]| =V x v|* + -V ull?) + 5 ||Vxv—z|?
€4 5 V<es
1
)

+c*(66||%vlz+

1
52|
1 2 620 1 2 620 1 2
VQ+511H—1+7H5VXV|| +7H5V'VH
1
)

1 v
+— =Vt +
€9 1)
1, 11 , 1
VQ+SU||—1+VTE6H5V‘VH +€7||gz||
1,1 2 €8 2 1 1 2
+ LISV P+ S x ull? + 129 v

where C' is independent of § and v. By collecting the same terms, it follows
that

(1 _ ﬂ _ 0*68>||V x ul|? + (1 - ez—c — ﬂ)%llv x |2

5 aE 5 7775
G- CDY el + (1-Cer) el
< %HV xu—w|?+ (i + 6360*)||VVJ‘LU +Vp— §||2_1
+ (?TC; 552*63 * 5% 55:;5)”V -l ||%v v %2”2
+ (é + 66(]*) H%VLz + %Vq + %uHQ_l

*
— +—+
V2 V2€6 €7 V268

(G o v,

2
IfWetake€1:62:§*C,€3:€6:%,64267:%,65:%andGS:

0
3C%)
then

(2.21) IV xal? + [V -ulf? + [V x v+ [V v+ o] + 2]
< Cik((57 I/) f(wvuvpvzavvq : 0)7
where
* *2
3max{1, % 2 o304 302 b ford <1,
Ci(8,v) = v o
3C+C* 2 5  3C*
2 = * * > 1.
36° max{1, —r 3 +C"+3C" + 5.2 } ford>1
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Combining (2.19) and (2.20), we have
(2.22) Il + llall* < € (8, ) F(w, u,p, 2,v,q: 0),

where C7*(6,v) = C§* max{v? 1} C;(d,v) for § > 1 and C7*(5,v) = C
max{v?, 1} C;(5,v)/63 for § < 1.

Therefore, combining (2.21) and (2.22) yields the conclusion (2.15). The
proof for general €, that is, when we assume only that 9 is C1!, now follows
by an argument similar to the proof of Theorem 3.7 in [17]. O

3. Finite element approximations

Using standard techniques of the calculus of variations one can show that
a minimizer of (2.13) out of the space V necessarily satisfies the variational
problem(Euler-Lagrange equation):

find (w,u,p, z,v,q) € V such that
(3.23)

= (VVLw—I—Vp—X,I/V%D—!—Vﬁ—z)_l—&—(v-u,v-ﬁ)

) B
1
—i—(w—qu,@—Vxﬁ)—|—ﬁ(VVLz+Vq+u,VVL2+V(j+ﬁ)_1
1 1
+§(V-V,V-9)+E(Z—VXV,Z—V><\7)

and

We can easily verify that the bilinear form B(+;-) is elliptic and continuous with

respect to the norm ||| - ||| in V, i.e., there exist positive constants Cy and Co
such that

(3.24) Cilll@, 0,5, 2,9, < B(@, 0,5, 7,9, 43,4, 5, 2,7, )

and

(3.25)

where both C and Cs depend on § and v and the linear form F'(+) is apparently
continuous. Thus, by the Lax-Milgram lemma, there exists a unique solution
(w,u,p,2,v,q) € V to the problem (3.23) and then may get the control f by
the optimality condition f = ¥ if it is needed.

For the finite element approximation, let 7; be a partition of the € into
finite elements, i.e., @ = Jgeq, K with b = max{diam(K) : K € 7;,}. Assume
that the triangulation 7}, is a quasi-uniform, i.e., it is regular and satisfies the
inverse assumption (see [16]). Let Vj := Wj x Uy x P, x W), x Uy, x Py



1016 YOUNGMI CHOI, SANG DONG KIM, AND HYUNG-CHUN LEE

be a finite element subspace of V with the following properties: there exist
a constant C' and integer r > 1, s > 1 and k > 1, for any (w,u,p,z,v,q) €
(HT () x HTH(Q)2 x H*(Q) x H™(Q) xH*T1(Q)2 x H*(Q))V and a pair
(wmpmzmqh) € Wy, x P, x W}, x P, such that

(3.26) [ = ¥nll + hllY = nllr) < CRT[[],

where 1 is w, p, z or ¢ and the space S}, is either W}, or P, corresponding to
wp, OF pp, qpn, there exists a pair (up, vy) € Uy x Uy, such that

(3.27) inf ([|w —wal| + hllw — wi 1) < CRF|wl|s1,
wpeUy

inf (
YR ESh

where w is u or v.

