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ABSTRACT. In this paper, by introducing some parameters and using the way of weight
function, a new integral inequality with a best constant factor is given, which is a relation
between Hilbert’s integral inequality and a Hilbert-type inequality. As applications, the
equivalent form, the reverse forms and some particular inequalities are considered.

1. Introduction

If 0 < [;° f(x)de < oo and 0 < [~ g?(x)dz < oo, then the well known
Hilbert’s integral 1nequahty is as follows!!:

(1) / / I dxdy <7 (/ f2(z)dx /Oo g%x)dx)é ,

where the constant factor 7 is the best possible. Following the same condition, we
also have a Hilbert-type integral inequality as follows!!]

(2) / / max{x y} dxdy <4 (/ f2(z)dx /OC g2(x)da:> ’ ,

where the constant factor 4 is still the best possible. Inequalities (1) and (2) are
important in analysis and its applications!’2/. In recent years, by introducing some
parameters and estimating the weight function, a number of extensions of (1) and
(2) were given by Yang et al. [3], [4], [5]. In 2006, Li et al. [6] gave the following
inequality with a kernel coupling (1) and (2):

/0°° /ooo z+ yf—f—xr)rfa(zix,y}dxdy <¢ </Ooo 2 ()de /OOO 92(93)d1:>é :

where the constant factor ¢ = 2v/2arctan % is the best possible. In 2007, Xie [7]
gave a best extension of (3) by introducing some parameters, and Guo et al. [8], [9]
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gave a similar form of (3) as

o [ ([ o )

where the constant factor ¢ = 2\@ arctan v/2 is the best possible.

In this paper, by introducing some parameters and using the way of weight
function, we give a new extended inequality of (3) and (4) with a best constant
factor, which is a relation between (1) and (2). The equivalent form the reverse
forms and some particular inequalities are obtained.

2. Some lemmas

Lemma 1. If A > 0,B,C > 0,A > —min{B,C}, setting kr(A,B,C)

00 1 A-1
27 du, th
Jo Amax{u%l}—|—Bu)‘—Q—C’u2 t, en

()

92 arctan C arctan 1B + 5
= ,B,C >0,A>—min{B,C
Al /B (A+C «/CA—FB { J
o[ 1 2 C
I{/’/\(A’B’C): X m+ﬁar0tan Z 7B—O,C",14>O
2 1 2 /B
X m+marCtan Z 7.B>O,CV—0,JA>O
4t
—, B=C=0,A4 .
Ve C=0,A>0

Proof. Setting v = u*, we find

% 0 v_%
6 kx(A,B,C) = d —d
(6) A(4, B, C) /A+ U+/1 At1Bp+c™

>/\>—‘

1 w3
I Y U B A S—;
A / But (A+C) “*/ Cut(A+DB)
(a) For B,C > 0,A > —min{B, C}, we obtain

2 ! 1 B
kx(A,B,C) = = d
& ) M VBATO) Jo Zpuri Va+c"
N 2 ! 1 d/ c
u
VCA+B)Jo s5gu+1 VA+B

2larctan B/(A+C)  arctan/C/(A+ B)

A VB(A+0) VC(A+B)

)

A
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(b) for B=0,C,A > 0, by (6), we find
1 (Y ue w2
kx(A,0,C) = — d

A(4,0,€) xA<A+C+Cme "

2 1 a cta C
= rctan ;
A+C C «/ ’

2 1 t B/A
(¢) similarly, for A, B > 0,C =0, kx(A, B,0) = — ( n arctan ﬁ) ;

AMA+B VAB

2 11 4

(d) for B=C=0,A > 0, we find k)(A4,0,0) = 3 Jo Zu_fdu SBVE

Hence Expression (5) is valid. The lemma is proved.

Lemma 2. Assume that p > 0(p # 1),]q| > 0,A > 0,B,C > 0,A > —min{B,C}
and 0 < £ < 3 min{p, |q|}, then we have

e _ A
! Ldu ! w2 ldu

. - - (e — 07):
(7) v Bur+ (A+C) 0 Bu)‘Jr(AJrC)—i_Ol( )(e );
) A_e_1q o A_q
u? v du 2z tdu
A = - " 1 +.
1 A_es_ 1 1 Aq
u2?2 7 “du w2 ldu
= 7 = " T 4 oa(1 +y,
Y o But+(4+C) o Ba+arc) T WE=0

Proof. In view of the assumption, for ¢ — 0T, we find
0 < / w2 ldu /1 w2t dy
Bu>‘ +(A4+0) o Bur +(A+C)

/uz_l(l—uq)du_ 1 2 1 0
0 A+C A+C\ A F+4¢ 7

0 < /m“;_ld“ [ w? "5 duy
. A+Buwr+C )i (A+Bur+C

/°° u_Tx_l(l —uii)du 1 2 1 0:
1 A+ B A+ B\ 3+¢ '
0 < /1 u? v du /1 u2 " ldu
o Bur+(A+C) Jy Bur+(A+C)
(/1ué%u_z——ndu 1 1 2
= -~ | —0.
o At C Avco\3—<

