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ON COMPLEX FINSLER SPACES WITH RANDERS METRIC

NICOLETA ALDEA AND GHEORGHE MUNTEANU

ABSTRACT. In this paper we introduce in study a new class of complex
Finsler spaces, namely the complex Randers spaces, for which the funda-
mental metric tensor and the Chern-Finsler connection are determined. A
special approach is devoted to Kéhler-Randers metrics. Using the length
arc parametrization for the extremal curves of the Euler-Lagrange equa-
tions we obtain a complex nonlinear connections of Lorentz type in a
complex Randers space.

1. Introduction

The real Randers metrics were first introduced by G. Randers in the con-
text of general relativity and they were applied to the theory of the electron
microscope by R. Ingarden [11]. The importance of real Randers spaces is
also pointed out in [6] and the obtained results are remarkable. Recently, it
was shown that the real Randers metrics are solutions to Zermelo’s navigation
problem ([8]) and the classification of real Randers metrics of constant flag
curvature was finally completed ([6, 8, 21, 13]).

As compared to the real case, in complex Finsler geometry there are not
so many known classes of complex Finsler metrics. Besides the significant
Kobayashi and Caratheodory metrics (see [1]), which quickened the study of
such Finsler geometry, we know two rather trivial classes of complex Finsler
metrics: the complex Finsler metrics which come from Hermitian metrics on the
base manifold (the purely Hermitian metrics in [15]), and the locally Minkowski
complex metrics. Therefore, any new class of complex Finsler spaces with some
meaning in both theory and applications is welcome.

In the present paper, we have three goals. The first goal is to introduce the
complex Randers metrics, i.e., complex metrics constructed from just two pieces
of familiar data: a purely Hermitian metric and a differential (1, 0)-form, both
globally defined on an underlying complex manifold. We show that the com-
plex Randers metric thus built is a complex Finsler metric (Theorem 2.1). We
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determine the fundamental metric tensor of a complex Randers space (Proposi-
tion 2.1), its inverse and determinant, (Proposition 2.3). Moreover, a complex
Randers metric also produces another invertible d-tensor, (Proposition 2.4). By
deformation of some purely Hermitian metrics we obtain examples of complex
Randers metric.

The second goal is to find the conditions such that a complex Randers space
is weakly Kéhler or moreover, strongly Kéhler. A special attention is devoted
to a class of complex Randers metrics with an additional assumption. We find a
necessary and sufficient condition that such a complex Randers metric should
be weakly Kéhler (Proposition 3.1) and also some outcomes about strongly
Kéhler-Randers metrics, (Propositions 3.2, 3.3). At the end of Section 3 our
results are applied to some examples, better illustrating the interest for this
work.

Our third goal is the study of the variational problem for the Lagrangian
of a complex Randers space. This approach is somewhat different than the
classical one known in complex Finsler spaces ([17, 15]). As in the real case,
[14], using the canonical parametrization for the extremal curves of the Euler-
Lagrange equations, we obtain the Lorentz equations of a complex Randers
space and from these a complex nonlinear connection of Lorentz type is deduced
(Proposition 4.3).

The study that we made in this paper often contains computational argu-
ments (cf. real case), some of which are presented in detail here while in other
cases we resumed to only sketching the essential ideas. In our view, the effort
to decipher these computations is rewarded by the fact that this paper offers a
new interesting class of complex Finsler spaces.

A first draft of this paper was presented at Nat. Sem. on Finsler, Lagrange
and Hamilton spaces, Bragov, Sept., 2006. A short outline of these results will
be found in the Seminar’s volume and some ideas were already cited by B. Chen
and Y. Shen in a recent work ([9]). The present paper completes and clarifies
better the idea of complex Randers space. Moreover, we hope that this class of
metrics will offer a geometrical model, especially for quantum physics theories.

In the following, let us briefly set the basic notions which are needed; for
more information see [1, 15].

Let M be a complex manifold, dimc M = n. The complexified of the real
tangent bundle Tc M splits into the sum of holomorphic tangent bundle T’ M
and its conjugate T” M. The bundle 7'M is in its turn a complex manifold,
the local coordinates in a chart will be denoted by u = (2*,n*) and these are

changed by the rules: 2’* = 2% (2), n'* = %Z; n?. The complexified tangent
bundle of T"M is decomposed as To(T'M) =T'(T"M) & T"(T'M). A natural
local frame for 77, (7" M) is { 52, %}, which have changes by the rules obtained
with Jacobi matrix of above transformations. Note that the change rule of %
contains the second order partial derivatives.
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Let V(T'M) = kerm, C T'(I"M) be the vertical bundle, spanned lo-
cally by {%} A complex nonlinear connection, briefly (c.n.c.), determines
a supplementary complex subbundle to V(T'M) in T'(T'M), i.e., T'(T'M) =
H(T'M) & V(T'M). 1t determines an adapted frame {55 = -2 — N,za%j},
where N,g(z,n) are the coefficients of the (c.n.c.), ([1], [2], [15]).

