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Abstract. In the present investigation, we introduce new classes of p-valent meromorphic

functions defined by Liu-Srivastava linear operator and the multiplier transform and study

their properties by using certain first order differential subordination and superordination.

1. Introduction

Let H be the class of functions analytic in ∆ := {z ∈ C : |z| < 1}
and H (a, n) be the subclass of H consisting of functions of the form f(z) =
a + anz

n + an+1z
n+1 + · · · and set H1 := H (1, 1). Let Σp denote the class of all

analytic functions of the form

(1.1) f(z) =
1

zp
+

∞∑
k=1−p

akz
k (z ∈ ∆∗ := {z ∈ C : 0 < |z| < 1}; p ∈ N)

and set Σ := Σ1.

For two functions f(z) given by (1.1) and g(z) =
1

zp
+

∑∞
k=1−p bkz

k, the

Hadamard product (or convolution) of f and g is defined by

(1.2) (f ∗ g)(z) := 1

zp
+

∞∑
k=1−p

akbkz
k =: (g ∗ f)(z).

For αj ∈ C (j = 1, 2, · · · , l) and βj ∈ C \ {0,−1,−2, · · · } (j = 1, 2, · · ·m), the
generalized hypergeometric function lFm(α1, · · · , αl;β1, · · · , βm; z) is defined by the
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infinite series

lFm(α1, · · · , αl;β1, · · · , βm; z) :=
∞∑

n=0

(α1)n · · · (αl)n
(β1)n · · · (βm)n

zn

n!

(l ≤ m+ 1; l,m ∈ N0 := {0, 1, 2, · · · })
where (a)n is the Pochhammer symbol defined by

(a)n :=
Γ(a+ n)

Γ(a)
=

{
1, (n = 0);
a(a+ 1)(a+ 2) . . . (a+ n− 1), (n ∈ N := {1, 2, 3 · · · }).

Corresponding to the function

hp(α1, · · · , αl;β1, · · · , βm; z) := z−p
lFm(α1, · · · , αl;β1, · · · , βm; z),

the Liu-Srivastava operator [7] H(l,m)
p (α1, · · · , αl;β1, · · · , βm) : Σp 7→ Σp is defined

by the Hadamard product

H(l,m)
p (α1, · · · , αl;β1, · · · , βm)f(z) := hp(α1, · · · , αl;β1, · · · , βm; z) ∗ f(z)

=
1

zp
+

∞∑
n=1−p

(α1)n+p · · · (αl)n+p

(β1)n+p · · · (βm)n+p

anz
n

(n+ p)!
.

To make the notation simple, we write

Hl,m
p [α1]f(z) := H(l,m)

p (α1, · · · , αl;β1, · · · , βm)f(z).

Special cases of the Liu-Srivastava linear operator includes the meromorphic
analogue of the Carlson-Shaffer linear operator

(1.3) Lp(a, c) := H(2,1)
p (a, 1; c)

considered by Liu [6] and the operator

(1.4) Dn+p−1 := Lp(n+ p, 1)

investigated by Yang [14]. When p = 1, the operator was first introduced by Ganigi
and Uralegaddi [5] and then generalized by Yang [13] to an operator analogous
to the Ruscheweyh derivative operator, and the operator Jc,p = Lp(c, c + 1) was
studied, for example, by Uralegaddi and Somanatha [12]. Note that

Jc,pf =
c

zc+p

∫ z

0

tc+p−1f(t)dt (c > 0).

Motivated by the operator studied by Aouf and Hossen [1] (see also [4], [6], [10]),
we define the operator Ip(n, λ) on Σp by the following infinite series

(1.5) Ip(n, λ)f(z) :=
1

zp
+

∞∑
k=1−p

(
k + λ

λ− p

)n

akz
k (λ > p, n ∈ Z).
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A function f(z) ∈ Σp is said to be in the class Ωl,m
p (α1;A,B) if it satisfies the

following subordination:

(Hl,m
p [α1 + 1]f(z))′

(Hl,m
p [α1]f(z))′

≺ 1− p(A−B)z

α1(1 +Bz)

(z ∈ ∆; α1 ∈ C;−1 < B < A ≤ 1; p, l,m ∈ N)

This class Ωl,m
p (α1;A,B) was introduced by Liu and Srivastava [7] and they

have proved the following:

Theorem 1.1([7, Theorem 1, p.23]). Let α1 be real number. If

α1 ≥ p(A−B)

1 +B
(−1 < B < A ≤ 1; p ∈ N),

then

(1.6) Ωl,m
p (α1 + 1;A,B) ⊂ Ωl,m

p (α1;A,B).

