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ABSTRACT. In the present investigation, we introduce new classes of p-valent meromorphic
functions defined by Liu-Srivastava linear operator and the multiplier transform and study
their properties by using certain first order differential subordination and superordination.

1. Introduction

Let 2 be the class of functions analytic in A := {z € C : |z|] < 1}
and € (a,n) be the subclass of ¢ consisting of functions of the form f(z) =
a+ apz" + apy12" T+ -+ and set 4 = H(1,1). Let 3, denote the class of all
analytic functions of the form

1 > .
(1.1) f(z)z;—i—Zawk (zeA":={2€C:0<|z|<1}peN)
k=1—p
and set X := ;. .
For two functions f(z) given by (1.1) and g(z) = > + > iy brz", the
Hadamard product (or convolution) of f and g is defined by

(1:2) (Feg)e) =5+ 3 abes = (g% F)(2).

k=1—p

Fora; e C (j =1,2,---,1) and g; € C\ {0,—-1,-2,---} (j = 1,2,---m), the
generalized hypergeometric function (Fr (a1, -+, a3 01, , Bm; 2) is defined by the
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infinite series

o B Beay e N (@) (@) 2"
lFm(alv aalaﬂlv aﬂmaz)' ”go(ﬁl)n<ﬁm)nn'

(I<m+1l,meNy:={0,1,2,---})
where (a),, is the Pochhammer symbol defined by

(@)n = I'(a) _{a(a+1)(a+2)...(a—|—n—1), (neN:={1,2,3---}).

Corresponding to the function
hp(ala T 7al;513 e ,ﬂn“Z) =z7P lFm(O[h e 7al;ﬁ17 e 76777,’ Z)u

the Liu-Srivastava operator [7] H](f’m) (0a, 00581, Bm) : p — Xy, is defined
by the Hadamard product

H1(7l7m)(ala"' 7al;617"' 7/6m)f( ) = hp(ala"' al;ﬁl)"' aﬁmyz) *f(Z)

1 (a1)n () apz"
— Z Untp** (Q)ntp -
zP 51 n+p : (ﬂm)nﬂl (n+p).

To make the notation simple, we write

Hgm[al]f(z) = Hg()l,m)(alv e aal;/glv e aﬁm)f(z)

Special cases of the Liu-Srivastava linear operator includes the meromorphic
analogue of the Carlson-Shaffer linear operator

(1.3) Ly(a,c) = ’HZ(,Q’U(a, 1;¢)
considered by Liu [6] and the operator
(1.4) Dl = L (n+p, 1)

investigated by Yang [14]. When p = 1, the operator was first introduced by Ganigi
and Uralegaddi [5] and then generalized by Yang [13] to an operator analogous
to the Ruscheweyh derivative operator, and the operator J., = L,(c,c + 1) was
studied, for example, by Uralegaddi and Somanatha [12]. Note that

Tond = S5 [ € @ (e 0),

Motivated by the operator studied by Aouf and Hossen [1] (see also [4], [6], [10]),
we define the operator Z,(n, A) on X, by the following infinite series

o0

(1.5) Z,(n, N f(z) == L + Z (M)nakzk (A>p,neZ).

zP Parniy A—Dp
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A function f(z) € X, is said to be in the class QL™ (ay; A, B) if it satisfies the
following subordination:

(Hp"len +11f(2))" p(A-B)z
(Hy" o] £ (2)) ai(1+ Bz)
(z€A; a1 €C—-1<B<A<I; pl,meN)

This class Qi;m(al;A,B) was introduced by Liu and Srivastava [7] and they
have proved the following:

Theorem 1.1([7, Theorem 1, p.23]). Let ay be real number. If

p(A-B)
LA s _ <1
@z g (-1<B<A<I1;peN),
then
(1.6) Qé;m(oq +1;A,B) C Qi;m(al;A,B).

Theorem 1.2([7, Theorem 2, p.25]). Let A be a complex number such that

p(A— B)
1+B

If f € Qé’m(al;A,B), then the function

R(A) > (-1<B<A<1;peN).

A z
) = /0 P (1) d

also belongs to the class Qé;m(al; A, B).

