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On a Reverse of the Slightly Sharper Hilbert-type Inequality
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ABSTRACT. In this paper, by introducing parameters A\, a and two pairs of conjugate
exponents (p, q), (r,s) and applying the improved Euler-Maclaurin’s summation formula,
we establish a reverse of the slightly sharper Hilbert-type inequality. As applications, the
strengthened version and the equivalent form are given.

1. Introduction

1 1
Suppose (p,q) is one pair of conjugate exponents (— + — = 1), and p > 1,
p q

Anybp > 0,0 <> ab <ooand 0 < Y °
sharper Hilbert’s inequality as (see [1]):

(1.1) Z Z m+n+1 sin 7T/p Zap )M qu )",

n=0m=0

< o0, then we have the slightly

nln

s
where the constant factor ——— is the best possible. Inequality (1.1) is important
sin(w/p

in analysis and its applications (see [2]). In recent years, some best extensions and
a new applications are given for inequality (1.1) by introducing a parameter A and
the g function (see [3]-[5]). In 2005, Yang gave the following extended form of (1.1)
with several parameters (see [6], (3.1)):

If (p,q), (r,s) are two pairs of conjugate exponents, and p > 1,7 > 1,0 < A <
min{r, s} an,b, > 0, then

ZZ m+n+1

nOmO

L2 B {Z P/ ey {Z nt )10 D,

AA
where the constant factor B(=, =) is the best possible. Inequality (1.2) turns into
r’s
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(1.1) when A =1,s =p,r =q.
Under the same condition of (1.1), we have the Hilbert-type inequality (see [1],
Th. 319, Th. 341) similar to (1.1) as

(1.3) Z Z max{m m < pq( Zap 1/p qu 1a,

n=1m=1

where the constant factor pq is the best possible.
Recently, Yang (see [7]) gave the following form which is shaper than inequality

(1.3) by introducing a parameter o > 1

(1.4) Z Z m pQ(Z aﬁ)l/p(z b%)l/q7

n=0m=0

where the constant factor pq is also the best possible. Obviously, inequality (1.4)
reduces to (1.3) when a = 1.

It is a difficult problem to discuss the reverse forms of inequalities (1.1) and
(1.3) before introducing some parameters and the S function. In 2004, Yang (see
[8]) gave the reverse form of Hilbert’s double series inequality as follows: Suppose

1
0<p<l,—+—-=1, then
P q

(15) ZZ minv;jrl 2{2 n+1]2n+1} {Z2n+1}7

n=0m=0

where the constant factor 2 is the best possible.

In 2006, Yang (see [9]) established the estimate value of reminder for the Euler-
Maclaurin summation formula in mild conditions and gave the reversed version of
Hilbert-type inequality as follows:

(16) Z Z m2 +n2 7{2 27Tn n}l/P{Z n}l/q

7r
where the constant factor — is the best possible. And Yang also gave a strengthened

version of inequality (1.6) as:

(1.7) Z Z 7”r;m7+7;12 7{2 27m }UP{Z 27m n }1/‘1

In this paper, by introducing two parameters A\, « and two pairs of conjugate
exponents, and estimating the weight coefficient, we establish a reverse version of
the extended form of (1.4). As applications, we give its strengthened version and
the equivalent form as well.
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Hence we will use the improved Euler-Maclaurin’s summation formula as follows

(see [10], [11]):
Suppose the function f(z) is a smooth piecemeal on [0,00), (—=1)'f®(z) >
0,/ (c0) =0(i=0,1,2,3) and [;° f(z)dx < co, then

(1.8) / fla)dx + f Z /Ooof(x)der;f(O)—llzf’(O).

Inequality (1.8) takes the form of strict inequality as f(z) satisfies (—1)"f®)(z) >
0(i =0,1,2,3).
2. Some lemmas

Lemma 2.1. Suppose r > 1, then
2 1
(1) when A > 0, > §>\ + 190 we have

1 1 1 5\ 512 A
2.1 Fha)=-02—-a——>250 22 -1 and 2 <1
(2.1) Na)=xat—ga— 520 >0 s <land oo <1,

2 1
(2) when A > 1, > g)\+ 137 ve get

BA2
2.2 20— 1> 2
(2:2) CT T

Proof. By the condition of (1), we find

—A—6Xa+12a®  6a(2a—A) — A

Fya) = 12X - 12X
(AN +3)GA+5)— A 15AZ+ (A —1)? A -0
- 12\ B 144\ ~ 48
at the same time, we obtain
1 64 16, 1
48ra? > 48(=)\ 2= N4 oA+ - > 502
8m>8(3 +12) 3 3 +3>5,
2 >2( A+ 1) A.
S« 12