Theorem 1.2([7, Theorem 2, p.25]). Let λ be a complex number such that

ℜ(λ) > p(A−B)

1 +B
(−1 < B < A ≤ 1; p ∈ N).

If f ∈ Ωl,m
p (α1;A,B), then the function

F (z) =
λ

zλ+p

∫ z

0

tλ+p−1f(t)dt

also belongs to the class Ωl,m
p (α1;A,B).

For two analytic functions f and F , we say that F is superordinate to f if f is
subordinate to F . Recently Miller and Mocanu [9] considered certain second order
differential superordinations. Using the results of Miller and Mocanu [9], Bulboaca
[3] has considered certain classes of first order differential superordinations and
Bulboaca [2] considered certain superordination-preserving integral operators.

In recent years, many results of various interesting subclasses of the class Σp of
meromorphically p-valent functions were investigated extensively by (among others)
Aouf et al. [1], Liu and Srivasava [7], Ravichandran et al. [11], Uralegaddi and
Somanatha [12] and Yang [14]. In this paper, we generalize the above-stated classes
of Liu and Srivasava [7] to a more general classes of meromorphic p-valent functions
which we define below using differential subordination and superordination.

Definition 1.1. A function f(z) ∈ Σp is said to be in Ωp(α1, · · · , αl;β1, · · · , βm;φ)
if it satisfies the following subordination:

(1.7)
(Hl,m

p [α1 + 1]f(z))′

(Hl,m
p [α1]f(z))′

≺ φ(z) (z ∈ ∆),
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and is said to be in Ω̃p(α1, · · · , αl;β1, · · · , βm;φ) if f satisfies the following super-
ordination:

(1.8) φ(z) ≺
(Hl,m

p [α1 + 1]f(z))′

(Hl,m
p [α1]f(z))′

(z ∈ ∆),

where φ(z) is analytic in ∆ and φ(0) = 1.

To make the notation simple, we write

Ωp(α1;φ) := Ωp(α1, · · · , αl;β1, · · · , βm;φ)

and
Ω̃p(α1;φ) := Ω̃p(α1, · · · , αl;β1, · · · , βm;φ).

Also we define the class Ωp(α1;φ1, φ2) by the following:

Ωp(α1;φ1, φ2) := Ω̃p(α1;φ1) ∩ Ωp(α1;φ2).

For

φ(z) = 1− p(A−B)z

α1(1 +Bz)
(z ∈ ∆; α1 ∈ C;−1 < B < A ≤ 1; p ∈ N),

the class Ωp(α1;φ) reduces to the class Ωl,m
p (α1;A,B), introduced and studied by

Liu and Srivastava [7].

Definition 1.2. A function f(z) ∈ Σp is said to be in the class Mp(n, λ;φ) if it
satisfies the following subordination:

(1.9)
(Ip(n+ 1, λ)f(z))′

(Ip(n, λ)f(z))′
≺ φ(z) (f(z) ∈ Σp),

and is said to be in M̃p(n, λ;φ) if f satisfies the following superordination:

(1.10) φ(z) ≺ (Ip(n+ 1, λ)f(z))′

(Ip(n, λ)f(z))′
(f(z) ∈ Σp),

where φ(z) is analytic in ∆ and φ(0) = 1. Also we define the class Mp(n, λ;φ1, φ2)
by the following:

Mp(n, λ;φ1, φ2) := M̃p(n, λ;φ1) ∩Mp(n, λ;φ2).

2. Preliminaries

In order to prove our main results we will need to use the next definition and
lemmas.
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Definition 2.1([9, Definition 2, p.817]). Denote by Q, the set of all functions f(z)
that are analytic and injective on ∆− E(f), where

E(f) = {ζ ∈ ∂∆ : lim
z→ζ

f(z) = ∞},

and are such that f ′(ζ) ̸= 0 for ζ ∈ ∂∆− E(f).