For two analytic functions f and F, we say that F' is superordinate to f if f is
subordinate to F. Recently Miller and Mocanu [9] considered certain second order
differential superordinations. Using the results of Miller and Mocanu [9], Bulboaca
[3] has considered certain classes of first order differential superordinations and
Bulboaca [2] considered certain superordination-preserving integral operators.

In recent years, many results of various interesting subclasses of the class ¥, of
meromorphically p-valent functions were investigated extensively by (among others)
Aouf et al. [1], Liu and Srivasava [7], Ravichandran et al. [11], Uralegaddi and
Somanatha [12] and Yang [14]. In this paper, we generalize the above-stated classes
of Liu and Srivasava [7] to a more general classes of meromorphic p-valent functions
which we define below using differential subordination and superordination.

Definition 1.1. A function f(z) € 3, is said to be in Qp (a1, -+ ,a; 81, , Bm; @)
if it satisfies the following subordination:

(H5™ o + 1] £(2))
(Hp" [en]f(2))"

(1.7) <p(z) (2€4),
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and is said to be in ﬁp(al, cee sy By, B ) if f satisfies the following super-
ordination:

(Hy" a1 + 1] f(2))
(M [en] f(2))

where ¢(z) is analytic in A and ¢(0) = 1.

(1.8) p(z) < (z € A),

To make the notation simple, we write

Qpon;9) = Qplar, -+ o381, B ¢)
and B B

Qp(ar; ) = Qplar, - a5 b1, B 0).
Also we define the class Q,(aq; @1, p2) by the following:

Qpar; @1, 2) = Qp(a1;01) N Qyar; 2).
For

1 p(A—B)z

— - . . < .
o(2) o (15 B2) (zeA; a1 eC;-1<B<A<1; peN),

the class Qp(; @) reduces to the class Q5™ (ay; A, B), introduced and studied by
Liu and Srivastava [7].

Definition 1.2. A function f(z) € X, is said to be in the class My(n, A; ¢) if it

satisfies the following subordination:

(Zp(n+1,0)f(2))
(Zp(n, M) f(2))

(1.9) <p(z) (f(2) €5p),

and is said to be in ./Dl},(n, A; ) if f satisfies the following superordination:

(Zp(n+ 1, M) f(2)
(Zp(n, M) f(2))f

where ¢(z) is analytic in A and ¢(0) = 1. Also we define the class M, (n, A; @1, ¢2)
by the following;:

(1.10) p(z) < (f(2) € Xp),

My (1, Xs o1, 02) 1= Mp(n, A 01) N Mp(n, A; @2).

2. Preliminaries

In order to prove our main results we will need to use the next definition and
lemmas.
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Definition 2.1([9, Definition 2, p.817]). Denote by Q, the set of all functions f(2)
that are analytic and injective on A — E(f), where

B(f) = {¢ €08+ I /(=) = o<,

and are such that f/(¢) # 0 for ¢ € A — E(f).

Lemma 2.1([8]). Let q(z) be univalent in the unit disk A and ¥ and ¢ be
analytic in a domain D containing q(A) with p(w) # 0 when w € q(A). Set
Q(2) == z2¢' (2)e(q(2)), h(z) := ¥(q(z)) + Q(2). Suppose that either (i) h(z) is
convex, or (ii) Q(z) is starlike univalent in A. In addition, assume that

zh!(2)

R o) >0 (z€A).
If p(2) is analytic in A, with p(0) = ¢(0), p(A) C D and
(2.1) I(p(2)) + 20’ (2)p(p(2)) < 9(a(2)) + 24 (2)p(a(2)) = h(z),

then p(z) < q(z) and q(z) is the best dominant.

Lemma 2.2([3]). Let q(z) be univalent in the unit disk A and ¥ and ¢ be analytic
in a domain D containing q(A). Suppose that

(1) R0 (a(2))/e(a(2))] > 0 for z € A,
(2) Q(z) := 2¢'(2)p(q(2)) is starlike univalent in A.

If p(z) € q(0),1] N Q, with p(A) C D, and ¥(p(z)) + zp'(2)p(p(z)) is univalent
n A, then

(2.2) 9(q(2)) + 2¢'(2)p(q(2)) < 9(p(2)) + 20" (2)p(p(2)),

implies q(z) < p(z) and q(z) is the best subordinant.