Hence we get inequality (2.1).
By the condition of (2), we find

4.5
2Aa(20=1) > (16A+2)(5A - 5)
16
= INHTN—1)+ g(x —1)2 > 5)\%
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So we complete to prove inequality (2.2). a

1 1
Suppose (r, s) is one pair of conjugate exponents (—= +— = 1 and r > 1). Define
ros
the weight coefficient w,, (s, A, @) as:

oo

(m + a))\/r 1 1-\/s
(2.3) W (8, A\, @) := ( ) (m € Np).
Z:;J (max{m,n} + a)* ‘n+ «a 0

1 1 1
Lemma 2.2. Supposer>17+f—10</\<m1n{7‘s}oz> /\+ ,m € Np.

12’

Then we get the following bzlateml imequality:

rs 01(A, s, ) rs 02 (A, s, ) rs
2.4 0< —[1— 222 1 (s, A, Ml 1A% ik R I il
(24) <A Gugapsl SwmlsAe) < T =R <3

A 5)\2 A_9
where 0 < 01 (X, s,a) = (1—f)as <a®, 0\ s, 0) = =
1 1

)15 (m € Np),z € [0,00). First

Proof. Setting f,(z) = (max{z, m} +a)’\(”+0‘

for m € N, when A\ < s, we find

(@ + )17, z>m,
m+a) Mz 4+ a) N5 < m.
( )~ ) ;

(25) fnle) = {

When A = s, we have

(2.6) () = 1 _ { (z+a)=, z>m,

(max{z,m} + a)* (m+a)™%, z<m.
y (2.5) and (2.6), it follows
a*lJr)\/s

fm(0) = mt oy

(A <s),

(27) f/ (O) _ { (—1 + %)a—2+/\/s(m —+ a)—k, A< s

m 0, A=s,
When A < s, by (2.5), we have

/oo fm(x)dx /oo(x " a)_l_)‘/le' + (m + Ol)_>‘ /m(x n a)_1+k/sdx
0 m 0

(m+a)™" + ;(m +a) M — ia’\/s(m+ )™

>3

When A = s, by (2.6),

/fm = /Oo(x+a)5dz+(m+a)8/omdx

m

(2.9) = (r—Dm+a) +m(m+a)®
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It is obvious that (2.5) and (2.6) satisty the condition of (1.8). In particular, (1.8)
takes strictly inequality when A < s,0 < A < min{r,s}. Thus we obtain the
following inequality by (1.8), (2.3) (2.7), (2.8) and (2.1):

= (m_;'_a)/\/r 1 1-X\/s

> ()

max{m,n} + a)* ‘n+ «

Wi (8, A, @)

n=0

= m+ )" Y fuln)

n=0

<(m+aV”AwﬁM@¢V+;m+aV”ﬂm—1;m+ayﬁf®)

1
2024 2 (1= D)m+a)

_ s —2+4/s]_
to [ 2 " 12

s
rs 1,s 9 a 1 a a/s
DD WIS SR TU

rs Al , o 1 O \a/s
< Sl T ) i

TS 52 o
2.1 < Zn- S e =g 28t ) T8
(2.10) - )\[ 48ra2(m+a )\[ (m+a)/\/s]< A

3

At the same time, we have

(m+a)™" Y fin(n)

n=0

> (m+a)M" /000 fm(2)dx + %(m—f—a)’\/rfm(o)

W (8, A, @)

rSs 5 1)( o )A/S:E[l—}(l A o)

= 3 G e R vy s
rs (1-— ﬁ)oﬁ‘/s rs 01(A, s, )

PR e S el

)]
(2.11) >

2 1
When A = s <r, by (1.8), (2.3), (2.7), (2.9), (2.2) and o > 5)‘ + IThe Z, we get

— = (m + a)S/T = (m «a s—1 - n
wm(s, A @)= nz:% (max{m,n} +a)s (m+a) ;fm( )
_ s—1 OO fm(o) s—1
= (m+a) /0 fm(z)dz + T(m—i—a)
el a1
B 2(m + ) 2(m + )
(2.12) < o) =7l ox° | <

" 48a(m + o) ~ 48ra(m + )
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At the same time,

s—1 = n)=r— M
wm(S,)\,O() = (m‘|‘Oé) nz:;)fm( )_ 2(m+0l)

2a0—1 200 — 1 1 o
(2.13) = 7 —m]>r[1—m]:7‘[1—(1—%)(m+a)].