A continuous function F' : 7'M — RT is called complex Finsler metric on
M if it satisfies the conditions:

i) L := F? is smooth on T"M := T'M\{0};

ii) F(z,n) > 0, the equality holds if and only if n = 0;

iii) F(z,An) = |\F(z,n) for VA € C;

iv) the Hermitian matrix (gij(z,n)), with g;; = %, called the funda-
mental metric tensor, is positive definite.

The pair (M, F) is called a complex Finsler space. The iv)-th assumption
involves the strongly pseudoconvexity of the Finsler metric F on complex in-
dicatrix Ip, ={n € T/M | F(z,n) <1} .

Further, in a complex Finsler space a Hermitian connection of (1,0)-type

has a special meaning, named in [1] the Chern-Finsler connection. In notations
from [15] it is DTN = (L%;,0,C%;,0), where

oF . ) 850 ON? ) O
z_nglml, z_ngjm_ k . z_ngjm

(1.1) Nij=g 02 n s Lijp=g9 5k o Cir=9 k-

Now, let us recall that in [1]’s terminology, the complex Finsler space (M, F)
is strongly Kdhler if and only if L;k — L};j = 0, Kdhler if and only if (L;k —
L)’ = 0 and weakly Kihler if and only if g;(Li, — Lj;)n’n' = 0. In the
particular case of purely Hermitian metrics, that is 95 = gij(z), those three
nuances of Kéhler coincide ([18]).

For the vertical section £ = nkék, with 9, = %7 called the Liouville

complex field (or the vertical radial vector field in [1]), we consider its horizontal
lift x := n¥6y, (6 := 5%)

According to [1, p. 108] and [15, p. 81], the holomorphic curvature of the
complex Finsler space (M, F') in direction 7 is

(12) Kr(zm) = 75GROG DX D),

and locally it has the following expression (see [3])

CF

2 _
(1.3) Kr(z,m) = — Rj'n", where Rj, = —g;;6, (NL)7".

L2

More informations can be found in [1, 2, 3, 15, 18].
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2. Complex Randers spaces

Following the ideas from real case, [6, 8, 21, 13|, we shall introduce a new
class of complex Finsler metrics. We consider z € M and n € T/ M, n = n’ 821"
On M let

® a:=a; (2)dz* ® dz’ be a purely Hermitian positive metric and

e b=1b;(2)d2" be a differential (1,0)-form.

By these objects we define the function F on T'M

(2.1) F(z,n) = a(z,m) + |B(z,n),
where
(2.2) alz,n) + =4[ ag(z)n'ni;
1B(z,m)| = +/B(z,m)B(z,n) with B(z,n) = bi(z)n’.

By analogy with the real case, we call the function from (2.1) the complex
Randers metric and the pair (M, a + |8|) a complex Randers space. Such a
metric is only quoted as an example of complex Finsler metric in [10, 20].

Our goal in the sequel is to find the circumstances in which the function
(2.1) is a complex Finsler metric. Some remarks are immediate. Due to the
presence of ||, the complex Randers metric F' := a+|f]| is positive and smooth
on T"M\{0}. The complex Randers metric is purely Hermitian if and only if
[ vanishes identically.

Obviously, the function L := F? = (a+|3])? depends on z and n by means of
the real valued functions a := a(z,7) and || := |3(z,n)|. Moreover « and (3 are
homogeneous with respect to 7, i.e., a(z,A\n) = |Na(z,n), B(z, An) = A\3(z,7)
for any A € C, thus L(z, A\n) = A\L(z,n) for any A € C, and so the homogeneity
property implies

a . 1 o1
gninz =5a; aalenl = §|ﬂ\ i Lo =L =2F; aLq+|B8|L g = 2L;
aLaa + |B1Lajs) = La 3 alaip) + |B1Lis18 = Lip;
0’ Lo +20|B|Lajg) + |B° Ly 8 = 2L,

= OL = 9L
L‘ﬁl = TB" Laa = da2> etC.

oL
Ja”?