3. The classes Q,(a1;¢) and ﬁp(al; ©)
By making use of Lemma 2.1, we first prove the following result:

Theorem 3.1. Let 1)(z) be univalent in A, (0) =1 and ¥(z) # 0. Assume that
2’ 1 is starlike in A and R{ay(2)} > 0. Let x(z) be defined by

1 2’ (2)
P arp(z)+ 1+ o)

(If fgz) € Qa1 + L x), then f(z) € Qylar; ). If f(2) € Qylar + 1;X),
3.2

0 #

(3.1) x(z) ==

(Hi;";[r:q + /=) € 1N Q and (H%:[al + A7) s univalent in A,
(Hp" [aa] f(2)) plar +1]f(2))
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then f(z) € ﬁp(al;w).

Proof. First of all consider the following identity

(33) 2" aalf(2)) = anHy " an + 1f(2) = (on + ) H ™ [en] f(2),

which upon differentiation, yields

(34) 2™l f(2))" = ar(Hy ™ [en + 1 f(2)) = (a1 +p + 1) (H; " [ea] f(2))"-
Now define the function ¢(z) by

(Hy™ lor + 1] f(2))’

(35 )= i)y

Then, clearly, ¢(z) is analytic in A.
By logarithmic differentiation of (3.5) with respect to z and using (3.4), we obtain

(Hp" o +2f(2) 1 ol 2q'(2)
(3.6) ol 110/ a1 ( 19(2) + 1+ ) )
Since f(z) € Q,(a1 + 15 x), we have from (3.6) that
2q'(2) 2¢'(2)
e M e

and this can be written as (2.1), by defining
Hw) := aqw and (w) := —.

Note that ¢(w) # 0 and J(w), p(w) are analytic in C\ {0}. Set

)
(3.7) Q)= =7
(33) ) = 90(2) + Q) = arv(e) + L)

In light of the hypothesis of our Theorem 3.1, we see that Q(z) is starlike and

2 (2) W) W)
%{ o) ISR } =0

By an application of Lemma 2.1, we obtain that ¢(z) < ¥(z) or

bnfawe s

(H5™ o + 1] f(2))
(Hp" [en] f(2))

< Y(2),
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which shows that f(z) € Q,(aq;9).
The second half of the Theorem 3.1 follows by a similar application of Lemma 2.2.
O

Remark 3.1. The subordination result of Theorem 3.1 also holds if we replace the
condition R {a19(2)} > 0 by

R {aﬂ/)(z) 1420 ) } >0

v e
and hence we obtain as its special case the following results using (1.3) and (1.4)

respectively:

(1) Let ¥(z) be univalent in A, ¥(0) = 1 and 9(z) # 0. Assume that z¢)' /4 is
starlike in A and

2W"(z) _ zY(2)
%{aw(z)—i-l—f— e o) } > 0.
Let x(z) be defined by
x(z) == - i 1 [aw(z) +1+ Z:f;i;)} .

If f(z) € ¥, and
La+2.08()
LoatLosey <X

then
[Lp(a+1,0)f(2)
[Lp(a, ) f(2))
and 1(z) is the best dominant.

(2) Let ¥(z) be univalent in A, ¥(0) = 1 and 9(z) # 0. Assume that z¢)’ /1 is
starlike in A and

%{(n—kp)z/z(z) +1+

< Y(z)

2"(z) _ 2Y'(z)
o el el
Let x(z) be defined by

x(z) == P [(n +p)(z) +1+ Zzég)} .
If f() € ¥, and
DY
gy
then
IO B

[Drtr=1f(2))
and v(z) is the best dominant.
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Using Theorem 3.1, we obtain the following “sandwich result”:

Corollary 3.2. Let 9;(z) # 0 (i = 1,2) be univalent in A. Further assume
that z¢}(2)/vi(2) (i = 1,2) is starlike univalent in A and R{a19;(z)} > 0. If
f(z) € Qp(ar + 1;x1, x2) satisfies (3.2), then f(z) € Qp(a1;vyr1,v2), where

2Pi(2)
¥i(2)
Theorem 3.3. Let ¢ be univalent in A, ¥(0) = 1, and X be a complex number.

Assume that zi)' /(A —p—aq +a1v)) is starlike in A and R{\ —p — a1 + a19p(z)} >
0. Define the functions F and h by

1
Oél+1

xi(z) =

[alwi(z)—i—l—i- ] (i=1,2).