Lemma 2.1([8]). Let q(z) be univalent in the unit disk ∆ and ϑ and φ be
analytic in a domain D containing q(∆) with φ(w) ̸= 0 when w ∈ q(∆). Set
Q(z) := zq′(z)φ(q(z)), h(z) := ϑ(q(z)) + Q(z). Suppose that either (i) h(z) is
convex, or (ii) Q(z) is starlike univalent in ∆. In addition, assume that

ℜzh
′(z)

Q(z)
> 0 (z ∈ ∆).

If p(z) is analytic in ∆, with p(0) = q(0), p(∆) ⊂ D and

(2.1) ϑ(p(z)) + zp′(z)φ(p(z)) ≺ ϑ(q(z)) + zq′(z)φ(q(z)) = h(z),

then p(z) ≺ q(z) and q(z) is the best dominant.

Lemma 2.2([3]). Let q(z) be univalent in the unit disk ∆ and ϑ and φ be analytic
in a domain D containing q(∆). Suppose that

(1) ℜ [ϑ′(q(z))/φ(q(z))] > 0 for z ∈ ∆,

(2) Q(z) := zq′(z)φ(q(z)) is starlike univalent in ∆.

If p(z) ∈ H [q(0), 1] ∩ Q, with p(∆) ⊂ D, and ϑ(p(z)) + zp′(z)φ(p(z)) is univalent
in ∆, then

(2.2) ϑ(q(z)) + zq′(z)φ(q(z)) ≺ ϑ(p(z)) + zp′(z)φ(p(z)),

implies q(z) ≺ p(z) and q(z) is the best subordinant.

3. The classes Ωp(α1;φ) and Ω̃p(α1;φ)

By making use of Lemma 2.1, we first prove the following result:

Theorem 3.1. Let ψ(z) be univalent in ∆, ψ(0) = 1 and ψ(z) ̸= 0. Assume that
zψ′/ψ is starlike in ∆ and ℜ{α1ψ(z)} > 0. Let χ(z) be defined by

(3.1) χ(z) :=
1

α1 + 1

[
α1ψ(z) + 1 +

zψ′(z)

ψ(z)

]
.

If f(z) ∈ Ωp(α1 + 1;χ), then f(z) ∈ Ωp(α1;ψ). If f(z) ∈ Ω̃p(α1 + 1;χ),
(3.2)

0 ̸=
(Hl,m

p [α1 + 1]f(z))′

(Hl,m
p [α1]f(z))′

∈ H1 ∩Q and
(Hl,m

p [α1 + 2]f(z))′

(Hl,m
p [α1 + 1]f(z))′

is univalent in ∆,
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then f(z) ∈ Ω̃p(α1;ψ).

Proof. First of all consider the following identity

(3.3) z(Hl,m
p [α1]f(z))

′ = α1Hl,m
p [α1 + 1]f(z)− (α1 + p)Hl,m

p [α1]f(z),

which upon differentiation, yields

(3.4) z(Hl,m
p [α1]f(z))

′′ = α1(Hl,m
p [α1 + 1]f(z))′ − (α1 + p+ 1)(Hl,m

p [α1]f(z))
′.

Now define the function q(z) by

(3.5) q(z) :=
(Hl,m

p [α1 + 1]f(z))′

(Hl,m
p [α1]f(z))′

.

Then, clearly, q(z) is analytic in ∆.
By logarithmic differentiation of (3.5) with respect to z and using (3.4), we obtain

(3.6)
(Hl,m

p [α1 + 2]f(z))′

(Hl,m
p [α1 + 1]f(z))′

=
1

α1 + 1

(
α1q(z) + 1 +

zq′(z)

q(z)

)
.

Since f(z) ∈ Ωp(α1 + 1;χ), we have from (3.6) that

α1q(z) +
zq′(z)

q(z)
≺ α1ψ(z) +

zψ′(z)

ψ(z)

and this can be written as (2.1), by defining

ϑ(w) := α1w and φ(w) :=
1

w
.

