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RIGIDITY OF PROPER HOLOMORPHIC MAPS
FROM Bn+1 TO B3n−1

Sung Ho Wang

Abstract. Let Bn+1 be the unit ball in the complex vector space Cn+1

with the standard Hermitian metric. Let Σn = ∂Bn+1 = S2n+1 be the
boundary sphere with the induced CR structure. Let f : Σn ↪→ ΣN be
a local CR immersion. If N < 3n − 1, the asymptotic vectors of the
CR second fundamental form of f at each point form a subspace of the
CR(horizontal) tangent space of Σn of codimension at most 1. We study
the higher order derivatives of this relation, and we show that a linearly
full local CR immersion f : Σn ↪→ ΣN , N ≤ 3n − 2, can only occur
when N = n, 2n, or 2n + 1. As a consequence, it gives an extension of
the classification of the rational proper holomorphic maps from Bn+1 to
B2n+2 by Hamada to the classification of the rational proper holomorphic
maps from Bn+1 to B3n−1.

Introduction

Let Bn+1 be the unit ball in the complex vector space Cn+1 with the stan-
dard Hermitian metric. Hamada gave a classification of the rational proper
holomorphic maps from Bn+1 to B2n+2, n ≥ 3 ([8]). The purpose of this paper
is to show that the classification by Hamada continues to hold when we increase
the dimension of the target unit ball from 2n + 2 to 3n− 1. Let z = (z0, zi),
1 ≤ i ≤ n, be the standard coordinates of Cn+1.

Theorem. Let F : Bn+1 → B3n−1 be a proper holomorphic map which is C3

up to the boundary, n ≥ 3. Up to automorphisms of the unit balls, F belongs
to one of the following three classes of polynomial maps.

A. Linear embedding F : Bn+1 → Bn+1 ⊂ B3n−1.
B. Whitney map F : Bn+1 → B2n+1 ⊂ B3n−1 defined by

F (z) = (zi, ziz0, (z0)2).

C. F : Bn+1 → B2n+2 ⊂ B3n−1 is defined for some φ, 0 < φ < π
2 , by

F (z) = (zi, cos(φ) z0, sin(φ) ziz0, sin(φ) (z0)2).
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The study of proper holomorphic maps between the unit balls is a subject
with a long and fruitful history which goes back to Poincare, and Alexander
[5, 7]. Recently, Huang and Ji showed that a rational proper holomorphic map
from Bn+1 to B2n+1, n ≥ 2, belongs to either the class of linear embedding A,
or the class of Whitney map B [11]. Hamada showed that a rational proper
holomorphic map from Bn+1 to B2n+2, n ≥ 3, belongs to one of three classes
of maps A, B, or C [8]. The one parameter family of maps C was introduced
by D’Angelo [4].

Let Σn = ∂Bn+1 = S2n+1 be the boundary sphere with the induced CR
structure. A proper holomorphic map F : Bn+1 → B3n−1 which is C3 up to
the boundary is rational [12, Corollary 1.4], and in particular it is real analytic.
For a proof of Theorem, it thus suffices to show that a local CR immersion
f : Σn ↪→ Σ3n−2 takes values in a lower dimensional sphere f : Σn ↪→ Σ2n+1 ⊂
Σ3n−2 for n ≥ 3, thereby reducing the classification problem to the case already
treated by Hamada. Our analysis shows that a linearly full local CR immersion
f : Σn ↪→ ΣN , N ≤ 3n− 2, can only occur when N = n, 2n, or 2n + 1.

The asymptotic vectors of the CR second fundamental form of a local CR
immersion f : Σn ↪→ ΣN form a subspace, rather than a cone, of the CR
(horizontal) tangent space of Σn. Rank of the second fundamental form at a
given point is defined as the codimension of the asymptotic subspace. When
N < 3n− 1, an algebraic analysis of CR Gauß equation shows that the rank is
at most 1 [14]. Our idea is to study the structure of the higher order derivatives
of this relation to obtain the desired rigidity theorem.

The differential analysis of the derivatives of CR second fundamental form
here is reminiscent of Cartan’s analysis of local isometric embedding of Hyper-
bolic space Hn in Euclidean space E2n−1 via exteriorly orthogonal symmetric
bilinear forms [2]. Overdetermined nature of CR geometry forces the structure
equations to close up rather than becoming involutive.