(3.9) F(z) = A;p / AL () dt,

0

2’ (2)
A—p—a;+ap(z)

If f(z) € Qu(ag;h), then F € Qp(ag;v). If f(z) € Qp(oq;h),

hz) = (=) +

Lm l,m /
(3.10) 0 2 28 loa +UFG) g apa P o £ 1(2))

Tm o . is univalent in A,
Hy" [en]F(2) (Hp" ] £(2))

then the function F € ﬁp(al; ).
Proof. From the definition of F(z) and (3.4), we obtain that

(A= p)Hp" ] f(2) = AHE ™[] F(2) + 2(Hy ™[] F(2))'
(3.11) = alﬂi;m[al +1FE)+AN=—p— al)’}-ti;m[aﬂ]:(z).

Define the function ¢(z) by

(Hy"[on + 1F (=)
(Hy" o) F(2))

(3.12) q(z) =

Then, clearly, ¢(z) is analytic in A. Using (3.11) and (3.12), we have

(3.13) (A—p)

Upon logarithmic differentiation of (3.13) and using (3.4), and (3.12), we get

(ylea + UG 2q(2)

1 (K a1 ) Amp -t o)
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Since f(z) € Qp(aq;h), we have, from (3.14),

2 (2)
A—p—a1+ap(z)

2q'(2)
A—p—ar + aiq(z)

<¢Y(z) +

q(z) +

and this can be written as (2.1), by defining

1
S A—p—a+aw’

H(w) :=w and p(w) :
The first half of Theorem 3.3 now follows by an application of Lemma 2.1 and the
second half follows by a similar application of Lemma 2.2. O

Remark 3.2. The subordination result of Theorem 3.3 also holds if we replace the
condition R{\ —p — a1 + @19(2)} > 0 by

W) me)

Y'(z)  A—p—ar+ay(z)

and hence we obtain as its special case the following results using (1.3) and (1.4)
respectively:

%{Apa1+a1w(2)+l+

(1) Let ¢ be univalent in A, ¥(0) = 1, and A be a complex number. Assume that
20" /(A — p — a+ ay) is starlike in A and

2" (2) az'(z)
V(2 _/\—p—a—|—a1/)(z)} > 0.

Let F' be defined as in (3.9) and h(z) defined by

z¢'(2)
A—p—a+ap(z)

%{A—p—a—kaw(z)—&-l-i-

h(z) :==¢(2) +

If f(2) € ¥, and
[Lp(a+1,0)f )
[£p(a, ) f(2)]

=< h(z)

then
[Lp(a+1,c)F(2)]
[Lp(a, c)F(2)]

and v(z) is the best dominant.

=< Y(z)

(2) Let ¢ be univalent in A, ¥(0) = 1, and A be a complex number. Assume that
2" /(AN =n+ (n+p)Y) is starlike in A and

é}%{)\ —n (0 p)Y(e) + 1 ;f(()) 3 _(Zi?fﬁ;l<z>} -0
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Let F be defined as in (3.9) and h(z) defined by

2’ (2)

h(z) = 9(2) + y— + (n+p)Y(2)

If f(2) € ¥, and
O
o fap
then D ()]
CIC)

and 1(z) is the best dominant.

Using Theorem 3.3, we have the following result:

Corollary 3.4. Let v; be univalent in A (i = 1,2) and X be a complex number.
2 : -
tarlik Aand R{A\—p—ay + i >0
pp—————" is starlike in A and R{\ — p — a1 + a19;(2)}
fori=1, 2. If f(2) € Qp(a1;h1, he) satisfies (3.10), then the function F defined
by (3.9) belongs to Q,(aq;¢1,12) where

Assume that

2 (2)
A—p—oaq +ar1¥;(z)

hz(z) = wl(z) =+ (’L =1, 2).