Hence (2.4) is correct by (2.10), (2.11), (2.12), (2.13) when m € N,.

Then we consider the condition of m = 0, we get fo(z) = (z + a)~1=7 for 0 <
A < min{r,s},z € [0,+00}. Obviously, fo(0) = a 177, f(0) = —(1 + 2)a 2" 7.
Hence by (1.8) and (2.3), we have

r

(o) 1 0
a’\/r/o (:E—l—a)*l*%d:v—«—% < wo(s,)\,a):a/\/TZfo(n)

n=0

s [T -1-34 1 Ll A
< « /0 (v + ) $+2a+12a2( +r)’

i.e.
r+1< (s, A )<1+i+71 A
N g SO AC A 20 1202 r’

4 1 -1 -1
Andby2a2§A+6>A>A-%,Weobtain§>T2a

L;u —(1- ﬁ)}. By (2.1), we obtain

Y]

G T T T 1o

2
a2 TR T 128
s—1 2 1
S ST s RV
Z3ar M R T w1
(s —1)[(49s — 12)A2 + s(16A + 1)]

>0
144\ sce?

ie.,
r 1 1 A rs 572
U R A NS TI a
Y oe Tt T ) <N Rra?)

Hence (2.4) is correct for m = 0. The lemma is proved. O
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Remark. By symmetry, (2.4) is still correct as s and m are replaced by r and n
respectively.
Lemma 2.3. Suppose (p,q), (r,s) are two pairs of conjugate exponents, and 0 <
p<l,r>10<A<min{r s}, a> §>\ + 13’ then we get the following inequality
A
for0<e< el
r

s

142
)T

e (mta n+a«a
o ZZ (max{m,n} + a)*

n=1m=1

A

~n

A
(2.14) < CE+ H(ET2) Z (n+a)+e

. Obviously, g(z) is de-

Proof. Setting g(r) = (max{z,n} + a)> ’

creasing in (—a, 00), thus

o 0 * (r+« _1_%4’_%
S < [ [

m=1 o

1

£ A £
M (@t R /°°(a:+a)’ Rk
- / mtap ) T @rapy ®

)\(n—&—oz)*%*%
5+ DG+

(2.15) =

By (2.15), we find

(m+o¢)717%+%

Iom Yo Y T P

n=1 m=1
= D (n+a) T Y g(m)
n=1 m=1
£ A
Nt An+a) » s
< (n+a) it ]
R R =1
Hence (2.14) is true. The lemma is proved. O

3. Main results and applications

Theorem 3.1. Suppose (p,q), (r,s) are two pairs of conjugate exponents, and 0 <
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1
p<l,r>10<A<min{r s}, a> /\—|—12,an,bn20, such that 0 < 37 (n+

a)P1=9)"1gP < o0 and 0 < ano(n—l—a)q“_’)_lb‘r{ < 00, then

I =
7;0“;) (max{m,n} + a)*
B > Dy By ety Y g g,
A n=0 (TL + O‘)g n=0

A
where 0 < 61(A,s,0) = (1 — Q—)Q% < a* and the constant factor % is the best
so

possible. And (3.1) can be strengthened as

I > {Z 01 A, S, a)]( _|_a)p(1 )710}’1}%

(n+a)s
= O2(A, s, ) 1oy 1
3.2 x E: + o)t =37y,
(3.2) { (1) ———x|(n+a) ¥
52
where O2(A, s, o) = Kaf -2,

Proof. Applying Holder’s inequality (see [12]) and (2.3), we have

oo o0 amby,
L= nz:: Z (max{m,n} + a)*

>© = 1 (m+ o)1=/ (n+a)(1*€)/1’b
B Z Z (max{m,n} +a)*" (n + a)1-2)/p am][(m+a)(l—%)/q n]

© X (o)D) 1
Sy mte) (L ytary

max{m,n} +a)* ‘n+a«a

n=0m=0 (
(1 a)e- 00D
max{m,n}+a)* ‘'m+

A

]
1

(3.3)
= {3 wnls, A @) (m+ )P DL 1o {3 wa (i, A @) (n + @)1 D 1 ya,

m=0 n=0

Since 0 < p < 1,4 < 0, by (2.4) and the remark of Lemma 2, (3.1) can be seen.
And by the right hand side of (2.4), we get (3.2). For ¢ < 0, we have

{% Z[ M]( -|—04)Q(1— )— 1bq} >{an ’I“)\ a)(n+a)q(1— )— lbq}—.