The main issue that needs to be checked is the strongly pseudoconvexity of
the complex Randers function. First we shall determine the fundamental tensor
of the complex Randers space (M, + |3|), i.e., g;; = 8*(a+ |3])* / On' i .
For this, let us consider the settings

) 1 ) 3
(2.3) a _ 1, 9B,
on’ 201 ont 2[p
b i=al'b; ; ||b]]? == a’"bib; ;v =L+ P(|[b]]* - 1);
oL foJe’ a|p] F Fp3
1 =—=—=Ly—+L - = —, + —b;,
o’ ot o T T g

where L, :=
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where I; := a5 and (a’’) is the Hermitian inverse of (a,;) matrix.
Proposition 2.1. The fundamental metric tensor of the complex Randers met-
ric F:= a+ |0 is given by

F F 1
24 == —h;; + ——bib: + —n13,
( ) gl] a 1] + 2|ﬁ| 7 + 2L77 77_]
where h;; := a;; Q;LQZ l=.
Proof. Indeed, from g[ = ggj = Lol o 377 + Lol (‘?9\5) gs{ + %%Inﬁil) +
elrcaRelrel 918
Ligis1 55 a7 T Lo52 oy anJ + Lig| 57677 and (2.3), we deduce (2.4). O

The next goal is to find the formulas for the determinant and the inverse
of the fundamental tensor g;;. The solution is obtained by adapting Propo-
sition 11.2.1, p. 287 from [6] for an arbitrary non-singular Hermitian matrix
(Q;3)- The result is,

Proposition 2.2. Suppose: B

e (Q;3) is a non-singular n X n_complex matriz with inverse (Q7%);

o C; and C; := C;,i=1,...,n, are complex numbers;

o (= QﬁC’j and its conjugates; C? := C'C; = C'Cy; H;; = Q;; = CiC5.
Then

i) det(H;;) = (1 £ C?)det(Q;5);

ii) Whenever 14 C? # 0, the matriz (H;3) is invertible and in this case its
inverse is Hi* = Qi* Ciod.

1
1+C?

Proposition 2.3. For the complex Randers metric F:= a + |3| we have

g BB +15D s 0% s @ 5
J1 __ _71 7 _ 2N 257\ .

i) g —Fa Iy F'ybb] F’y(ﬁnb + B0 ;

. F\" v

i) det (g;5) = (a) %ald] det (a;) -

Proof. To prove the claims we apply the above Proposition in a recursive algo-
rithm in three steps. We write g5 from (2.4) in the form:

F 1
o= (a4 — =—lil; + )
9T (a” 202 2|,6’| 2LF’7773>

1) In the first step, we set Q;; := a;; and C; := ﬁli. By applying the

Proposition 2.2 we obtain Q7" = af?, C? = %, 1-C? = % and O = a%/ini.
So, the matrix H,;; = a;; — 5o5ll; is invertible with HI" = o' + Lyin/ and
det (a;; — 5izlil; ) 3 det (a;5) -

2) Now, we consider Q;; = a;; — ﬁlilj and C; := ﬁbi. By applying
the Proposition 2.2 we obtain this time:

N
Qﬂ =a" + ?77%77],
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o (51 o2|Ib|J? + 6]

C? = — (@' + 50" | bib; = —————
21| ( * 2””) i3 201]

1+C% =
2a Iﬁl

i | @ [ G 1 _ a i ﬁz
C‘\/2|/6|<“J+2””)”J o (¥ )

It results that the inverse of H,; - Qizl = + 2%|b b; exists and it is

Hj-:a]Z—F?????J—T( )(bj+a277j)7and

1 «a ol 1 ol
det = ll det ——Ll= ) = det
et (05~ gt + gt > s 2t (05~ 53 ) Jalg) 3¢t (@)

3) Finally we put Q;; = a;; — 2azl 5 +2“’é|b b; and C; := /575ni- From
here, we obtain

ji i Lo o BN (. B

« =, 1 . . a? i B i . ﬁ,‘
C? = S5LF [a“+a277’77’ - (b +04277) <bj +0[277J)] nin; =1,

1+C%=2,

and

and

i:LEilfizB"jﬂ—j,_QF .
¢ \/QLF[Q MU U v )| 2LF

By Proposition 2.2 it results that the inverse of

Hi: =a; ll i
ij = Qi — +2\5I QLan

- - 1 . . 2/ 3\ /- . 1 . .
H' = d' + —n'if — “ <bZ + ﬁﬁ) (b] + 5277]> - ="
« ¥ « « «

is

F
and
1 1 o
det | a;; — 5—lil; i = 2det | a;; — 5—Ll;
o (o= g g + ) =20 (0 = et + g
i
det
20| (25)-

But, g;; = FHU, with H;; from 3). Thus, g = %H3i and det (g;;) =
(g)n det (H;;) . From here, immediately results i) and ii). O

Having the formula for det (g;7), we can say that g;5(z,7) is positive definite
if and only if v > 0 at each nonzero n in T, M. So we have proved:

Theorem 2.1. A complex Randers metric with v > 0 is a complex Finsler
metric.
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If the quadratic form h(z,n) := (a;; — bib;)n'i)’ is positive definite, then
substituting n'n’ with b'b7 it follows that ||b]|>(1 — |[b||?) > 0, which says that
[[6]|> € (0,1) and then > 0, since v = 2a| 3| +|3|> + o?||b||?. Equivalently the
positive definite of the quadratic form means that a? > |3|2, or in other words
sup ‘% < 1 for all (z,m) € T"M\{0}. The last assumption is required in [20]
and no other restrictive conditions are needful for a complex Randers metric
to be a complex Finsler metric.