Note that typical finite element spaces consisting of continuous piecewise
polynomials with respect to quasi-uniform triangulations satisfy (3.26), (3.27).
Then, the finite element approximation to (3.23) becomes:

find (wp, un, Ph, 2n, Vi, qn) € Vi, such that
(3.28)

B(wh, U,y Phy Zhs Vi, Qi @hy Qs Phiy 2y Vi, Gn) = F(On, Uk, Phy 20, Vi, Gh),
Y(@n, Qs Phy Zhs Vi, Gn) € Ve

Theorem 3.1. Let (w,u,p,z,v,q) € V be the solution of the problem (3.23)
and let (wp, Up, Dhy 2k, Vi, qn) € V1, be the solution of the problem (3.28). Then
we have

(329) |H(w7 u,p,z,v, q) - (whv Up, PhyZhs Vh, Qh)H|

g C - i_l'lf~ N |||(w7u7p7z7vaq)_(a)haﬁhaﬁh7§h,{’h76h)||‘
(©n,n P20,V 1,Gn)EVR

and, if (w,u,p,2,v,q) € H"(Q) x H*1(Q)2 x H¥(Q) x H"(Q) xH*TH(Q)2 x
H*(Q) for somer > 1,8 >1 and k > 1, then also
(3.30)

|||<w7u7pvzaV7Q) - (wh?uhaphvzhavh;Qh””

1
< O wlf? + B a3y + B2F Dl + B2 |21 + B> (V3 + 2% (lal7) 2,
where C' depends on 6, v and the domain Q and the ratio of the constants Cy

and Cy in Theorem 2.2.

Proof. Tt is easy to show that the error (w—wp, u—up, p—pp, 2—2p, V—Vp,q—
qn) is orthogonal to V}, with respect to the bilinear form B(-;-). Standard
finite element analyses and (3.24)-(3.25) yield the error estimate (3.29) and the
approximation properties (3.26), (3.27) leads to (3.30). O

Corollary 3.1. Let the hypotheses of Theorem 3.1 hold. Let the approrimate
control be defined by f, = % Then

N , . N
1=l -1 < CR lwlZ4+h* [ullZ 1 +R2 plIE+R" 2174+ R VI +h lql1F) 2

S

Proof. The result follows from (2.11) and (3.30). O
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If we use continuous piecewise quadratic polynomials for the approximation
of the velocity and continuous piecewise linear polynomials for the approxima-
tions of the vorticity and pressure, i.e., 7,8,k = 2, the we get the following
error estimate

|H(w,u,p,Z,V,Q) - (whauhvphvzhvvhv(pl)m
1
< CRA(J|wll3 + lallz + 125 + [1215 + VI3 + llal3)z,

which is optimal with respect to the finite element functions used. (3.30) shows
that error bounds for the velocity obtained here is the best approximation in
the subspace Uy, but one may see that the error estimates for the vorticity
and pressure are one order less than the best approximation in the subspaces
Wp, and Pj,. However, the use of a single approximating space for all variables
simplifies the programming of the finite element methods.

Although the bilinear form B(-; -) appears attractive from the point of view of
stability and accuracy, its computation is not feasible because of the evaluation
of the H~1(2)? inner product. Following [10], we can employ the H ()2
inner product using a computable operator Tj,. Let A, : H'(Q)? — U,
be the discrete solution operator w = flhg € Uy, for the Dirichlet problem.
Assume that there is a symmetric positive definite preconditioner operator
Ay, : H1(Q)? — U, for A;, which is spectrally equivalent to Aj,. Then for a
fixed positive constants «y, define

Ty, = h2I, + YAy,

where I, denotes the identity operator on Up. It is also known that the
H~1(Q)? inner product (-,-)_; can be replaced by the equivalent discrete inner
product such that (T}, -, -) (see [10]). Now, let us define the discrete counter-
parts of the bilinear form B(-;-) and the linear functional F(-) such that

= (Th(vViw + Vp — %),uvﬂa+w§— g) +(V-u,V-a)
1
+(w—Vxud-—Vx ﬁ)+5—2(Th(1/Vlz+Vq+u),VVL2+V(j+ﬁ)

