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ABSTRACT. In this paper, a new one-step iterative scheme with error for approximating
common fixed points of asymptotically quasi-nonexpansive type nonself-mappings in Ba-
nach space is defined. The results obtained in this paper extend and improve the recent
ones, announced by H. Y. Zhou, Y. J. Cho, and S. M. Kang [Zhou et al.,(2007), namely,
A new iterative algorithm for approximating common fixed points for asymptotically non-
expansive mappings, published to Fixed Point Theory and Applications 2007 : 1-9], and
many others.

1. Introduction

Let X be a real Banach space and let C' be a nonempty subset of X. Further,
for a mapping T : C — C, let ¢ # F(T) be the set of all fixed points of 7. A
mapping T : C' — C is said to be asymptotically quasi-nonexpansive if there exists
a sequence {k,} of real number with k, > 1 and lim, k, = 1 such that for all
xeC, ge F(T)

(1) Tz — q|| < knllz — q||, for all n > 1.

T is called asymptotically quasi-nonexpansive type [5] provided T is uniformly con-
tinuous and

(2) limsup, {sup (||7"z —q|| — ||z —¢||)} <0, for all ¢ € F(T).
zcC
The mapping T is called uniformly L-Lipschitzian if there exists a positive constant
L such that
(3) |T"z — T"y|| < L||z — y||, for all z,y € C and alln > 1.

T :C — X is completely continuous [6] if for all bounded sequence {z,} C C there
exists a convergent subsequence of {Tz,}.
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Recall that a Banach space X is called uniformly convex [4] if for every 0 <
€ < 2, there exists 6 = d(¢) > 0 such that Tty
e —yll = e Sx ={reX:[af =1}

t —
A Banach space X is said to be smooth[8] if tlim w

—0
z,y € Sx, Sx ={xr e X :||z|| =1}.

In 2004, S. S. Chang, J. K. Kim, and S. M. Kang [1] gave necessary and sufficient
condition for the Ishikawa iterative sequence with mixed errors of asymptotically
quasi-nonexpansive type mapping in Banach space to converge to a fixed point in
Banach spaces. In 2006, J. Quan, S. S. Chang, and X. J. Long [3] gave necessary
and sufficient condition for finite-step iterative sequences with mean errors for a
family of asymptotically quasi-nonexpansive and type mapping in Banach spaces to
converge to a common fixed point.

Recently, H. Y. Zhou, Y. J. Cho, and S. M. Kang [8] gave a new iterative
scheme(5) for approximating common fixed point of two asymptotically nonex-
pansive nonself-mappings with respect to P and proving some strong and weak
convergence theorems for such mappings in uniformly convex Banach spaces.

The purpose of this paper is to study approximating common fixed point of two
asymptotically quasi-nonexpansive type nonself-mappings with respect to P and to
a strong convergence theorem, and to define one-step iterative scheme with error
which modified of H. Y. Zhou, Y. J. Cho, and S. M. Kang [8] iteration as follows.

A subset C of X is called retract of X if there exists a continuous mapping
P : X — C such that Px = z for all x € C. Every closed convex subset of a
uniformly convex Banach space is a retract. A mapping P : X — C is called
retraction if P2 = P. Note that if a mapping P is a retraction, then Pz = z for all
z in the range of P.

Let D, E be subsets of a Banach space X. Then, a mapping P : D — F is said
to be sunny if P(Px+t(x — Pz)) = Px, whenever Px+t(x — Pxz) € D for allz € D
and t > 0.

Let C be a subset of a Banach space X. For all x € C is defined a set I(z) by
Ic(z)={z+MNy—2): A\>0,y e C}.

A nonself-mapping T : C' — X is said to be inward if Tz € Io(z) for all z € C,
and T is said to be weakly inward if Tw € Io(x) for all z € C.

Let X be a real normed linear space and let C' be a nonempty closed convex
subset of X. Let P : X — C be the nonexpansive retraction of X onto C and
let Ty : C — X and T, : C' — X be two asymptotically quasi-nonexpansive type
nonself-mappings.