Example 2.1. If a(z,1) = mey/7;;(z)0°7 and B(z,1) = £ Ai(z)n', where m,
¢, e are real scalars, a model for complex electrodynamics is obtain.

Example 2.2. We consider « given by

[nf2 + & (122[nf2 = ¢z, m) )
(1 +elzP)? ’

where |22 := Y73, 2525, (2,m) == Sp_ 28, |(z,m)* = (z,m)(z,n), defined
over the disk A = {ZE(C", |z] < r, r::,/ﬁ} if e <0,on C"if ¢ =0 and

on the complex projective space P"(C) if ¢ > 0. Note that a?(z,n) = a;;(z)n'i’
and thus determines purely Hermitian metrics which have special properties.
They are Kahler with constant holomorphic curvature I, = 4e. Particularly,
for e = —1 we obtain the Bergman metric on the unit disk A" := A}; fore =0

the Euclidean metric on C", and for € = 1 the Fubini-Study metric on P"(C).

[(z.m) |
1+-€|z]?

(2.5) o?(z,n) =

we obtain some

By deformation of (2.5) metrics, taking |3(z,n)| =
examples of complex Randers metrics:

W'“E (Il = =),

z,m)|
2.6 .
(26) 1+ ¢lz|? 14 ¢lz|?
For example, F_; is of negative holomorphic curvature Kr_ , = _Q%Ffl,

vi=L_1 —a?(1—|z%).

Further we show that the complex Randers metric F' := a + |3] offers a
significant d-tensor with fairly many properties. Let us consider

@n) kg OE L OFOPN_ L L
. - onlony 2F Yii ont onJ = op \Yii = 5N |-

We call (2.7) the complex angular metric tensor of the space. A direct

computation yields k;;n' = 7=n5, kin'il = £, gsmn —2k;5. Moreover we
have:
1

Proposition 2.4. i) k;; = hu + — 4|/6’|

ii) (k) is invertible and zts inverse is

- —. 2allbl? + 2 ) 23 . 2a - ._. o
kIt = 20071 + (OZH || + ‘/8|)n’b7—’j _ &bzb] _ j (ﬁnzbj +6bzﬁ]) :
Y Y
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iit) det (k;j) = = det (a;;)
Y0 2(2a) B e

The proof is straightforward, applying Proposition 2.2.

Once obtained the metric tensor of a complex Randers space, it is a technical
computation to get the expression of (1.1) Chern-Finsler connection. Certainly,
it involves a lot of trivial calculus and for this reason we will not dwell too much
on it. Computational details can be found in [5].

The first computation refers to the coefficients of the Chern-Finsler (c.n.c.).
A simplified writing for them is

CF a 8br ﬁQ Ob- 6 _ Ob-
2. Nl N’L ~ T =r ) _~ M 7‘
29 (v 5~ s ) €+ g

where & := Bn' + o2b’ and N;f:— a™ a‘”;"n
Next, let us introduce the following complex Cartan tensors ([3]):

99;n _ a|f| 52 181
(2.9) Cjpy = 877jk =05 <al Iy — |ﬂ\4b bk> Cr — 2%6or (r;nCr +711Cj)

3 h o2[b]|2—|8]? n
wmmqﬁqq%jf%¢):qumaﬁgi%ﬁifggmﬂwwz
hjp, — 2|B|2b by, with h; from (2.4).

Then the vertical coefficients of Chern-Finsler connections are

: O9km i O9im ,
Cz — oM A J _ 7 —
k; =49 877] 377k g jmk

An expanded writing for these coefficients is

32
(210)CY = ol <a4ljlk b bbk)

2y BI*

151 5tCy, + o1 ! b;iCr + bpC) & 10- ‘

26F( K +6,C) + 57(3 kbeC) € — O’
where &% := Wni - Ia—ﬁﬁlbi and Cjj, == Cyppif" = — ‘gl?CjCk.