1

+52

1
(V~V7V~\7)+5—2(2—VXV,Z—VX\7)

and
~~~~~~ 1 - .
F,(o,0,p,%2,v,q) = 5—2(Th(ud), vWVLZ 4+ Vi+a).
Then, the discrete variational problem corresponding to (3.23) becomes:
find (wp, Un, P, 2h, Vi, qn) € Vi, such that

(3.31)



1018 YOUNGMI CHOI, SANG DONG KIM, AND HYUNG-CHUN LEE

A simpler approach to compute the H~1(Q)? inner product is to use a
scale argument (see [5]) which replaces [[vV+w + Vp — ¥||2; by the weighted
L?(Q)%-norm h?|[vV+tw + Vp — ¥|? instead of the discrete negative norm
(Th(l/va +Vp—3%), vVEo +Vp — %) This is nothing but to take v = 0 in
the problem (3.31), i.e., we take Ty, = h% I;,. Then, we have

- h2(1/VJ‘w+Vp—%,VVHD+V}3—%)+(V~U,V~&)
2

h
Jr(wfou,chV><ﬁ)Jr6—2(Vvl2+Vq+u,VVl2+th+ﬁ)

1 - 1 . -
+67(V~V,V~V)+6—2(Z—VXV,Z—VXV)

and

is equivalent to a linear algebraic system:

K, ¢ ¢ o ¢l o
C, K o ¢ o cf
C, 0 Ky 0o C¥ o
0 C; o0 Ky ct ot
C, 0 C; CF Ky 0
0o G 0 C; o K3

Indeed, we chooses bases {W;},, {U;}"_; and {P;};_, for W}, Uy, and Py,
respectively, and we then have wy, = >0 w;Wi, wp = >0 wU;, pr =
Sy Pz = > aWi, v, = > v U and g, = Y., ¢;P; for some
sets of coefficients {w; Y7, {w;}Pq, {piti_i, {z:} 7, {vi}; and {¢;}]_; that
are determined by solving (3.32). In (3.32), we have that & = (w1,...,wn)7T,

(3.32)

Q Qe 21 &y

SLOoOm O O

d=(ur,...,u)’, 7= (p1,...,p)°, 2= (21, .., 2)T, V= (v1,...,v,)T and
7= (q, - q)7",
(Ky)ij = W2A(VEW,, VAEW,) + (W, W5) for i, j=1,...,m
h2p? 1
(K3)ij = 5 (VLWj,vLWiwé—Q(WJ—,Wi) fori,j=1,...,m
h2

(K2)ij = (V- U;, V-Us) +(V x U;, V x U;) + ﬁ(Uj,UZ—) fori,j=1,....,n
(K3)ij = h*(VP;,VP,) fori,j=1,...,r

h2
(K;)i]‘ = ﬁ(VP],VPl) for i,j = 1, ceey T

1 1 h? .
(K4)ij = 5—2(V -U;,V - UZ)—&—E(V x U,V x Uz)""g(UWUz) fori,j=1,...,n
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((Cl)ijz—(Wj,VXUi) fori:l,...,n, j:l,...,m
1
(Ci)ljz—ﬁ(WJ,VXUZ) fO]."i:].,...7’I’L, j:].,...,m

(Cy)ij = W2 u(VEW;, VP) fori=1,...,r, j=1,...,m

N h?v | . .
(Cz)ij:(s—Q(V WJ,VPZ) fOI‘Z:L...,’I“,j:l,...,m
hQV n . .
((C?’)ij:(;T(Uj’v W) fori=1,....m, j=1,...,n
h?v | , ,
((C4)ij:—T(V W;,U;) fori=1,...,n, j=1,....,m

h2
((C5)ij:—?(VPj,Ui) fOI‘iZl,...,n,j:L...,T
h2
((CG)ijzﬁ(UjavPi) fori:l,...,r,j:l,...,n
2
()izﬁ(ud,Ui) fori=1,...,n
2
(g)z = %(ud,VLWi) for i = 1,....m
- h2
(h); = E(ud,VPi) fori=1,...,m

Remark 3.1. It easily follows from Theorem 2.2 that the coefficient matrix in
(3.32) is symmetric and positive definite. Moreover, all four coefficient matri-
ces Ky, Kj, Ky, K3, K%, and Ky of the linear systems in (3.32) are themselves
symmetric and positive definite.

4. Numerical experiments

In this section, we present computational study of the problem (3.32) in a
unit square domain = (0,1) x (0,1) C R%. The domain 2 is triangulized uni-
formly with the grid interval h ranging from 22 to 275 for each direction. We
use the single approximating space of continuous piecewise linear polynomials
for the approximations of all unknowns. Although our analysis does not in-
clude the error estimate in that case, we expect to observe rates of convergence
O(h?) for the L? error |[u —uy]|.

The norms are all discrete norms measured by the five-point Gaussian quad-
rature rule in each triangle based on the triangulation 7. We use the multigrid
V-cycle method with the Gauss-Seidel smoothing iteration. We set the toler-
ance of the errors to be 10~# and the maximum number of iterations to be 300.
We tested the problem with the following simple desired state (target velocity)
uy(z,y) = (u(z,y),v(z,y)) is chosen where

w= 2 o@)ot) and v=—Lo(e)o()
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TABLE 1. The norms [[u, —ugl|, || f4]| and J(un,pp, fn) when
h=1/16.

[0 [Mun—wal [ I8l [ Tn,paf) |

1 1.2745e-01 || 2.0007e-03 8.1239¢-03
10~1 || 1.2682¢-01 || 1.9950e-02 8.0610e-03
10~2 [[ 8.5708e-02 || 1.3286e-01 3.7612e-03