The analysis suggests that this type of gap phenomena may persist for local
CR immersions f : Σn → Σµ(n+1) with second fundamental form of rank 1 for
µ ≤ n− 1 [13]. We make a relevant remark at the end of Section 2.

Huang introduced the notion of geometric rank of a CR map between spheres
[10]. A computation shows that if a CR immersion has second fundamental
form of rank 1 everywhere, then it has geometric rank 1. Geometric rank is
likely bounded above by the rank of the second fundamental form at a generic
point.

After the present paper was circulated, we were informed of the foundational
work [13] by Huang, Ji, and Xu. A deeper and extensive investigation of CR
maps between spheres with bounded geometric rank, and its applications to
the study of holomorphic maps between unit balls is presented in [13], which
includes the rigidity theorem of the present paper among many other valuable
results. The central idea of our proof would be that we exploit the overdeter-
mined nature of tangential Cauchy-Riemann equation directly from the outset,
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and the analysis of the associated structure equations becomes amenable to the
standard machinery of overdetermined systems.

1. CR submanifold

In this section, we set up the basic structure equations for CR submanifolds
in spheres. We then apply an inequality due to Iwatani to determine a normal
form for the CR second fundamental form of a CR flat submanifold. For general
references for CR geometry, [3, 5, 7]. For a reference for CR submanifolds in
spheres, [6].

Let CN+1,1 be the complex vector space with coordinates z = (z0, zA, zN+1 ),
1 ≤ A ≤ N , and a Hermitian scalar product

〈z, z̄〉 = zAz̄A + i(z0z̄N+1 − zN+1z̄0).

Let ΣN be the set of equivalence classes up to scale of null vectors with respect
to this product. Let SU(N + 1, 1) be the group of unimodular linear transfor-
mations that leave the form 〈z, z̄〉 invariant. SU(N + 1, 1) acts transitively on
ΣN , and

p : SU(N + 1, 1) → ΣN = SU(N + 1, 1)/P

for an appropriate subgroup P [3].
Explicitly, consider an element Z = (Z0, ZA, ZN+1 ) ∈ SU(N + 1, 1) as an

ordered set of (N + 2)-column vectors in CN+1,1 such that det(Z) = 1, and
that

(1) 〈ZA, Z̄B〉 = δAB , 〈Z0, Z̄N+1〉 = −〈ZN+1, Z̄0〉 = i,

while all other scalar products are zero. We define p(Z) = [Z0], where [Z0]
is the equivalence class of null vectors represented by Z0. The left invariant
Maurer-Cartan form π of SU(N + 1, 1) is defined by the equation

dZ = Zπ,

which is in coordinates

(2) d(Z0, ZA, ZN+1) = (Z0, ZB , ZN+1)




π0
0 π0

A π0
N+1

πB
0 πB

A πB
N+1

πN+1
0 πN+1

A πN+1
N+1


 .

Coefficients of π are subject to the relations obtained from differentiating (1),
which are

π0
0 + π̄N+1

N+1 = 0

πN+1
0 = π̄N+1

0 , π0
N+1 = π̄0

N+1

πN+1
A = −iπ̄A

0 , πA
N+1 = iπ̄0

A

πA
B + π̄B

A = 0
trπ = 0,
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and π satisfies the Cartan structure equation

(3) −dπ = π ∧ π.

It is well known that the SU(N + 1, 1)-invariant CR structure on ΣN ⊂
CPN+1 as a real hypersurface is biholomorphically equivalent to the standard
CR structure on S2N+1 = ∂BN+1, where BN+1 ⊂ CN+1 is the unit ball. The
structure equation (2) shows that for a local section s : ΣN → SU(N + 1, 1),
the contact hyperplane fields H on ΣN is defined by H = (s∗πN+1

0 )⊥, and the
set of (1,0)-forms are given by {s∗πA

0 }.
Definition 1.1. Let M be a manifold of dimension 2n + 1. An immersion
f : M ↪→ ΣN is a CR immersion if f∗TpM ∩Hf(p) is an n-dimensional complex
subspace of Hf(p) = H|f(p) for each p ∈ M . A CR submanifold of ΣN is a
submanifold defined by a CR immersion.