We remark that a complex Finsler metric is purely Hermitian if and only if
Cr = 0. For a complex Randers metric, Cy = 0 leads to F' = (1 + ||b]|) and
a;7]|b|[* = b;b;. Thus, we have proved:

Colorallary 2.1. A complex Randers metric is purely Hermitian if and only
Zf ai3||b||2 = bib5~

For the horizontal coefficients le = % of the Chern-Finsler connection,
and for the (1.2) holomorphic curvature of the complex Randers spaces (M, a+
|8]) in direction 7, the calculus are a bit intricate and can be found in [5], and
therefore here we pass over these.
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Up to this point the above discussions are in some analogies with the real
Randers case. Indeed the study of some geometrical aspects on complex Ran-
ders metrics is of interest.

3. Kahler-Randers metrics

When trying to show more geometrical properties of complex Randers met-
rics, we face the fact that there are so many computations. Certainly, one
should not infer that this class of complex Finsler metrics is less significant.
On the contrary, beyond the computations in the sequel we show that there
are interesting results.

Proposition 3.1. Let (M,« + |3]) be a complex Randers space with property
o|p|? 0o’

i =S where e = £(z) is a real valued function.

i) If a;; is the Buclidian metric, then F = o + |ﬁ| is locally Minkowsksi.
ii) Ife =0 for any z, Cy, # 0 for any k, and a;; is Kdhler, then F = o+ |f|

is weakly Kdhler if and only if b; GZ: 0, where G’::N; 7.

iii) If e = ||b||?, then ||b||? is a constant.
2
Proof. Indeed, if a;; is the Euclidian metric, then a(;g l = Ba(jf = 0 and so
g; = 0. This means that there exist charts in any (z,7) such that the complex

Randers metric F' = « + || depends only on the n variable, i.e., it is locally
Minkowski and i) is true.
il

The assumption o — € a; can be written as
(3 1) ﬂab m 7n _ aarm r 7n
' 0z " T 9

Deriving the relation (3.1) Wlth respect to  and 7}, we obtain

8br 8bm aarm

(3:2) 0z + 920 9

Now, contracting in (3.2) by b" and bm7 we get
0b, Obs, oa

bm bmb7 M

07! 07! Hb| |2 9zt

In [5], after the calculus of the L; . coefficients we obtain the weakly Kahler
condition for a complex Randers space. By this, a straightforward computation

using (3.3) with ¢ = 0 and I'}, = %a’?k{aaki —%‘Zf} = 0 since a;; is Kéhler,

(3.3) b

<.

0z"

show immediate that the assertion ii) is true.
Now, by (3.3) we obtain a”b” =— (1 IIbH2) b " 8“”” . Putting & = |[b||?
in last relation we have 8‘3‘—2‘) =0, and so ||b||? is a constant, i.e., iii). O

2
Lemma 3.1. Let (M,a+|3]|) be a complex Randers space with property aal’i =

||b]|? 2 32L . The following statements are equivalent:
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i [} Qb;jg‘;”; aiimi oo,
)”Mabil e

i) b g = GO

lv)ﬂ(gb; ' =y Gl)+5 T = 0.

Proof. 1) <= ii). A straightforward computation, using Proposition 3.1 iii),
lead us to

34) |l %b’? 7 — B Oarm Jarm

— B = bl S = Ay

By (3.4), immediately results the equivalence between i) and ii).

i) <= iii). Given ii), deriving it with respect to 7, we obtain Hb||2% =
bg%b’: b™. Using again ii) we obtain iii). Conversely, contracting iii) by b° it
results ii).

ii) <= iv). Now, deriving the relation (3.1) with respect to 7 and contracting

it by b™ we deduce

_ (0b ° Obg, | -
3.5 b||? '’ — b G 2=yt =0
(35) 16175 (o~ G*) + 825207 o,
and the equivalence between assumptions ii) and iv) is trivial. So, the proof is
complete. O
Proposition 3.2. Let (M,a + |5]) Vz,liz
CF a

(15| 2‘2{;‘?. If one of equivalent conditions from Lemma 3.1 holds, then N;:N; .

Proof. An elementary computation, taking into account Lemma 3.1 in the for-

mula (2.8) which give the coefficients of Chern-Finsler (c.n.c), prove that all
CF a
terms are vanishes except the first term. Indeed we obtain N; i= =Nj; i ([

o _

Proposition 3.3. Let (M,a + |3|) be a complex Randers space with

||b||2‘?902‘i and a;; be Kdhler. If one of equivalent conditions from Lemma 3.1

holds, then F = a + |B| is strongly Kdhler.

CF a CcF a
Proof. By Proposition 3.2, we have NZ NZ and L;k = %]:f = %]:76’?, Because
a;; is Kahler, it results %J:f = a ,ﬁ ék = L};j, ie, F=a+|f]is
strongly Kahler. (I

Finally, we depict some examples which illustrate our theory.