Theorem 3.5. Let f(z) € £, and a1 # —1. Define F by

(3.15) Fe)i= sty [, e o

1+ a1
1+C¥1

Then f(z) € Qu(ai;9) if and only if F € Q(a1+1; ) Also f(z) €

(NZp(Oélmp) if and only if F € Q <C¥1 +1; 114;021@) '
Proof. From (3.15), we have

By convoluting (3.16) with hp(a1, -+ ,a; 81, -, Bm;#) and using the fact that
2(f *g)'(2) = f(2) x 29’ (2), we obtain

a1 [0a] f(2) = (a1 + p)HE ™ [01] F(2) + 2(HL ™ [01] F(2))
and by using (3.4), we get

(3.17) Hi;m[oq]f(z) = Hi;m[oq + 1JF(2)
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and
arHy " [an +1]f(2) = 2(Hy ™ [an] £(2)) + (1 + p)H ™ [en] £(2)
= 2(Hy™ [on + 1)F(2)) + (1 + p)Hy ™ [on + 1)F(2)
= (a1 + DML [on + 2] F(2) — (a1 + p+ DHL™[on + 1] F(2)
+ (a1 +p)Hy " ar + 1]F(2)
(3.18) = (o1 + DHL™ (o + 2] F(2) — HE™ o + 1) F(2).

Therefore, from (3.17) and (3.18), we have

(Hp" [en + 21 F(2)) L 144 (M len +1]f(2))
- 1 ’
(Hp™"[on +1]F(2)) a1 +1 (Hy™ ] £(2))
and the desired results follow at once. O

Using (1.3), we have the following result:
Example 3.1. Let f(z) € A, and a # —1. Define F as in (3.15). Then

[Lpla+1,¢)f(2)] [Lpla+2,0)F(2)] 1+ap
[Lp(a,c) f(2)] [Lp(a+1,0)F(2))  1+a’

< p(z) if and only if

[Lp(a+1,0)f(2))

l+ap [Lp(a+2,¢)F(2)])
U TATYE]

1+a Lyt LoFG)]

if and only if

Using Theorem 3.5, we have
Corollary 3.6. Let f(z) € ¥, and an # —1. Then f(z) € Qp(a1;¢1,92) if and

‘ . o I+a1o1 14+ a1
ly if F by (3.15 Q 1; 7
only if F given by (3.15) is in (oq + 7o T o

4. The classes M, (n, ;) and Mvp(n, ;)
By making use of Lemma 2.1, we prove the following result:

Theorem 4.1. Let ¢(z) be univalent in A, ¥(0) = 1, R(z) > 0 and 29’ /¢ be
starlike in A. Let x(z) be defined by

W)= 1 |-t + 28

If f(2) € My(n+1,Xx), then f(z) € My(n, ). If f(z) € ./\/lp(n—i- 1,2 %),

)
(Z,(n + LN F) @20
TNy AN e T TN GR)

18 univalent in A,

(4.1) 0+
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then f(z) € My(n, \; ¥).
Proof. First of all consider the following identity

(4.2) (A =p)Zp(n + L, f(2) = 2[Zp(n, N f(2)] + ATp(n, A) f(2),

which yields up on differentiation

(43) 2L Nf ()] = (A= pZp(n + 1,0 f(2)] = (A+ DIZp(n, N (2)]'.
Now define the function ¢(z) by

(Zp(n+ 1, M) f(2))
(Zp(n, N f(2))

Then, clearly, ¢(z) is analytic in A. By logarithmic differentiation of (4.4) and using
(4.3), we obtain

(4.4) q(z) =

@2 0FE) 1 ()
(45) (Ip(n+17)\)f(z))'_>\—17((/\ P)az) + q<z>)'

Since f(z) € Mp(n+1,;x) and in view of (4.5), we have

2q'(2) 2Y'(2)
A—p)qg(z) + < (A=p)Y(z) + .
(A —p)a(z) 402) (A =p)i(2) e
The first result follows by an application of Lemma 2.1. Similarly the second result
follows from Lemma 2.2. O

Remark 4.1. The subordination result of Theorem 4.1 also holds if we replace the
condition Ry (z) > 0 by

Wz (z)
V@ 00 }>O'

%{(A—p)z/}(z)—i-l—&- -

Using Theorem 4.1, we obtain the following “sandwich result”:

Corollary 4.2. Let 9;(z) be univalent in A, Rip;(z) > 0 and z¢l(2)/v:(z) be
starlike univalent in A for i = 1,2. Define

1 3 s 2l(z)
(A =p)i(2) + bi(2)