Note that φ(w) ̸= 0 and ϑ(w), φ(w) are analytic in C \ {0}. Set

Q(z) :=
zψ′(z)

ψ(z)
(3.7)

h(z) := ϑ(ψ(z)) +Q(z) = α1ψ(z) +
zψ′(z)

ψ(z)
.(3.8)

In light of the hypothesis of our Theorem 3.1, we see that Q(z) is starlike and

ℜ
{
zh′(z)

Q(z)

}
= ℜ

{
α1ψ(z) + 1 +

zψ′′(z)

ψ′(z)
− zψ′(z)

ψ(z)

}
> 0.

By an application of Lemma 2.1, we obtain that q(z) ≺ ψ(z) or

(Hl,m
p [α1 + 1]f(z))′

(Hl,m
p [α1]f(z))′

≺ ψ(z),
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which shows that f(z) ∈ Ωp(α1;ψ).
The second half of the Theorem 3.1 follows by a similar application of Lemma 2.2.
�

Remark 3.1. The subordination result of Theorem 3.1 also holds if we replace the
condition ℜ{α1ψ(z)} > 0 by

ℜ
{
α1ψ(z) + 1 +

zψ′′(z)

ψ′(z)
− zψ′(z)

ψ(z)

}
> 0

and hence we obtain as its special case the following results using (1.3) and (1.4)
respectively:

(1) Let ψ(z) be univalent in ∆, ψ(0) = 1 and ψ(z) ̸= 0. Assume that zψ′/ψ is
starlike in ∆ and

ℜ
{
aψ(z) + 1 +

zψ′′(z)

ψ′(z)
− zψ′(z)

ψ(z)

}
> 0.

Let χ(z) be defined by

χ(z) :=
1

a+ 1

[
aψ(z) + 1 +

zψ′(z)

ψ(z)

]
.

If f(z) ∈ Σp and
[Lp(a+ 2, c)f(z)]′

[Lp(a+ 1, c)f(z)]′
≺ χ(z)

then
[Lp(a+ 1, c)f(z)]′

[Lp(a, c)f(z)]′
≺ ψ(z)

and ψ(z) is the best dominant.

(2) Let ψ(z) be univalent in ∆, ψ(0) = 1 and ψ(z) ̸= 0. Assume that zψ′/ψ is
starlike in ∆ and

ℜ
{
(n+ p)ψ(z) + 1 +

zψ′′(z)

ψ′(z)
− zψ′(z)

ψ(z)

}
> 0.

Let χ(z) be defined by

χ(z) :=
1

n+ p+ 1

[
(n+ p)ψ(z) + 1 +

zψ′(z)

ψ(z)

]
.

If f(z) ∈ Σp and
[Dn+p+1f(z)]′

[Dn+pf(z)]′
≺ χ(z)

then
[Dn+pf(z)]′

[Dn+p−1f(z)]′
≺ ψ(z)

and ψ(z) is the best dominant.



638 S. Sivaprasad Kumar and H. C. Taneja

Using Theorem 3.1, we obtain the following “sandwich result”:

Corollary 3.2. Let ψi(z) ̸= 0 (i = 1, 2) be univalent in ∆. Further assume
that zψ′

i(z)/ψi(z) (i = 1, 2) is starlike univalent in ∆ and ℜ{α1ψi(z)} > 0. If
f(z) ∈ Ωp(α1 + 1;χ1, χ2) satisfies (3.2), then f(z) ∈ Ωp(α1;ψ1, ψ2), where

χi(z) :=
1

α1 + 1

[
α1ψi(z) + 1 +

zψ′
i(z)

ψi(z)

]
(i = 1, 2).

Theorem 3.3. Let ψ be univalent in ∆, ψ(0) = 1, and λ be a complex number.
Assume that zψ′/(λ−p−α1+α1ψ) is starlike in ∆ and ℜ{λ− p− α1 + α1ψ(z)} >
0. Define the functions F and h by

(3.9) F(z) :=
λ− p

zλ

∫ z

0

tλ−1f(t)dt,

h(z) := ψ(z) +
zψ′(z)

λ− p− α1 + α1ψ(z)
.