Example 3.1. We consider a;; = ﬁ (617 + %)the Bergman metric
on the unit disk A™ := {z € C", |z| < 1} which is a K&hler-purely Hermitian
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metric, of holomorphic curvature —4. In order to obtain an example of strongly
Kahler-Randers metric, we must to solve the system of differential equations

3arm

ozt ’

darm —m
a2t !

(3.6) |[b]]26" = Bb™b"

that is the assumptions i) from Lemma 3.1.
A straightforward computation, using ||b||? = (1—|z|?)(b;b; — 2°b;2*by,) gives:

. 1
(37) Zlbg (alj - |b||26lbj> =0.
So, we obtain two cases:
a) a; = Wblbj. This means that the Randers metric is F = o + |8] =

a(1l+[b]|), and hence the space is with purely Hermitian metric, or
b) b;2* = 0 which leads to a strongly Kéhler-Randers metric F = o + ||
on A™ with properties

[b]]? b, ,  Ob
3.8 bib; = c b= —— 2 S
(3.8) - 5% i Bi”
i i 1 S R T Y 4o
Nj = Nj= 1— |22 (Zjn +2'n 5]‘) ; ICF:—T<0.

Example 3.2. Now, we give an example of complex Randers space of complex
dimension two. In order to reduce clutter, let us relabel the local coordinates
24 22 nt, n? as z, w,n, 0, respectively.

Let
(3.9) D ={(z,w) € C?, |w| < || < 1}
be the Hartogs triangle with the Kahler-purely Hermitian metric

82 1 .
.1 i T 1 5 2 ; 0 = 1
@100 05 = 525 (08 (= ) o v 0) =o'

where [29)? 1= 272, 2 € {z,w}, 0’ € {n,0}. We choose

w z

3.11 Sy N S—
(8.11) 2P ul? 2P~ Twl?

By a direct computation, we deduce

1
(312) Ayz = W + bzbz; Aw = bzbu’;; Ayw = bwbﬂz;
— |7

wz (1 — |z\2)2.

a?? = (1—|Z‘2)2; aﬁz: : :

E
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2 2
Tw (12 = wl?)” | Jw (1 —]2*)"

T TRE TR
b2 = 0: bY = _|Z|2 — |w|2
) z bl
2
B2 = 1; 02— |82 = Inl
Il 8 =

and the coefficients of the Chern-Finsler (c.n.c.) are

cr a9z Cr
cr a  2zZw 1 1 |2]2 + |w]?
: Tz (1 SFEANFE |W|2) 2 (|2 = Jwf?)
cr a |22 + |w]|? 2wo
Ny = Ny=-— n .
z(|22 = Jw?) " |22 = Jw]?

Thus we have another example of strongly Kéahler-Randers metric. It is a
complex Finsler metric on Hartogs triangle and its holomorphic curvature is

negative, Kp = — 7= [F(a —|8])? + |8*] < 0.

4. The variational problem

The variational problem for a complex Lagrangian L = F2, with its fun-
damental metric tensor g; = %, lead in [15, p. 94], to a complex ge-
odesic curve, which is an horizontal curve in weakly Kahler circumstances.
On the other hand this complex geodesic determines two complex nonlinear
connections depending only on the complex Lagrangian L, one is the Car-
tan (c.n.c.) and the other is the Chern-Lagrange (c.n.c.) (in particular Chern-
Finsler (c.n.c.)), both related to the same complex spray. The Chern-Finsler
(c.n.c.) is precisely determined when we try to lift a Hermitian vertical connec-
tion to the whole complexified tangent bundle of 77 M manifold (good vertical
connection in [1]). Certainly, the Chern-Finsler (c.n.c.) has its geometrical
meaning but from a physical point of view, and note that complex Lagrange
geometry is a model for many quantum physics theories ([15]), we should not
loose interest in other (c.n.c.) intrinsically related to the variational problem
for a complex Randers Lagrangian.

Following some ideas from the real case ([14]), we shall study the variational
problem for the Lagrangian L = F? = (o +|3])? in the canonical parametriza-
tion of a curve on complex manifold M with respect to the purely Hermit-
ian structure «. The outcome is a (c.n.c.) of Lorentz type in the canonical
parametrization.

Let us consider c¢(t), t € R, a C* curve on complex manifold M and

(2F(t),n*(t) = ddi:) its extension on T"M. The Euler-Lagrange equations with
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respect to a complex Lagrangian L are (]2, 15, 17])

oL d (9L
(4.1) Bi(L):= 5= - = (ani) =0,

where L is considered along the curve ¢ on T" M. Generally, the solutions of the
Euler-Lagrange equations are extremal curves which respect to arc length.

Proposition 4.1. For any complex Finsler space (M, F) we have db _ dFf

dar T dt
0, along an extremal curve ¢ on T'M.

