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ABSTRACT. This paper deals with some new generalizations of the Hardy-Hilbert type
integral inequalities with some parameters. We also consider the equivalent inequalities
and the reverse forms.

1. Introduction

If f(x), g(x) >0, suchthatO<ff2 dx<ooand0<fg )dx < oo then

(1.1) :f:f Y grdy < 7r<ff2 Tg%z)dx)%,

0

where the constant factor 7 is the best possible (see [1]). Inequality (1.1) had been
extended by Hardy-Riesz as:

pr>17%+%=1,f(x),g(x)>0 suchthat0<ffp )dz < oo and

0< f 94(z)dx < 0o, then we have the following Hardy-Hilbert’s integral inequality:

(1.2) :fozowdxdy < @ <:f°fp(x)dm>;(:fogq(x)dx>;7

where the constant factor = is the best possible constant (see [2]). This in-
P

equality play an important role in mathematical analysis and its applications (see
[3]). In [4] and [5], Yang gave some new generalizations of (1.2) by introducing a
parameter A > 0, and Yang et al. [6] gave an extension of the above results by
introducing the index of conjugate parameter (r,s) (r > 1,1 4+ 1 = 1) as follows:
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If f(z), g(x) > 0and 0 < [ 2PA=)=1fP(x)de < 00, 0 < [ 290-2)~1g9(z)de <
0 0

oo, then

(1.3)

0% f(z)g(y) T miorge ) (et 1000 de )
F A0 ey < B2 (Jaro-pa) " (Fart =g )

where the constant factor B (%, %) is the best possible constant. In particular, for
A =1, r = p, inequality (1.3) reduces to (1.2); for A =4, r = s = 2, inequality (1.3)
reduces to:

(1.4) :fo:fof(x)g(y)dmdy < g(:fozpﬁlfp(x)dxf (:fowaﬂgq(x)dx>é.

Recently, Xie et al.[8] gave a new Hilbert type integral inequality with some param-
eters and its reverse as follows:
Ifp > 1, %—l—é =1, a,b > 0, a # b, f(z), g(x) > 0, such that

0< [ = /fP(x)dr < 00 and 0 < [ —Lrgi(z)dx < oo, then
0 0

(1.5)
1 1
[T 000 —oty < & ([ Fersrtaran)” ([ o)
00 (z+ay)” (v+by) 0o ” 0"
where the constant factor K = ﬁ [bia In(%) — %_H)] is the best possible con-
stant. If 0 < p < 1, then
(1.6)
1 1
R® T o p [0 7
[T A0 oty > & ([ eertoran)” ([ o)
00 (z+ay)” (z+by) 0 0

where K the constant factor is the best possible.

In this paper, by introducing some parameters and estimating the weight func-
tion, we prove Hilbert type integral inequality with a best constant factor similar to
(1.4) and (1.5). The equivalent inequalities and the reverse forms are considered.

2. Main Results
In order to obtain our results, we need the following lemmas.

Lemma 2.1. Ifa,b >0, a #b, a > 0, the weight function @(x) and w(y) defined
by

[’} x2ozy2a—1
2.1 wlx) = dy, = € (0,00),
2 of (z + ay®)? (z* + by*)°
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( ) T x2a71y2a d (O )
2.2 wly) = T, y € (U,00),
22 0 (22 +ay®)” (z2 + by>)?

then we have

(2.3) oz) = wly) = K = Lt [ﬁln(g)—%b}.

Q=

Proof. For fixed z, setting u = Z—Z in (2.1), we obtain

U

5 sdu
(14 au)” (14 bu)
Lot [ n(2) - -

Hence we obtain @(z) = K. In the same way, we obtain w(y) = K. O

Xie proved the following lemma in [8, Lemma 2.2].