Note that the hyperplane field f−1
∗ (f∗(TM) ∩H) necessarily defines a contact

structure on M , and M has an induced nondegenerate CR structure of hyper-
surface type. When M itself is equipped with a CR structure, an immersion
f : M → ΣN is CR if f induces a CR structure which is equivalent to the given
one.

We employ the method of moving frames to describe the geometry of CR
immersions from a CR sphere to a CR sphere. In the following, we closely
follow the ideas developed in [6], particularly [6, Section 5].

Let f : M2n+1 ↪→ ΣN be a CR submanifold. Consider the 0-adapted bundle
F0 = f∗SU(N + 1, 1) → M . From the general theory of moving frames [6],
there exists an 1-adapted subbundle F1 ⊂ F0 on which

πα
0 = 0 for n + 1 ≤ α ≤ N = n + m.

Differentiating this by the structure equations (3), we get

πα
i ∧ πi

0 + πα
N+1 ∧ πN+1

0 = 0.

By Cartan’s lemma,

(4) πα
i ≡ Hα

ijπ
j
0 mod πN+1

0

for coefficients Hα
ij = Hα

ji. The coefficients {Hα
ij} represent the CR second

fundamental form of f [6].
When M = Σn, it is CR flat, and the CR analogue of Gauß equation implies

a set of quadratic equations for {Hα
ij} [6, Proposition 5.2]. When the codi-

mension N − n is sufficiently small as stated in Theorem, this set of equations
allows us to put {Hα

ij} in a simple normal form (5). It is based on the following
inequality due to Iwatani on the dimension of the asymptotic subspace of the
second fundamental form of a Bochner-Kähler submanifold [14, 1]. Note that
the CR Gauß equation implies the vanishing of only the Bochner curvature
component of the image of CR second fundamental form under Gauß equation
[6].
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Let V = Cn, and W = Cm be the complex vector spaces equipped with the
standard Hermitian metric. Let {zi}, 1 ≤ i ≤ n, be a unitary (1, 0)-basis for
V ∗, and let {wα}, 1 ≤ α ≤ m, be a unitary basis for W . Let Sp,q denote the
space of polynomials of type (p, q) on V .

Theorem 1.1 ([10, 14]). Suppose H = Hα
ijz

izj ⊗ wa ∈ S2,0 ⊗W satisfies

γ(H,H) = Hα
ijH̄

α
klz

izj ⊗ z̄kz̄l = (zkz̄k)h ∈ S2,2, h ∈ S1,1.

Equivalently, suppose γ(H, H) is Bochner-flat [1]. Then the set of asymptotic
vectors {v ∈ V | H(v, v) = 0} is a subspace of V . Let n − k be the dimension
of the asymptotic subspace of H. Then,

m ≥ 1
2
k (2n− k + 1),

where k is called the rank of H.

Remark. The original proof of Theorem 1.1 by Iwatani is algebraic [14]. Huang
recently gave an alternative analytic proof [10].

We wish to apply Theorem 1.1 to normalize the coefficients of the second
fundamental form (4). For a CR immersion f : Σn ↪→ ΣN , let us identify
V = f∗TpΣn ∩ Hf(p), and W = V ⊥ ⊂ H for p ∈ Σn. Let H be the second
fundamental form of f represented by {Hα

ij}. When dimW = N − n < 2n− 1,
Theorem 1.1 implies that the rank of H is at most 1.

Since H has rank at most 1, up to a unitary transformation on V , we may
arrange so that

Hα
ij = Hα

i δjn + Hα
j δin

for coefficients Hα
i .

Set νi = Hα
i wα ∈ W . A computation shows that γ(H, H) is Bochner-flat

when 〈νi, νj〉 = 0 for i 6= j, and 〈νi, νi〉 = 〈νj , νj 〉 for all i, j. Up to a unitary
transformation on W , we may set

νi = λwi

for a coefficient λ.
Suppose N − n < n. Then H has rank 0, and f is easily seen to be a part

of the linear embedding f : Σn ↪→ Σn ⊂ ΣN .
Suppose n ≤ N − n < 2n − 1. Then H has rank at most 1, and from the

argument above, we have in (4),

πn+i
q ≡ λδiqπ

n
0 mod πN+1

0 for q < n, i ≤ n,(5)

πn+i
n ≡ λ(1 + δin) πi

0 mod πN+1
0 for i ≤ n,

πa
i ≡ 0 mod πN+1

0 for a > 2n.