Proof. First, taking into account that L = (o + |3 |)2 depends on the parameter
t € R by means of z¥(t), n*(¢) and theirs conjugates, we have

AL _ 9L OLdr 0L 0L dr
dat oz Togar "oz o dt

(1)

Then, from the homogeneity of Finsler function we have gnLl n* = L and hence

dL _ d (8L oL d _ d (oL _
G o= E(am)” + o (Z But E;(L) = 0 says E(an‘) = 821 along the

extremal curve ¢ on T'M. It follows then % = gZLl Nt + gﬁL dd"t and, since t and

L are real valued, by conjugation we obtain ”é? = gzLi it + 9L dr

Summing up

ont dt *
the last two relations, and looking at (1) formula, we get < dL = 0. Moreover,
dL dF? dF ; 0
G = S = 2F % =0 implies - = 0. ]

Let us develop the calculus in (4.1) for L = (o + |8])?

oL o . o8l . (0o 0]\,
5o = b+ L = 2F (azi o)
oL 9o . ap . (da  olfl).
o~ Tyt 5 P <377" T )
d (LY _dLy oo Lol d (9]
dt \on ) dt 877 dt On' 1ol gt on’
_dF (o 4 (a3
-2 ( ) i o)+ (50)]
(&) s

along the extremal curve ¢ on 7'M, in view of Proposition 2.1.
Thus, (4.1) yields E;(L) = 2F (E;(«) + E;(|8])) = 0. But,

Ao d [9da? oo d oo do Oa
E;(a?) = — — — ) =2 29— ) = 2aF;
@) =57 " @ <anz> Yori Tt (“anz> aBie) =2 5
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and

o OB d (DB 00l d ()00
B = S - 4 (O ) = 2195 — 25 (1952

L4181 919

= 28|B:(180) - 2% -

So, we have proved:

Proposition 4.2. The Euler-Lagrange equations with respect to L = (a + \ﬂ|)2
are

(4.2) BEs(0?) + aBi(|82) + 218|122 2% 4 9, A8 A8 _

2¢ - =
it o 2V dt oy

Now, we choose s(t) the arc length of the curve ¢ on T"M with respect to
the purely Hermitian structure o as a parametrization of the curve ¢ on T M.

Since ds? = o2 ( Z, Zf) dt? it yields o2 ( z, & ) =1 and hence

da . dzt ditds dz dn' d?z
4.3 —=0; ' = = — = and = .
(4.3) ds 0T T a T ds at  “as M Tds T Yds?
In Proposition 3.1 we assert that @ = 0 with F' = a + |f]. Since ‘Cilf: =
in the canonical parametrization, it results that dcllf l = 0, along the extremal

curve ¢ on T"M. As a consequence of (4.2) we have:

Theorem 4.1. For the complex Randers spaces (M, a+|3|), the Euler-Lagrange
equations in the canonical parametrization are

(4.4) B1Ei(a®) + aEi(|B*) = 0

By analogy with the real case, [14], we call the equations (4.4) the Lorentz
equations of the complex Randers space (M, a + |3]).
Next, let us compute F;(a?) and E;(|3]?) in the canonical parametrization.

First of all, the condition % =01is equivalent to
d?z

B ZZl
(4.5) azbiﬁ = —qml |ﬁ‘2 (qm + = ds2 )

which multiplied with b; gives

dQEl [32 ﬁQ 2 Zl
4.6 —a?bib—— =, ——b; bzb ,
( ) @ 1 ds2 an + |,6|2 qln + ‘,6|2 =7 o5 ds2
where q := 2%y" + 2y G =q.
We have
E(0?) = 804? B i 804? _ 6@? d 804? ds
0z" ont 0z* ds \ On' ) dt
d2 z' F gl Fo—jel
—a’ag—— gsz T 2ael G — a5
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_9B)? i 8|5|2 _9IBP d (9|87 ds
0z d 02 ds \ Ont ) dt
= —a’b; bl 752 +5le77 + (Fif — bigp) '
d*z 0 Obs obi by
— _ 2 F; _ T\ = l —1
abbzd2+ﬁ m+<bzaz bal>n (bzaT big—r ) 1T
where I'Z, 1= 3 Fk{%lz’i’ azk} and FT = za’ {da’” —|—8a’”} are the coeffi-
= O _ 9bi g6 complex electro-

cients of Lev1—CN1ta connection of a;j;; Fy = g%+ — 3%

magnetic tensor fields of the functions g.
Plugging the relation (4.6) into the formulas of F;(|3|?), we obtain

‘ B2a? 32 8b— l
Ez(|ﬁ| ) |ﬁ|2 bzbl d ) + |B|2bza P +ﬁle+bla A n
3 9b, . _obi\ _
~(mnam — g