Lemma 2.2. Ifa,b>0,a#b and a > 0 for 0 < e < p, we have

o0 1-£
u P
(2.4) du = K+o(l), 0"
of (1 —|—au)2 (1 —I—bu)2

Lemma 2.3. Ifp>1 (or0 <p< 1),
0 < e <p, setting

=1,a,b>0,a#b a>0 and

then we have
(2.5) L(K+o0(1)-0(1) < I < L(K+o(1)), ¢—0".
Proof. For fixed z, (1 + au)?(1+bu)? > (a+ b)u, setting y* = 2%u, then we obtain
the following inequality by (2.4).

T u' v du
ooa (L4 au)?(1 + bu)?
oo 1-<
xfaefl f urdu

o (14 au)?(1+ dbu)?

o0 l’”a u' v du

—ae—1

dx

8

dx
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By the same way, we have

oo [ oo a@‘%)—ld -
I < YT W D = L (K +o(1)).
1[0 (z*+ay®)” (z> +by*)

(Il
Theorem 2.1. Ifp > 1, %—i—% =1,a,b>0,a#0b,a>0 and f(x), g(x) >0, such
that 0 < [ — e fP(z)de < 00 and 0 < [ —tmrrg?(2)de < oo, then
0 0

(2.6)

20 00 F(2)g(y) ( . )i ( . )3
6fbf (z® + ay®)® (ma+bya)2dwdy < K {w”%-”“f”(“"")dm ‘ofl-q(?a—lmgq(x)dx ,

where the constant factor K is the best possible and K is defined by (2.3).
Proof. By Holder’s inequality, with weight (see [7]) and (2.1)-(2.3), we have

f(z)g(y)

J = 3
(x> + ay®)” (z> + by*)
1

2c—1

Y v z 4
Ta— m-lg(y)] dxdy
(2 + ay®)? (z* + by*)? [a: a } [y »

o0 1 o
f (z(P?—Ji)(Q;—l)> fp(x)dydx}
0

(2 + ay®)” (zo + by*)?

S

IN

1
©0 c0 1 2a—1 K
X T 9(y)dxd
{J J (z + ay®)? (z + by=)? (y(q o 1)) g°(y)dudy
1 I
= {!@(x)xp(zo}wfp(ﬂf)dx} {Ofw(y)qu(y)dy}

= K{({pr(f)dx} {{ng(x)dw}

Q=

If (2.7) takes the form of equality, then the exists constants M and N, such that
they are not all zero, and (see [7])

M(goatn=)f () = N(gmto)9'()

a.e. in (0,00) x (0,00). Hence, there exists a constant C, such that
Mz () = Ny=CeDgi(y) = 0

a.e. in (0,00). We claim that M = 0. In fact, if M # 0, then 2~ P21 P (3) =

+2= a.e. in (0, 00), which contradicts the fact that 0 < [ 27PCo=D=1 fP(z)dz < oco.
0
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In the same way, we claim that N = 0. This is a contradiction. Hence by (2.7), we
have (2.6).

If the constant factor K in (2.6) is not the best possible, then there exists a
positive constant H (with H < K), such that (2.6) is still valid if we replace K
by H. For 0 < € < p small enough, setting f. and g, as: fe(x) = g-(z) = 0, for
z€(0,1); fo(z) = 2P P)7L g(2) = 2°C~ D~ for 2 € [1,00), then we have

1

1 1
H{Ofwmszff(x)dx} {OfMgg(x)dx}

1

= H{f a:_“_ldx}p {fx_o‘f_ldx}q = Hé
1 1
By (2.5), we have

a(Q—%)—ldy

T fe( w)ga (v) dxd _ i Y a(g_g)_ld
@ @ T o y - z . €z
of (@ ay®) (@ +by*)” 1f if (2 + ay®)? (z + bye)?

az (K +0(1)) = 0(1).
Hence, we find
L(K+01)-01) <L or (K+o(l))—asO(1) <H

For ¢ — 0%, it follows that K < H. This contradicts the fact that H < K. Hence
the constant factor K in (2.6) is the best possible. O

Theorem 2.2. [f0<p<1, %—l—%:l, a,b>0,a#b, a>0 and f(z), g(x) >0,

oo oo
such that 0 < [ Wﬁlmﬂ’(az)dm <ooand 0 < [ qu(x)dx < oo, then
0 0

FE d@a)
(2.8) Ofof (2% +ay®)” (z + by*)’ ! .