If f(z) ∈ Ωp(α1;h), then F ∈ Ωp(α1;ψ). If f(z) ∈ Ω̃p(α1;h),

(3.10) 0 ̸=
Hl,m

p [α1 + 1]F(z)

Hl,m
p [α1]F(z)

∈ H1∩Q and
(Hl,m

p [α1 + 1]f(z))′

(Hl,m
p [α1]f(z))′

is univalent in ∆,

then the function F ∈ Ω̃p(α1;ψ).

Proof. From the definition of F(z) and (3.4), we obtain that

(λ− p)Hl,m
p [α1]f(z) = λHl,m

p [α1]F(z) + z(Hl,m
p [α1]F(z))′

= α1Hl,m
p [α1 + 1]F(z) + (λ− p− α1)Hl,m

p [α1]F(z).(3.11)

Define the function q(z) by

(3.12) q(z) :=
(Hl,m

p [α1 + 1]F(z))′

(Hl,m
p [α1]F(z))′

.

Then, clearly, q(z) is analytic in ∆. Using (3.11) and (3.12), we have

(λ− p)
(Hl,m

p [α1]f(z))
′

(Hl,m
p [α1]F(z))′

= λ− p− α1 + α1q(z).(3.13)

Upon logarithmic differentiation of (3.13) and using (3.4), and (3.12), we get

(3.14)
(Hl,m

p [α1 + 1]f(z))′

(Hl,m
p [α1]f(z))′

= q(z) +
zq′(z)

λ− p− α1 + α1q(z)
.
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Since f(z) ∈ Ωp(α1;h), we have, from (3.14),

q(z) +
zq′(z)

λ− p− α1 + α1q(z)
≺ ψ(z) +

zψ′(z)

λ− p− α1 + α1ψ(z)

and this can be written as (2.1), by defining

ϑ(w) := w and φ(w) :=
1

λ− p− α1 + α1w
.

The first half of Theorem 3.3 now follows by an application of Lemma 2.1 and the
second half follows by a similar application of Lemma 2.2. �

Remark 3.2. The subordination result of Theorem 3.3 also holds if we replace the
condition ℜ{λ− p− α1 + α1ψ(z)} > 0 by

ℜ
{
λ− p− α1 + α1ψ(z) + 1 +

zψ′′(z)

ψ′(z)
− α1zψ

′(z)

λ− p− α1 + α1ψ(z)

}
> 0

and hence we obtain as its special case the following results using (1.3) and (1.4)
respectively:

(1) Let ψ be univalent in ∆, ψ(0) = 1, and λ be a complex number. Assume that
zψ′/(λ− p− a+ aψ) is starlike in ∆ and

ℜ
{
λ− p− a+ aψ(z) + 1 +

zψ′′(z)

ψ′(z)
− azψ′(z)

λ− p− a+ aψ(z)

}
> 0.

Let F be defined as in (3.9) and h(z) defined by

h(z) := ψ(z) +
zψ′(z)

λ− p− a+ aψ(z)
.

If f(z) ∈ Σp and
[Lp(a+ 1, c)f(z)]′

[Lp(a, c)f(z)]′
≺ h(z)

then
[Lp(a+ 1, c)F (z)]′

[Lp(a, c)F (z)]′
≺ ψ(z)

and ψ(z) is the best dominant.

(2) Let ψ be univalent in ∆, ψ(0) = 1, and λ be a complex number. Assume that
zψ′/(λ− n+ (n+ p)ψ) is starlike in ∆ and

ℜ
{
λ− n+ (n+ p)ψ(z) + 1 +

zψ′′(z)

ψ′(z)
− (n+ p)zψ′(z)

λ− n+ (n+ p)ψ(z)

}
> 0.
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Let F be defined as in (3.9) and h(z) defined by

h(z) := ψ(z) +
zψ′(z)

λ− n+ (n+ p)ψ(z)
.

If f(z) ∈ Σp and
[Dn+pf(z)]′

[Dn+p−1f(z)]′
≺ h(z)

then
[Dn+pF (z)]′

[Dn+p−1F (z)]′
≺ ψ(z)

and ψ(z) is the best dominant.