Now, substituting above formulas of F;(a?) and E;(|3|?) in (4.4), it results

d?z! a3 Ob, Obi o
B "~ aBo — BlanTi ) 7
Z ]

|: |/8|all d 2 - |/6|2b28 l77 -
362 le OéﬁQ 9b-
bzb— i b—n" 4 2 7 ’J H=o.
|+ (e + bf s anGir + 20ty ) o

Further, following the same arguments as in [15, p. 93], the vanishing of the

both brackets above:

(4.7)
0[3/3)2 dQZl aBQ 8bl B Ob- o
——bb—— —=b; r F; bi—7" + 2|BlaizT%. 7 | n* = 0;
|ﬁ|2bbz 7s? <|ﬁ|2b8zrn +afFy + abim50" +2|6la jm>77 0
d*z af?  ob -
2 _ T r .
(48) « ‘/6|a’il d82 - <|ﬁ|2 ’La l - ‘/6|a'n“ > 77 0

are called the equations of a complex geodesic of Lorentz type
By conjugation everywhere in the equations (4.8) and contracting then with

a™, it gives

d2 h 6[) .
@y gt (gzh 7~ o 2 |mnw)¢=o

Taking into account formulas (4.3), we obtain
d?zh dz? dz! I6) o %, 0bs dz!
4.10 LA VR noh T @),
(4.10) a2 Vs ds (m o2 1B 02" > ds
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We note that (4.10) can be rewritten in the form < dt2 +2G"(2(t),n(t)) = 0,

where G" := $Thnin' + § (lmalh% = th 0bs )77 . Using the changes of

complex coordlnates on T M, by direct computation we can prove that the
functions G" are the coefficients of a complex spray on 7’M. Now, recall from

9G~ which,

ond

c
[15] that a complex spray determines a (c.n.c) N by the rule N/=
following the real case, will be called of Cartan type.
On the other hand, any (c.n.c.) N, by contraction determines a complex
spray, i.e., Nf 7/ = 2G". Paying more attention to the spray resulted from
(4.10) we observe that it is contracted with n'. Therefore, (4.10) leads to:

Proposition 4.3. The functions

Lo a
ot af? 8b
411 N (zum) =Nt 4 2B 0% T
( ) l ( 77) l |ﬂ| 92! W|3

are the coefficients of a (c.n.c.).

We called this (c.n.c.) of Lorentz type

It is obvious that N7 (z,7) = %% and both (c.n.c.) are inhomogeneous
with respect to n.
By direct computation we can find the link between Chern-Finsler (c.n.c)

Lo
and N} (c.n.c.) :

(4.12)
cr Lo al|b||* + |B] Obs b =~ Oays aB . Obg
Ni=Nt 4 gt 2 m —m ZU ol gm m I ZFpm~ZYm
k=N e (ﬁ BE o ot TV R T Y azk)

Note that as yet we have not reached to the first set (4.7) of equations. In
[15], for the general framework of complex Lagrange spaces, it is proved that
it is related to the weakly Kahler condition of the Chern-Finsler connection.
We think that it is natural to view what consequences brings the existence of
a complex geodesic of Lorentz type. Therefore, contracting the relation (4.7)
by n* and taking into account that Fyn'n! = 0; alfl"giﬁjni =0, we find

_d2A b, . =
(4.13) a26b1@+ <ﬂa +68 il >n10~
Replacing (4.13) in (4.9) multiplied with B and respectively (4.13) multi-

i T80
plied with 5% in (4.7), it is obtained

1821
2 .

Rz

b
(1.19) 6 )nlnT—aﬁlbm Py~ 0,

=M, T

Obr Obs,
(415) <aﬂF1l + aby 02 _T + 2|ﬁ|alr _J) 77l = ab; dar nn
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Furthermore, we can obtain a significant consequence of the equations (4.7)
and (4.8). Namely, corroborating the relations (4.14) and (4.15) with the
weakly Kahler condition, it results

Proposition 4.4. A complex Randers space (M, a+|B|) for which there exists
a complex geodesic of Lorentz type is weakly Kdahler.

Finally, taking into account (4.12) and (4.14) we obtain

Lo
Colorallary 4.1. If there exists a complex geodesic of Lorentz type, then N,i
CF
and N} determine the same spray.

In this note we made an approach for the main tools in the geometry of
complex Randers spaces. The matter is far from being exhausted. It was
not our goal here to study complex Randers spaces with constant holomorphic
curvature or the Zermelo navigation problem ([8]), to give some examples.
It is hoped that the complex Randers spaces will enrich the complex Finsler
geometry, bringing forward new interesting questions. It is not lost of interest
the study of complex Kropina spaces, or a general study for complex (a, 3)-
metrics.
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