P q
> K (f gﬂ)ml—lwfp(x)W) (f ng(x)dﬂc) 7
0 0

where the constant factor K is the best possible and K is defined by (2.3).

Proof. By the reverse Holder’s inequality with weight (see [7]) and the same way of
giving (2.7), we obtain (2.8).

If the constant factor K in (2.8) is not the best possible, then there exists a
positive constant H (with H > K), such that (2.8) is still valid if we replace K
by H. For 0 < € < p small enough, setting f. and g, as: fe(x) = g-(z) = 0, for
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€ (0,1); fo(x) = 2@ P71 g (2) = 2% D! for & € [1,00), then we have

1 1
H {f Mff(w)dx} {f Mg?(x)dm}
0 0

1
e’} D ] q
= H{f xasldx} {f z”‘gldz} = Hé
1 1

|~

By (2.5), we have

0 oo | oo Ot(Q*%)*ld
fs(x)gs(y) d.’I;d _ y y a(Qfé)fld
aTayo)2 (20 by Yy = T a €

of (@2 +ay®)*(ze +by=)* { g (2@ + ay®)? (z + bye)?

Hence, we find
L(K+o01)>%L or (K+o(1) > H.

For ¢ — 0T, it follows that K > H. This contradicts the fact that H > K. Hence
the constant factor K in (2.8) is the best possible. O

Theorem 2.3. Under the same assumption of Theorem 2.1 we have

0 e’} p [e’s} »
(2.9) Of yert (Of (wa+aya§§2a+bya)2d$> dy < K”{ st de,

where the constant factor KP is the best possible. Inequalities (2.9) and (2.6) are
equivalent.

oo p—1
Proof. Setting g(y) = 7" (Of <m+aya§§2a+bya)2dx) by (2.6), we have
T ya(2a—1) T T f(@) :
—q(2a—1)—1 _,q _ 2ap—1 x
Ofy g (y)dy o gy (‘0[ (z"+ay”)2(z”+by”)2dx> dy

f(@)g(y)
T+ ayo‘)2 (x> 4 by®)

(2.10) = JJ( 5 ddy

IA
=

1 1
([ stepnce) (T getilheray) "

e ) o oo fp -
0 0
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Hence by (2.6), (2.10) and (2.11) preserve the form of strict inequalities, and we
have (2.9). By Holder’s inequality, we have
(2.12)

e s} oo p
2ap—1 f(z)
Jy (J (w0+aya>2<xa+bya>2dx> W

T a-1+i (T f(@) —(2a—1)-1
= ‘({y a4 E{ (™ Fay® )2 (zo+by>)? dr )y qg(y)dy

o] 9 1yop oo £(2) p % 0o %
{Ofy”( S <Of (ma+aya)29(cza+bya)2dx) dy} {{y“@a”lgq(y)dy}

i i /(@) P E :
= {Ofywl ({ (za+aya)z?m+bya)zdfv> dy} {qu(Qal)lgq(y)dy} .

Then by (2.9), we have (2.6). Hence inequalities (2.6) and (2.9) are equivalent.
If the constant factor in (2.9) is not the best possible, then by (2.12), we can
get a contradiction that the constant factor in (2.6) is not the best possible. O

Theorem 2.4. Under the same assumption of Theorem 2.2 we have

w® ® f(a) ? ®
(2.13) fyhpil (f (mu+ay“)2(za+by“)2dm> dy > K7 [ wra-n71 AT,
0 0 0

where the constant factor KP is the best possible. Inequalities (2.13) and (2.8) are
equivalent.

Proof. The proof of Theorem 2.3 is the similar. O
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