In the next section, we study the higher order derivatives of the normalized
structure equations (5).
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2. Proof of Theorem

In this section, we analyze the structure of higher order jets of CR immer-
sions from spheres to spheres by differentiating (5). The overdetermined nature
of CR geometry closes up the structure equations in finite steps. A proof of
Theorem follows by giving a geometric interpretation of the resulting structure
equations.

To facilitate the computation, we shall agree on the index range

1 ≤ p, q, s, t ≤ n− 1, p′ = n + p,

1 ≤ i, j, k, l ≤ n, i′ = n + i,

n′ + 1 ≤ a, b ≤ m = n′ + r.

The induced Maurer-Cartan form (2) on f∗SU(N+1,1) decomposes according
to these indices as follows.

(6) π =




π0
0 π0

q π0
n π0

q′ π0
n′ π0

b π0
N+1

πp
0 πp

q πp
n πp

q′ πp
n′ πp

b πp
N+1

πn
0 πn

q πn
n πn

q′ πn
n′ πn

b πn
N+1

· πp′
q πp′

n πp′

q′ πp′

n′ πp′

b πp′

N+1

· πn′
q πn′

n πn′
q′ πn′

n′ πn′
b πn′

N+1

· πa
q πa

n πa
q′ πa

n′ πa
b πa

N+1

πN+1
0 πN+1

q πN+1
n · · · πN+1

N+1




,

where ‘·’ denotes 0. We denote πi
0 = ηi, πN+1

0 = θ, and let −dθ ≡ iηk∧ η̄k = i$
mod θ for the sake of notation.

Equation (5) can now be written as



πp′
q πp′

n

πn′
q πn′

n

πa
q πa

n


 ≡




λδpqη
n ληp

· 2ληn

· ·


 mod θ.

The case λ ≡ 0(H ≡ 0) has already been identified with a part of the linear
embedding. Suppose λ 6= 0, and H has rank 1. We may scale λ = 1 using
the group action by Reπ0

0 , which is equivalent to a reduction to a subbundle
F2 ⊂ F1 defined by the equation {λ = 1}. We obtain the following normalized
structure equation for a nonlinear local CR immersion f : Σn ↪→ ΣN with
second fundamental form of rank 1,

(7)




πp′
q πp′

n

πn′
q πn′

n

πa
q πa

n


 =




δpqη
n ηp

· 2ηn

· ·


 +




hp′
q hp′

n

hn′
q hn′

n

ha
q ha

n


 θ

for coefficients hi′
j , ha

j .
Theorem is obtained by successive application of Maurer-Cartan equation

(3) to this structure equation and its consequences. Instead of giving the details
of computations, which are long but straightforward, we present the steps of
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the computations that show the idea of the higher order differential analysis.
We assume n ≥ 4 for simplicity for the rest of this section, as n = 3 case can
be treated with minor modifications. The expression “differentiate X mod Y ”
would mean “differentiate X, and considering mod Y ”.

Step 1. Differentiate πn′
s = hn′

s θ mod θ, we get

ihn′
s $ ≡ (πn′

s′ − 2πn
s ) ∧ ηn + πn′

N+1 ∧ (−iη̄s) mod θ.

Since n− 1 ≥ 2, this implies hn′
s = 0, and by Cartan’s lemma

(
πn′

s′ − 2πn
s

πn′
N+1

)
≡

(
2cs u
u 0

)(
ηn

−iη̄s

)
mod θ

for coefficients cs, u.
Differentiate πa

s = ha
sθ mod θ, we get

i ha
s$ ≡ πa

s′ ∧ ηn + πa
N+1 ∧ (−iη̄s) mod θ.

Since n− 1 ≥ 2, this implies ha
s = 0, and by Cartan’s lemma

(
πa

s′

πa
N+1

)
≡

(
2Ca

s ua

ua 0

) (
ηn

−iη̄s

)
mod θ

for coefficients Ca
s , ua.

Differentiate πa
n = ha

nθ mod θ, we get

iha
n$ ≡ πa

p′ ∧ ηp + πa
n′ ∧ 2ηn + πa

N+1 ∧ (−iη̄n) mod θ.

This implies ha
n = ua, and

πa
n′ ≡ Ca

p ηp + Ca
nηn − iuaη̄n mod θ

for coefficients Ca
n.