n=0 (Tl+0¢)s n=0
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(3.1) can be deduced from (3.2), hence (3.2) is the strengthened version of (3.1).
If the constant factor r—; in (3.1) is not the best possible, then there exists a

rs A
positive constant k (with & < —). For 0 < ¢ < p—, in particular, setting ag =
T

A
0,bp = 0; @y = (n + a)717%+%,l~)n = (n+ oz)flf?r%7 n € N, by the assumption,
we find

I = ZZ max{mn}Jra)

n=0m=0

> k{Z 91“%( +a)”“—%>—1a£ﬁ{Z(n+oz>q“‘%)‘15%}5

(n+a)s
91/\5a 1

(3.4) = k[ko(l)]wz L

(n+ a)ite’

n=1

In view of (2.14) and (3.4), we get

A - 1 e 1
G a2 G
A

i.e

. > k[l — o(1)]"/? for e — 01, it follows that k < g, which
oGy =3

s
contradicts the fact that k£ > 7 Hence the constant factor Y in (3.1) is the best
possible. The theorem is proved. O

Theorem 3.2. Suppose (p,q), (r,s) are two pairs of conjugate exponents, and 0 <

1
p<1l,7>1,0<X<min{r,s},a > )\—i— 5 Any by >0 such that 0 < Y0 ((n+

3
a)P1=2)"1gP < oo, then
oo N (o) a
J = 51 m p
nz:;)(ﬂ—FOé) [Z:O(max{m’n}_‘r_a),\]
(3.5) TP Tyt e

- +a)s

A
where 0 < 01(\,s,0) = (1 — %)a% < a*, and the constant factor (%)p is the

best possible. Inequality (3.5) is equivalent to (3.1).



740 Jianhua Zhong

Proof. Setting b,, as

by = (n+a = m ]”_1 (n € Ny)
mZ:o (max{m,n} + a)* 0

then b, > 0 and 3°° ((n+a)?0=2)=1pg = J > 0. If J = oo, then (3.5) is naturally
valid; if 0 < J < oo, then by (3.1), we find

oo

ST+ ey = g =1

n=0

(3.6) {Z — )a)](n )t Al (Y (@)D
n=0

Thus

Ay 01(\, s, @) N
3.7 E n+ a)d-3) e =J > "yp E 1— 222 4 )P Lap,

and (3.5) is correct.
On the other hand, suppose (3.5) is valid. By Holder’s inequality, we find

&S]
1 (€29

I = Z{ n+a ?*Bmz_:o (o, n}—&—a)A}{(n—&_aﬁi;bn}

oo

{ZHJFO‘ N Z max{m n}—i—a }p}%{z_;)(”+o‘)q(177 “lhea

=0

(3.8)

v

By (3.5) and 0 < p < 1, we get (3.1). Hence (3.1) is equivalent to (3.5). If the
constant factor (%)P in (3.5) is not the best possible, then by (3.8), it contradicts

the fact that % in (3.1) is not the best possible too. Thus the constant factor (%)p

in (3.5) is the best possible. The theorem is proved. O
2 1
Remark. (i) By Th. 3.1, for A\=1,a0 > - 3 t5= %, (3.1) reduces to
(3.9)
t1gy} 21y
>SS > P ) () k)08
n=0m=0 n=0 n=0

1
where 601 (s,a) = (1 — @)a%, and (3.9) can be strengthened as

O o)ty (Yo

n+oa %_1b;{ %,
e (n+a)*=1b1)

(s, @)
3.10) I >rs E 1 o



On a Reverse of the Slightly Sharper Hilbert-type Inequality 741

5
where 0(s, ) = Eas ~2. By the characteristics of the constant factor of (1.4)
r

and (3.9), it shows that the problem of reverse version of (1.4) can be solved by
introducing two pairs of conjugate exponents independent. Thus (3.9) is the reverse
version of (1.4).

1 1
When A =1,a > §,r =—,s=——,0<p<1,(3.9) becomes to
4 p L—-p
7;)77120 max{m n} +a
91 p7 ) (1-p)p—1,p i = pg—1pq\+
(3.11) >~ {Z il @ S ke
And by (3.5), we obtain the equivalent form of (3.11) as
— (1-p)p—1 — Am p
nz::o(n + a) [Tnz::o max{m, n} ¥+ Oé]
(3.12) > [;]P i[l - M](n + a)(l—p)p—lap
pi-p) 2= ray v
where 6, (p,a) = (1 — 1;)041’1"
’ 20 ’
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