Using Theorem 3.3, we have the following result:

Corollary 3.4. Let ψi be univalent in ∆ (i = 1, 2) and λ be a complex number.

Assume that
zψ′

i

λ− p− α1 + α1ψi
is starlike in ∆ and ℜ{λ− p− α1 + α1ψi(z)} > 0

for i = 1, 2. If f(z) ∈ Ωp(α1;h1, h2) satisfies (3.10), then the function F defined
by (3.9) belongs to Ωp(α1;ψ1, ψ2) where

hi(z) := ψi(z) +
zψ′

i(z)

λ− p− α1 + α1ψi(z)
(i = 1, 2).

Theorem 3.5. Let f(z) ∈ Σp and α1 ̸= −1. Define F by

(3.15) F(z) :=
α1

zα1+p

∫ z

0

tα1+p−1f(t)dt.

Then f(z) ∈ Ωp(α1;φ) if and only if F ∈ Ω

(
α1 + 1;

1 + α1φ

1 + α1

)
. Also f(z) ∈

Ω̃p(α1;φ) if and only if F ∈ Ω̃

(
α1 + 1;

1 + α1φ

1 + α1

)
.

Proof. From (3.15), we have

(3.16) α1f(z) = (α1 + p)F(z) + zF ′(z).

By convoluting (3.16) with hp(α1, · · · , αl;β1, · · · , βm; z) and using the fact that
z(f ∗ g)′(z) = f(z) ∗ zg′(z), we obtain

α1Hl,m
p [α1]f(z) = (α1 + p)Hl,m

p [α1]F(z) + z(Hl,m
p [α1]F(z))′

and by using (3.4), we get

(3.17) Hl,m
p [α1]f(z) = Hl,m

p [α1 + 1]F(z)



On a Class of Meromorphic Functions 641

and

α1Hl,m
p [α1 + 1]f(z) = z(Hl,m

p [α1]f(z))
′ + (α1 + p)Hl,m

p [α1]f(z)

= z(Hl,m
p [α1 + 1]F(z))′ + (α1 + p)Hl,m

p [α1 + 1]F(z)

= (α1 + 1)Hl,m
p [α1 + 2]F(z)− (α1 + p+ 1)Hl,m

p [α1 + 1]F(z)

+ (α1 + p)Hl,m
p [α1 + 1]F(z)

= (α1 + 1)Hl,m
p [α1 + 2]F(z)−Hl,m

p [α1 + 1]F(z).(3.18)

Therefore, from (3.17) and (3.18), we have

(Hl,m
p [α1 + 2]F(z))′

(Hl,m
p [α1 + 1]F(z))′

=
1

α1 + 1

[
1 + α1

(Hl,m
p [α1 + 1]f(z))′

(Hl,m
p [α1]f(z))′

]
,

and the desired results follow at once. �
Using (1.3), we have the following result:

Example 3.1. Let f(z) ∈ Ap and a ̸= −1. Define F as in (3.15). Then

[Lp(a+ 1, c)f(z)]′

[Lp(a, c)f(z)]′
≺ φ(z) if and only if

[Lp(a+ 2, c)F (z)]′

[Lp(a+ 1, c)F (z)]′
≺ 1 + aφ

1 + a
.

Also

φ(z) ≺ [Lp(a+ 1, c)f(z)]′

[Lp(a, c)f(z)]′
if and only if

1 + aφ

1 + a
≺ [Lp(a+ 2, c)F (z)]′

[Lp(a+ 1, c)F (z)]′
.

Using Theorem 3.5, we have

Corollary 3.6. Let f(z) ∈ Σp and α1 ̸= −1. Then f(z) ∈ Ωp(α1;φ1, φ2) if and

only if F given by (3.15) is in Ω

(
α1 + 1;

1 + α1φ1

1 + α1
,
1 + α1φ2

1 + α1

)
.

4. The classes Mp(n, λ;φ) and M̃p(n, λ;φ)

By making use of Lemma 2.1, we prove the following result:

Theorem 4.1. Let ψ(z) be univalent in ∆, ψ(0) = 1, ℜψ(z) > 0 and zψ′/ψ be
starlike in ∆. Let χ(z) be defined by

χ(z) :=
1

λ− p

[
(λ− p)ψ(z) +

zψ′(z)

ψ(z)

]
.