Step 2. Differentiate πt′
s = ht′

s θ mod θ for t 6= s, we get

i ht′
s $ ≡ (πt′

s′ − πt
s) ∧ ηn − πn

s ∧ ηt + πt′
N+1 ∧ (−iη̄s) mod θ.

For n− 1 ≥ 3, this implies ht′
s = 0 for t 6= s, and by Cartan’s lemma




πt′
s′ − πt

s

−πn
s

πt′
N+1


 ≡




0 bs −ib̄t

bs 0 e
−ib̄t e 0







ηn

ηt

−iη̄s


 mod θ

for coefficients bs, e. Since πt′
s′ − πt

s is skew Hermitian, it cannot have any
ηn-term.

Step 3. Differentiate πt′
t = ηn + ht′

t θ mod θ, we get

ht′
t $ ≡ ∆t ∧ ηn + (bpη

n − ieη̄p) ∧ ηp + (−btη
t + b̄tη̄

t) ∧ ηn mod θ,

where ∆t = πt′
t′ − πt

t + π0
0 − πn

n . This implies ht′
t = e, and

∆t = atη
n − ieη̄n + (btη

t − b̄tη̄
t) +

∑
p

bpη
p −Atθ
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for coefficients at, At.

Step 4. Since ht′
s = δst e and from (7), we may add eθ to ηn to translate

e = 0, which we assume from now on. We also translate ht′
n = 0 similarly by

adding ht′
nθ to ηt. Differentiating πt′

n = ηt mod θ with these relations and
collecting terms, we get bt = ct = 0, and

0 ≡ at ηn ∧ ηt − 2iū ηt ∧ ηn mod θ.

This implies at = −2 i ū.

Step 5. Differentiate πn′
n = 2ηn+hn′

n θ mod θ, and collecting terms, we get
hn′

n = u, and 0 ≡ ∆n ∧ ηn− iuηn ∧ η̄n mod θ, where ∆n = πn′
n′ −πn

n +π0
0 −πn

n .
Hence

∆n = −iuη̄n + anηn −Anθ

for coefficients an, An. But ∆t −∆n is purely imaginary, and comparing with
Step 3, an = −3 i ū.

Step 6. Considering θ-terms in Step 1, 2, 3, 4, 5, and the fact that
πα

i ∧ ηi + πα
N+1 ∧ θ = 0, we obtain the following refined structure equations.

We omit the details of computations.



πp′
q πp′

n

πn′
q πn′

n

πa
q πa

n


 =




δpqη
n ηp

0 2ηn + uθ
0 uaθ


 ,




πp′

N+1

πn′
N+1

πa
N+1


 =




0
uηn

uaηn


 ,

(
πn′

s′

πa
s′

)
=

( −iuη̄s

−iuaη̄s + 2Ca
s ηn

)
,

πn
s = 0, πt′

s′ = πt
s for t 6= s,

πa
n′ = Ca

p ηp + Ca
nηn − iuaη̄n + ha

n′θ,(
πt

N+1

πn
N+1

)
=

(
(A− i(uū + uaūa))ηt − 2uaC̄a

t η̄n + Btθ
Aηn + Bnθ

)
,

(
∆t

∆n

)
=

( −2i ūηn −Aθ
−3iūηn − iuη̄n −Anθ

)
,

An + Ān = A + Ā,

du = u(πN+1
N+1 − π0

0 + πn
n − πn′

n′ ) + 2(A−An)ηn − uaπn′
a + u0θ,

dua = ua(πN+1
N+1 − π0

0 + πn
n)− ubπa

b − uπa
n′ + 2ha

n′η
n + ua

0θ.(8)

Proof of Theorem. From [12, Corollary 1.4], a proper holomorphic map F :
Bn+1 → B3n−1 which is C3 up to the boundary is rational, and hence it
is real analytic up to the boundary. Hamada showed that a rational proper
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holomorphic map from Bn+1 to B2n+2, n ≥ 3, belongs to one of the three
classes of maps in Theorem [8]. It thus suffices to show that a analytic local
CR immersion f : Σn ↪→ Σ3n−2 lies in a lower dimensional sphere f : Σn ↪→
Σ2n+1 ⊂ Σ3n−2 for n ≥ 3.