<1-6 for every x,y € Sx and

exists for all

Algorithm 1. For a given x; € C, computed the sequence {z,,} by the iterative
scheme

(4) Tptl = QpTn + 5n(PTl)nxn + "Yn(PTQ)nl'n + VUnln, Yn > 1,

where {a,,}, {Bn}, {7n} and {v,} are real sequences in [0, 1] and satisfying o, +
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Brn + Yn + vn = 1 and {u,} is bounded sequence in C. The iterative scheme (4) is
called the one-step iterative scheme with error. If v, =0, then (4) reduced to the
iterative scheme, defined by H. Y. Zhou, Y. J. Cho, and S. M. Kang [8], as follows:

Algorithm 2. For a given z; € C, computed the sequence {z,} by the iterative
scheme

(5) Tna1 = QnTp + Bn(PTY) "t + v (PT2) " xy, Yn > 1,

where {a,, }, {Br}, and {7, } are real sequences in [0, 1] and satisfying a,, + B +vn =
1.

Now, we recall the well known concept, and the following essential lemmas to
prove our main results.

Definition 1.1([8, Definition 1.5(2)]). Let C be a nonempty subset of real normed
linear space X. Let P : X — C nonexpansive retraction of X onto C. T : C — X
is said to be uniformly L-Lipschitzian nonself-mapping with respect to P if there
exists a constant L > 0 such that

(6) I(PT)"x — (PT)"y|| < L|| x — y||, Yo,y € C, n > 1.
Lemma 1.1([7, Lemma 1]). Let {a,} and {b,} be sequences of nonnegative real
numbers such that any1 < ap + by, for alln > 1.

o0
If > b, < o0, then lim, a, exists.

n=1

Lemma 1.2([2, Lemma 3]). Let X be a uniformly convex Banach space and B, =
{x € X :|z|| <r, »>0}. Then there exists a continuous strictly increasing convex
function g : [0,00) — [0, 00) with g(0) =0 such that

e+ gy + €2 + vl < Nzl + gl + €ll=1 + vl — Mgz - yl)
forallz, y, z, we€ By and A\, i, &, v € [0,1] with A\+pu+E+v=1.

Lemma 1.3([8, Lemma 2.2]). Let X be a real smooth Banach space, let C be a
nonempty closed subset of X with P as a sunny nonexpansive retraction, and let
T :C — X be a mapping satisfying weakly inward condition. Then F(PT) = F(T).

2. Main results

In this section, we prove convergence theorem of one-step iterative scheme with
error for two asymptotically quasi-nonexpansive type nonself-mappings. In order
to prove our main results,the following definition and lemmas are needed.

Definition 2.1. Let C' be a nonempty subset of real normed linear space X. Let
P : X — C be a nonexpansive retraction of X onto C,0 # F(T') be the set of all
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fixed points of T. T : C — X is called asymptotically quasi-nonexpansive type
nonself-mapping with respect to P if T' is uniformly continuous and

(7) lim sup, {sup([|(PT)"e = ql| = llo = gll}} <O, for all g € F(T).
xE

Remark 2.1. If T is self-mapping, then P is become the identity mapping, so that
(6) and (7) are reduced to (3) and (2), respectively.

Lemma 2.1. Let X be a uniformly convex Banach space, C' a nonempty closed
convez subset of X and Ty, Ty : C'— X be asymptotically quasi-nonerpansive type
nonself-mappings with respect to P nonexpansive retraction of X onto C. Put

Gn = max{0, Sug(II(PTl)”w —ql = llz—dql)}
fAS

and K, = max{0, sup(||[(PT2)"z —q| —|lz—ql)}, YVn>1,
zeC

oo oo
so that > Gy, < oo and Y, K, < 0o, respectively.

n=1 n=1

Suppose that {x,} is the sequence defined by (4) with Z Up < 00.

If F(Th) N F(Ty) # 0, then lim, ||z, — q| ezists for any q € F(Th)NF(Ty).

Proof. For any q € F(T1) N F(T3), using the fact that P is nonexpansive retraction
and (4), then we have

Znt1 — gl = ||[O‘n33n + Bn(PT1)" Tn + 0 (PT2)" T + vptiy] — qH
< apllen = gl + Bul|(PT) 20 — gl + 7al|(PT2) 20 — gl + vnllun — 4|
= anl|zn — qll + Bn (|(PTY)" 20 — qll = |20 — qll) + Bullzn — qll
+ Y ([(PT2) 20 — gl = lln — qll) + ynllzn — qll + vallun — qll
< (@ + Bu 4 n)ll@n = gll + B sup ([(PT)" — gl ~ llo — ]