If f(z) ∈ Mp(n+ 1, λ;χ), then f(z) ∈ Mp(n, λ;ψ). If f(z) ∈ M̃p(n+ 1, λ;χ),

(4.1) 0 ̸= (Ip(n+ 1, λ)f(z))′

(Ip(n, λ)f(z))′
∈ H1∩Q and

(Ip(n+ 2, λ)f(z))′

(Ip(n+ 1, λ)f(z))′
is univalent in ∆,
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then f(z) ∈ M̃p(n, λ;ψ).

Proof. First of all consider the following identity

(4.2) (λ− p)Ip(n+ 1, λ)f(z) = z[Ip(n, λ)f(z)]′ + λIp(n, λ)f(z),

which yields up on differentiation

(4.3) z[Ip(n, λ)f(z)]′′ = (λ− p)[Ip(n+ 1, λ)f(z)]′ − (λ+ 1)[Ip(n, λ)f(z)]′.

Now define the function q(z) by

(4.4) q(z) :=
(Ip(n+ 1, λ)f(z))′

(Ip(n, λ)f(z))′
.

Then, clearly, q(z) is analytic in ∆. By logarithmic differentiation of (4.4) and using
(4.3), we obtain

(4.5)
(Ip(n+ 2, λ)f(z))′

(Ip(n+ 1, λ)f(z))′
=

1

λ− p

(
(λ− p)q(z) +

zq′(z)

q(z)

)
.

Since f(z) ∈ Mp(n+ 1, λ;χ) and in view of (4.5), we have

(λ− p)q(z) +
zq′(z)

q(z)
≺ (λ− p)ψ(z) +

zψ′(z)

ψ(z)
.

The first result follows by an application of Lemma 2.1. Similarly the second result
follows from Lemma 2.2. �

Remark 4.1. The subordination result of Theorem 4.1 also holds if we replace the
condition ℜψ(z) > 0 by

ℜ
{
(λ− p)ψ(z) + 1 +

zψ′′(z)

ψ′(z)
− zψ′(z)

ψ(z)

}
> 0.

Using Theorem 4.1, we obtain the following “sandwich result”:

Corollary 4.2. Let ψi(z) be univalent in ∆, ℜψi(z) > 0 and zψ′
i(z)/ψi(z) be

starlike univalent in ∆ for i = 1, 2. Define

χi(z) :=
1

λ− p

[
(λ− p)ψi(z) +

zψ′
i(z)

ψi(z)

]
(i = 1, 2).

If f(z) ∈ Mp(n+ 1, λ;χ1, χ2) satisfies (4.1), then f(z) ∈ Mp(n, λ;ψ1, ψ2).

Theorem 4.3. Let ψ be univalent in ∆, ψ(0) = 1, δ be a complex number, zψ′/(δ−
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λ+(λ−p)ψ) be starlike in ∆ and ℜ{δ − λ+ (λ− p)ψ(z)} > 0. Define the function
F by

F(z) :=
δ − p

zδ

∫ z

0

tδ−1f(t)dt,(4.6)

h(z) := ψ(z) +
zψ′(z)

δ − λ+ (λ− p)ψ(z)
.

If f(z) ∈ Mp(n, λ;h), then F ∈ Mp(n, λ;ψ). If f(z) ∈ M̃p(n, λ;h),
(4.7)

0 ̸= (Ip(n+ 1, λ)F(z))′

(Ip(n, λ)F(z))′
(z) ∈ H1 ∩Q and

(Ip(n+ 1, λ)f(z))′

(Ip(n, λ)f(z))′
is univalent in ∆,

then F ∈ M̃p(n, λ;ψ).

Proof. From the definition of F(z) and

(4.8) z(Ip(n, λ)F(z))′ = (λ− p)Ip(n+ 1, λ)F(z)− λIp(n, λ)F(z),

we have

(δ − p)Ip(n, λ)f(z) = δIp(n, λ)F(z) + z(Ip(n, λ)F(z))′

= (λ− p)Ip(n+ 1, λ)F(z) + (δ − λ)Ip(n, λ)F(z).(4.9)

Define the function q(z) by

(4.10) q(z) :=
(Ip(n+ 1, λ)F(z))′

(Ip(n, λ)F(z))′
.