Step 1. From the refined structure equations above, differentiate πp′

N+1 = 0,
πn′

N+1 = uηn, and πa
N+1 = uaηn. A short computation gives Bp = 0, Bn = 0,

and

(9) u0 = −2uA, ua
0 = −2uaA.

Differentiating πn
q = 0, and πt′

s′ = πt
s for t 6= s with these relations, we get

A− Ā = i(uū + uaūa − 1),
n′+r∑

a=n′+1

Ca
t C̄a

s = 0 for t 6= s.(10)

Step 2. Differentiate iπn′
q′ = uη̄q, and collecting ηn ∧ η̄q-terms, we get

n′+r∑

a=n′+1

Ca
q C̄a

q = 1− uū + i(A−An),

which is independent of the index q. Since r < n− 1 from our assumption on
the codimension, this and (10) force

(11) Ca
q = 0,

and An = A + i(uū− 1).

Step 3. Differentiate πa
n′ = Ca

nηn − iuaη̄n + ha
n′θ mod θ, ηn, η̄n, we get

(12) ha
n′ = −iuaū.

Step 4. Differentiate πp
N+1 = (Ā− i)ηp, πn

N+1 = Aηn, we get

dA = A(πN+1
N+1 − π0

0) + π0
N+1 + 2(uη̄n − ūηn) + (uū + uaūa −A2)θ.

Note ∆t+∆̄t = π0
0+π̄0

0 = π0
0−πN+1

N+1 = 2 i(uη̄n−ūηn)−(A+Ā)θ. Differentiating
∆n = −3iūηn − iuη̄n −Anθ with these relations, and collecting ηn ∧ η̄n-terms,
we get

∑n′+r
a=n′+1 Ca

nC̄a
n = 0, and hence

(13) Ca
n = 0.

Case B. Suppose ua = 0 for all a. From (11), (12), (13), πa
n = πa

s′ = πa
n′ =

πa
N+1 = 0. From the equation for Maurer-Cartan form π (2), this implies that

the complex (2n + 2)-plane Z0 ∧ Z1 ∧ · · · ∧ Z2n ∧ ZN+1 is constant along the
CR immersion f . Hence f : Σn ↪→ Σ2n ⊂ Σ3n−2.
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Case C. Suppose ~u = (un′+1, . . . , un′+r) 6= 0. Using a group action by
πa

b , we may rotate so that ~u = (un′+1, 0, . . . , 0) with un′+1 6= 0. From (11),
(12), (13), we have πa

n = πa
s′ = πa

n′ = πa
N+1 = 0 for a > n′ + 1. (8) shows that

πa
n′+1 = 0 for a > n′+1. From the equation for Maurer-Cartan form π (2), this

implies that the complex (2n + 3)−plane Z0 ∧ Z1 ∧ · · · ∧ Z2n ∧ Z2n+1 ∧ ZN+1

is constant along the CR immersion f . Hence f : Σn ↪→ Σ2n+1 ⊂ Σ3n−2. ¤

At this stage, note that the only possibly independent coefficients in the
structure equations are A, u, ua, and that the expressions for their derivatives do
not involve any new variables. The structure equations for local CR immersion
f : Σn ↪→ Σ3n−2 thus close up at order 3. A long but direct computation
shows that these equations are compatible, i.e., d2 = 0 is a formal identity of
the structure equation.

It is known that a CR immersion with the structure equations of Case B
is locally equivalent to the boundary of Whitney map [15]. It is likely that
a similar argument could be applied to show that a CR immersion with the
structure equations of Case C is locally equivalent to the boundary of a type
C proper holomorphic map in Theorem.

The computation suggests that the gap phenomena in Theorem may persist
for CR immersions between spheres with second fundamental form of rank 1.

In this regard, consider the following generalization of Whitney map;

F : Bn+1 → Bµ(n+1),

(14)

F (zi, z0) = (x1z
i, x2z

iz0, . . . , xµzi(z0)µ−1, y1z
0, y2z

0z0, . . . , yµz0(z0)µ−1),

where xA, yA are constants satisfying x1 = 1, xµ = yµ, x2
A = y2

A + x2
A+1 for 1 ≤

A ≤ µ − 1. It would be an interesting problem to understand how exhaustive
the set of maps (14) is among the set of proper holomorphic maps with rank 1
second fundamental form at the boundary.
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