+ Y sup (I(PT2)"x — qll = llz = ql]) + vallun — ql
S

= |z — qll + dn,

where d = 06,Gn + ’ynK + vp||un — QH

SlnceZG < 00, ZK <ooandzun<oo we see that Zd < oo0.
=1 =1 =1 =1

If follows from Lemma 1.1 that lim,, Hxn — ¢|| exists. The proof is completed. O

Lemma 2.2. Let X be a uniformly convex Banach space, C a nonempty closed
convex subset of X and Ty, Ty : C'— X be asymptotically quasi-nonerpansive type
nonself-mappings with respect to P nonexpansive retraction of X onto C and T1,T5
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be uniformly L-Lipschitzian nonself-mappings with respect to P. Put
Gn = max{0, Sug(II(PTl)"fU —qll = llz—ql)}
TE

and K, = max{0, sup(||(PT2)"z —q| — |z —¢l])}, Vn >1,
zeC

o0 o0
so that > G, < oo and Y K, < oo, respectively.
n=1

n=1
Suppose that {x,,} is the sequence defined by (4) with i vy, < 00, and the additional
assumption that 0 < lim,, inf o, 0 < lim,, inf 3, am? 61< lim,, inf ,,.
(8) If F(Th)NF(Ty) #0, then lim, |z, — (PTh)zy| = lim, ||z, — (PTy)z,| = 0.
Proof. By lemma 2.1, lim, ||z, — ¢|| exists for any ¢ € F(T1) N F(T3). If follows
that {z, — q}, {(PT1)"z,, — ¢} and {(PT%)"z, — ¢} are bounded. Also, {u,, — ¢}
is bounded by the assumption. We may assume that such sequences belong to B,,
where B, = {z € X : ||z|| <r, r > 0}.
From (4) by the property of P, and Lemma 1.2, we have
71— qll?
= || [an@n + B (PT1) @y + Y (PTo)" "y + vpuy) — q||2
= ||an(xn —q)+ 5n((PT1)nxn - Q) + Vn((PTQ)nxn - Q) + vn(un — Q)H
S L
< anllen — a2 + Bull (PT) 20 — a2 + 70| (PT2) 20 — a2 + vl —
- anﬁng<||$n - (PTl)nan)
= ap |z, — q||2 + ﬁn(H(PTl)nxn - qH2 = |lzn — qHQ) + Bullzn — qH2
+ 9 (|(PT2) s — qlf* = llzn = all*) +vnllzn — glf?
9) + Vnlltn — q||2 - anﬁng(nxn - (PTl)"an),
and  [[zp41 — qf]?
< anllzn — gl + Bull(PT1)" 0 — qlf* + | (PT2) "5 — qlf* + vallun — g
- O‘H'Vng(”xn - (PTQ)nan)
= apllzn = ql* + Bu(I(PT1)" 20 — ql|* = |20 — alf®) + Bullzn — al?
+ 1 (I(PT2) 2 — ql* = |z — glf*) +yallzn — al®

2

(10) + vallun — ql* = anymg (e — (PT2)"2nl])-
From (9);
|1 — qll?

< anllzn = qll* + B (I(PT1)"2n — all + llzn — all) (I(PT1)" 20 — all = llzn — gll)
+ Ballzn = all* + 9 (1(PT2)" 20 — gl + llzn — all) (I(PT2)" 20 — all = [l2n — 4ll)
+ Yullzn — Q||2 + vn|un — QHQ - anﬁng(‘lxn - (PTl)n'Tn”)
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< anllen = qll?* + B (I(PTV) 20 = gll + 2w — all) it (I(PT1)"z — q|| — [l= — qll)
+ Bullzn = ql* + 9 (I(PT2)" @0 — qll + |20 — qll) sup (I(PT2)"2 — ql| = [|l= — gll)
x

+ Yallzn = al* + vallun — > = anBug(llzn — (PT1)"2||)
< (an + B+ )ll#n = al? + Ba(I(PT1)" 20 — a|| + |20 — ql) G

+ 9 ([[(PT2) w0 — qll + 120 — qll) Kn + vallun — qlI* = anBng(lzn — (PT1)"2]|)
< lzn = ql* 4+ Bu (I(PTY) "z — gl + |20 — qll)Gn

+ 70 ([(PT2)"2n — gl + |20 — qll) Kn + vallun — qll* = anBng(lzn — (PT1)"all),
[#n1 —ql?