Then, clearly, q(z) is analytic in ∆. Using (4.9) and (4.10), we have

(δ − p)
(Ip(n, λ)f(z))′

(Ip(n, λ)F(z))′
= δ − λ+ (λ− p)q(z).(4.11)

Upon logarithmic differentiation of (4.11) and using (4.3), (4.8) and (4.10), we get

(4.12)
(Ip(n+ 1, λ)f(z))′

(Ip(n, λ)f(z))′
= q(z) +

zq′(z)

δ − λ+ (λ− p)q(z)
.

For f(z) ∈ Mp(n, λ, h), we have from (4.11),

q(z) +
zq′(z)

δ − λ+ (λ− p)q(z)
≺ ψ(z) +

zψ′(z)

δ − λ+ (λ− p)ψ(z)
.

The first part of our result now follows by an application of Lemma 2.1. Similarly
the second part follows from Lemma 2.2. �
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Remark 4.2. The subordination result of Theorem 4.3 also holds if we replace the
condition ℜ{δ − λ+ (λ− p)ψ(z)} > 0 by

ℜ
{
δ − λ+ (λ− p)ψ(z) + 1 +

zψ′′(z)

ψ′(z)
− (λ− p)zψ′(z)

δ − λ+ (λ− p)ψ(z)

}
> 0.

Using Theorem 4.3, we have the following result:

Corollary 4.4. Let ψi be univalent in ∆ and δ be a complex number. Assume
that zψ′

i/(δ − λ + (λ − p)ψi) is starlike in ∆ and ℜ{δ − λ+ (λ− p)ψi(z)} > 0 for
i = 1, 2. Define the functions hi by

hi(z) := ψi(z) +
zψ′

i(z)

δ − λ+ (λ− p)ψi(z)
(i = 1, 2).

If f(z) ∈ Mp(n, λ;h1, h2), then F defined by (4.6) belongs to Mp(n, λ;ψ1, ψ2).

Theorem 4.5. Let f(z) ∈ Σp. Then f(z) ∈ Mp(n, λ;φ) if and only if

(4.13) F(z) :=
λ− p

zλ

∫ z

0

tλ−1f(t)dt ∈ Mp(n+ 1, λ;φ).

Also f(z) ∈ M̃p(n, λ;φ) if and only if F ∈ M̃p(n+ 1, λ;φ).

Proof. From (4.13), we have

(4.14) (λ− p)f(z) = λF(z) + zF ′(z).

By convoluting (4.14) with

ϕp(k, λ; z) :=
1

zp
+

∞∑
k=1−p

(
k + λ

λ− p

)r

zk

and using the fact that z(f ∗ g)′(z) = f(z) ∗ zg′(z), we obtain

(λ− p)Ip(n, λ)f(z) = λIp(n, λ)F(z) + z(Ip(n, λ)F(z))′

and by using (4.3), we get

(4.15) Ip(n, λ)f(z) = Ip(n+ 1, λ)F(z)

and

(λ− p)Ip(n+ 1, λ)f(z) = z(Ip(n, λ)f(z))′ + λIp(n, λ)f(z)
= z(Ip(n+ 1, λ)F(z))′ + λIp(n+ 1, λ)F(z)

= (λ− p)Ip(n+ 2, λ)F(z).(4.16)
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Therefore, from (4.15) and (4.16), we have

(Ip(n+ 2, λ)F(z))′

(Ip(n+ 1, λ)F(z))′
=

(Ip(n+ 1, λ)f(z))′

(Ip(n, λ)f(z))′
,

and the desired result follows at once. �
Using Theorem 4.5, we have

Corollary 4.6. Let f(z) ∈ Σp. Then f(z) ∈ Mp(n, λ;φ1, φ2) if and only if
F ∈ Mp(n+ 1, λ;φ1, φ2).
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[2] T. Bulboacă, A class of superordination-preserving integral operators, Indag. Math.
(N. S.), 13(3)(2002), 301-311.
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