1073 || 6.6866e-03 || 4.9484¢-02 2.3580e-05
10~ || 2.2184¢-03 || 4.4086e-02 2.5578e-06
1075 || 2.2016¢-03 || 3.9161e-01 3.1903e-06

TABLE 2. The norms ||u, —uyl|, || fr]| and J(up, pn, fr) when
h=1/32.

|6 [ —ual [ [l [ T(un,pn fa) |

1 1.2745e-01 || 2.0546e-03 8.1241e-03
10~ T [[ 1.2694e-01 || 2.0650e-02 8.0786e-03
10~2 ][ 8.3699e-02 || 1.2757e-01 3.5841e-03
1073 || 4.6848e-03 || 3.8286e-02 1.1707e-05
10~% || 4.4948¢e-04 || 3.2202¢-03 1.0154e-07
107° || 4.0933e-04 || 3.6678e-02 9.0500e-08

and

#(2) = (1 — 2)%(1 — cos(nz)).
The initial velocity and adjoint variable are set to zeros. We examine the effects
of changes in the penalty parameter §. To show the effects of the d, we report
the discrete L%-norm distances between the desired states uy and controlled
state uy, the norm of control f;, and the value of the cost functional J. All
computations were carried out with v = 1.

In Table 1, we present numerical results for the cases 6 = 1,101,102, and
so on. For the case h = 1/16, we see that the L? error |ju, — ug| goes to
zero as 0 goes to zero. Table 2 shows the numerical results when h = 1/32
is fixed. We have a phenomenon similar to those of Table 1. Figures 1 and
2 illustrate that the numerical solution u; converging to target velocity ug.
In Figure 1, we display the target velocity and approximate velocities for 6 =
1071,1072,1073,10~* when h = 1/16 is fixed. In Figure 2, the approximate
velocity uy, is similar to the target velocity ug for § = 10~* when h = 1/32 is
fixed. Figure 3 show the graph of control f for § = 10741075 when h = 1/16
is fixed.
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Target function "'"u"

09
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07
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04
03
02
0.1
% 02 0.4 06 08 1
; approximate velocity "u" approximate velocity "u"
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03
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FIGURE 1. Target velocity ug(top), controlled velocities for
different values of d; 6 = 1071,1072,1072,10~* (from top to
bottom and left to right) when h = 1/16.
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Target function "u;" approximate velocity "u"

0 0.2 0.4 0.6 0.8 1

FIGURE 2. Target velocity v.s. controlled velocity for 6 =
10~* when h = 1/32

approximate control "f" approximate control "f"

FIGURE 3. control f for 6 = 107%, § = 107°, when h = 1/16

TABLE 3. The norms [up, — ug||, ||/l and J(up, pn, fr) with
convergence rate for § = 107=.

Lh L lan—wafl [ Il T, pn,fe) |
1/4 || 3.6726e-02 1.5375e-00 || 7.9258e-04

1/8 || 8.9823e-03 2.03 || 3.3640e-01 || 4.5999e-05 4.11
1/16 || 2.2184e-03  2.02 || 4.4086e-02 || 2.5578e-06 4.17
1/32 || 4.4948e-04 2.30 || 3.2202¢-03 || 1.0154e-07  4.65

For the cases § = 107%,1075, Tables 3 and 4 show the numerical results
with convergence rates. Table 3 shows the discretization approximate error
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TABLE 4. The norms |[uy, — ugl|, ||f»] and J(up, pp, frn) with
convergence rate for § = 107°.

LA [ wn—wafl [ Il [ JCan,pnfa) |
1/4 || 3.6725e-02 1.5737e+01 || 1.8560e-03

1/8 || 8.9950e-03 2.03 || 3.3424e-00 | 9.6315e-05 4.27
1/16 2.2016e-03 2.03 || 3.9161e-01 || 3.1903e-06 4.91
1/32 || 4.0933e-04 2.43 || 3.6678e-02 || 9.0500e-08 5.14

bound of ||uy, — ugy|| and J(up,pp, fr) are like O(h?) and O(h*), respectively.
In Table 4, we have the numerical results similar to those of Table 3. But the
norm of control f of Table 4 is a little larger than that of Table 3. In the case
of 6§ =1,1071,...,1072, we don’t have the predicted error bound. In this point
of view, the choice of § = 10~* seems to be the best choice among the present
result for fixed v = 1.
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