If f(z) € Mp(n+1, X x1, x2) satisfies (4.1), then f(z) € Mp(n, X;¢1,12).
Theorem 4.3. Let ¢ be univalent in A, (0) =1, & be a complex number, zvp' /(6 —

Xi(2) = )\7—]9
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A+ (A—p)y) be starlike in A and R{5 — X+ (A — p)(z)} > 0. Define the function
F by

(4.6) F(z):= 0 _(sp Zt5—1f(t)dt,
z 0
s 2 (2)
S S S TE)
If f(2) € My(n, Xih), then F € My(n, \svp). If f(2) € My(n,A; h),
(4.7)
(Zp(n+ 1, N F(2)) (Zp(n+ 1, M) f(2)) : :
0 # T, NFE) (2) e AN Q and T V(2 is univalent in A,
then F € My(n, X; ).
Proof. From the definition of F(z) and
(4.8) 2Ly (n, M) F(2)) = (A = p)Ip(n + 1, \) F(2) = AZy(n, \) F(2),
we have
(0 =p)Zp(n, N f(2) = 6L (n, \) F(2) + 2(Zp(n, \) F(2))

(4.9) =A=p)Zy(n+ 1L, N)F(2) + (6 — N)IZ,(n,\)F(2).

Define the function ¢(z) by

(Zp(n + 1L, M) F(2))
(Zp(n, A)F(2))'

Then, clearly, ¢(z) is analytic in A. Using (4.9) and (4.10), we have

(4.10) q(z) =

LIS

Upon logarithmic differentiation of (4.11) and using (4.3), (4.8) and (4.10), we get
(Zp(n+1,M)f(2)" _ 2q'(2)

2 CATRVYIE) A B e )

For f(z) € My(n, A, h), we have from (4.11),

2'(2)
§—=A+A=p)(z)

The first part of our result now follows by an application of Lemma 2.1. Similarly
the second part follows from Lemma 2.2. O

2q'(2)
T T3 0o <O
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Remark 4.2. The subordination result of Theorem 4.3 also holds if we replace the
condition R{6 — A+ (A —p)¥(z)} > 0 by

2" (2) (A —p)z¢'(2)
P(z) A+ (A —pm(z)} >0

%{5—)\+(A—p)w(z)+1+

Using Theorem 4.3, we have the following result:

Corollary 4.4. Let v; be univalent in A and § be a complex number. Assume
that 20,/ (8 — X+ (A — p)y) is starlike in A and R{5 — X+ (A — p)vi(2)} > 0 for
i =1, 2. Define the functions h; by

2;i(2)
6= A+ (A=p)hi(2)
If f(2) € Mp(n, A; ke, he), then F defined by (4.6) belongs to Mp(n, A; ¢, ).
Theorem 4.5. Let f(z) € ¥,. Then f(z) € My(n, X; ) if and only if

hi(z) == i(2) + (i=1,2).

(4.13) F(z) =

Afp/ ML) dE € My(n+1, ;).

22 Jo

Also f(z) € Mp(n,)\; ©) if and only if F € Mp(n + 1, X 9).
Proof. From (4.13), we have

(4.14) A =p)f(2) = AF(2) + 2F'(2).
By convoluting (4.14) with
1 —~ [(k+A
bp(k, \; 2) : p+k;p( ) k
and using the fact that z(f * g)'(z) = f(2) * z¢/(2), we obtain
(A =p)Tp(n, N) f(2) = Ay (n, ) F(2) + 2(Zp(n, \) F(2))
and by using (4.3), we get
(4.15) Z,(n, N f(z) = Tp(n + 1, \) F(2)
and

A =D ZLpy(n+ LA f(2) = 2(Z,(n, \) f(2))" + ATp(n, A) f(2)
= ( »(n+ 1, N)F(2)) + A,(n+ 1,\)F(z)
(4.16) A =p)Ty(n+2,A)F(2).
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Therefore, from (4.15) and (4.16), we have

(Zpy(n+2,M)F(2) _ (Z

(Zp(n+ LNF() (L, f(2)

iS]
S
+
i—‘
>
N
~
—~~
&

and the desired result follows at once. O

Using Theorem 4.5, we have

Corollary 4.6. Let f(z) € X,. Then f(z) € My(n,A;¢1,92) if and only if
F e Mpn+1,X01,p2).
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