< lzn = ql* + wn G + v K + vn||un — qlI* — anBug(llzn — (PT1) 24 ),
where wy, = B (|[(PT1)"xn —q||+ ||z —ql|) and vy, = 3, ([[(PT2)"2n =g+ |20 —ql)-
Then

nBug (20 — (PT1) ", )

(11) <an = qll* = lent1 — ql? + wa G + v K + vallun — ql|*.

o0 e} e}
Since > G, < 00, Y. K, < 00, Y. v, < 00, and lim, ||z, — ¢|| exists, it follow

n=1 n=1 n=1
(11) that
limsupnanﬁng(ﬂxn — (PTl)"aan) =0.

From g is continuous strictly increasing with ¢g(0) = 0 and 0 < liminf, «,, 0 <
liminf,, £,, we have lim,, ||z, — (PT1)"z,| = 0.
By using a similar method, together with inequality (10), it can be shown that
lim,, ||z, — (PT2)"z,| = 0.

Next, we show that lim,, ||z, — (PT})x,|| = 0 and lim,, ||z, — (PT2)z,| = 0.
Using (4), we have

Ixn-i-l - xn” < ﬁn”(PTl)nxn - an + 'Yn”(PTQ)nxn - xn” + Vn”un - an

Since Y v, < oo, and ||[(PTy)"xy — zp| — 0, [[(PT2)"zy, — 2] — 0 as n — oc.
Then ||9;n+1 — x| = 0 as n — oc.
We consider
[ — (PT)an||
<N#n = 2o || + 2 — (PT)" |
+I(PT)" M wngy — (PT)" || + |(PT1)"ay — (PT1)@n||

<#n = T || + g = (PT)" |

(12) + Ll|wpsr — x| + LI|(PTY) "2y, — 24|, for some L € RT
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and
[2n — (PT2)zn|
<lwn = @l + onss = (PT2)" apga |
+ |(PT)" wnsr = (PTo)" |l + [|(PT2)" 2y — (PTy)zn||
< an — g + H$n+1 - (PTQ)"+1xn+1||
(13) + Ll|Znt1 — znl| + LI|(PT2) 2y — 4|, for some L € RT

Since ||z, — (PTh)"@n|| = 0, ||xn — (PT2)"2n|| — 0, [|[Tnt1 — x| — 0 as n — o0
and uniformly continuity T3, Ts, together with inequalities (12) and (13) it can be
shown that ||z, — (PT1)zn| — 0, ||zn — (PT2)x,|| — 0, as n — oo, respectively. O

Remark 2.2. Expressions (12) and (13) : assumption 7; and T3 are uniformly
L-Lipschitzian nonself-mapping with respect to P as same as assume that the map-
pings PT; and PT5 are uniformly L-Lipschitzian.

Theorem 2.3. Let C be a nonempty closed convex subset of a real smooth and
uniformly convexr Banach space X. Let Ty, Ty : C — X be two weakly inward
and asymptotically quasi-nonexpansive type nonself-mappings with respect to P as a
sunny nonexpansive retraction of X onto C' and T1,Ts be uniformly L-Lipschitzian
nonself-mappings with respect to P. Put

G, = max{0, sgg(H(PTﬂnﬂC —qll = llz —ql)}

and K, = max{0, sup(||(PT2)"z —q| — ||z —ql])}, Vn >1,
zeC

o0 (o]
so that >, G, < o0 and Y. K, < oo, respectively.
n=1

n=1

Suppose that {x,,} is the sequence defined by (4) with > v, < oo, and the additional
n=1

assumption that 0 < lim,, inf o, 0 < lim,, inf 8,, and 0 < lim,, inf ~,,.

If one of T\ and Ty is completely continuous and F(Ty) N F(Ty) # 0, then {x,} is

converged strongly to a common fized point of Ty and Ts.

Proof. From Lemma 2.1, we know that lim,, ||z, —q|| exists for any ¢ € F(T1)NF(T3),
then {z,} is bounded. By Lemma 2.2, we have

(14) lim, ||z, — (PT1)z,|| = 0 and lim, ||z, — (PT%)x,|| = 0.

Suppose that T} is completely continuous, and noting that {x,} is bounded. We
conclude that there exists subsequence {PTixy,} of {PT1x,} such that {PTyx,,}
converges. Therefore, from (14), {z,, } is converged. Let x,,, — 7 as j — oo. By the
continuity of P, Ty, T» and (14), we have r = PTyr = PTyr. Since F(PTy) = F(Ty)
and F(PTy) = F(T) by Lemma 1.3, we have r = Tyr = Tor. Thus, {z,} is con-
verged strongly to a common fixed point r of 77 and T5. The proof is completed.
U
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