Hence Expressions (7), (8) and (9) are valid. The lemma is proved.
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3. Main results and applications
Theorem 1. Ifp > 0(p # 1),% —l—% =1,A>0,B,C >0,4 > —min{B,C},

or(r) = 20D = p.g), f.9 > 0,0 < ||fllpg, = {fy° 2P~ fP(2)da}v
[e%e) A 1

<00 and 0 < ||gllq.6, = {fy~ 2?17 2)"1g%(z)dz} < oo, then

(a) for p > 1,we have the following equivalent inequalities:

(10)

T o f(z)dx
I = 2 (A, B
g /0 Y ( o Amax{z* y*} + Bz* + Cy)‘> dy < k5 O, op7

g (y)dxdy
(11) = A B ;
Iy = / / Amax{x* y*} + Bxr + Cy? < Ex(A, B, O)|fllp,¢,l19llg.645

(b) for 0 < p < 1, we have the reverse equivalent forms of (10) and (11).
Proof. (a) Setting v = z/y, we find

o0 Fay 21
Y22
12 o= dr = kx(A, B,C);
(12) @A) /0 Amax{x)‘,yk}—i—Bx)‘—&-C'y)‘ v =ka(4, B, 0);

oo —1
rry?
1 w o= =ky(A,B,C).
(13) A(#) /0 Amax{x/\,y/\}+Bx’\+Cy A4, B,C)

By Hoélder’s inequality with weight['9) and (12), for y € (0, c0),we obtain
(14) /°° f(z)dx P
o Amax{z* y*} + Bz* + Cy?
o0 1 2(1-2)/a y(1=3)/p P
= / X N b 5 Py f(x) dx
o Amax{z* y*} + Bar + Cyr | y(1-2)/p z(1=%)/4
o 1=DE-Dy3 =1 fr(z)de © U= Na-Dyi-lgy o
o Amax{z} y*} + Bz*+ Cy* | Jo Amax{z* y*} + Ba* + Cy?
o =)Dy a-1p(y)
o Amax{z* y*} + Bx* + Cy?
By (14 ) and (13), in view of Fubini’s Theoremllll, it follows

1-3)(p—1) %,1fp(x)
< p—1 Yy
(15) I, < K YAB C’/ / Amax{ﬁ AT x4 Oy

= KA B C)/ /°° 2= DDy "ldy
A T 0 o Amax{z* y*} + Bx* + Cy?

IN

1-22

= KA, B,O)y

fP(x)dx

KA, B.C) / " @)y (@) P (x)dz = K(A,B,O)| ]I

p7¢‘p
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If there exists i € (0, 00), such that (14) takes the form of equality, then['), there ex-
ist constants A and B, satisfying they are not all zero and Az(1=2)®=Dy3-1p(z)
= By(1=2)a=1z3-1 ge in (0,00). It follows AzP(1=2) fP(z) = Byi(1=2) ge.
in (0,00). We affirm that A # 0, otherwise B = A = 0. Hence we obtain
aP(1=2)=1fp(3) = [By?(1=2)]/(Az) a.e. in (0,00), which contradicts the fact that
0 < [|fllp,¢, < co. Then (14) keeps the form of strict inequality for any y € (0, 00);
so does (15). And (10) is valid .
By Hoélder’s inequality!'?, we find

(16) JA:/O"O

In view of (10), we have (11).
On the other-hand, suppose (11) is valid. Since |\f||g’¢p > 0, there exists ng € N,

such that for n > no, [{}, ép(@)[f(@)]2de > 0, where [f(a)], = n, for f(x) >

n; [f(x)]n = f(z), for f(z) < n. For n > ng, setting

S
o  Amax{z* y*} + Bx* + Cy?

[sbj (v)g(y)]dy < Ifl\gllq.¢q~

1
ol " [f (@)nde !
(17) gn(y) =Y ! 1n Amax{x)\’y)\}JerA +C’y)‘ RS (0,’11],
by (11), we find
(18) 0 < y bq(y)g7 (y)dy
v BT F(@)nd '
- z)|pdx
- /l/nyQ /1/nAmaX{ac’\,y’\}+Ba:)‘+Cy>‘ dy
B /1/n l/nAmax{xkvy)\}+3x)\+cy)\dxdy
< IN(A(A){ y ¢p(x)[f(x)]ﬁdx} { y ¢q(y)gi(y)dy} < o0;
(19 { ¢q<y>gz<y>dy} <B@{ [ @l
1/n 0

Hence 0 < [~ ¢q(y)g% (y)dy < oo, and then (18) and (19) are valid for n — oo by
using (11). Therefore we have (10), which is equivalent to (11).

(b) By the reverse Hélder’s inequality and the same way, we can obtain the
reverse forms of (10) and (16). And then we deduce the reverse form of (11). On
the other-hand, suppose that the reverse form of (11) is valid. Setting g, (y) as
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(17), by the reverse form of (11), we find the reverse form of (18) and (19), and
then deduce the reverse form of (10), which is equivalent to the reverse form of (11).
The theorem is proved. [

Theorem 2. As the assumption of Theorem 1, all the constant factors in (10),
(11) and the reverse forms are the best possible.

Proof. For 0 < ¢ < 3 min{p, |ql}, setting fo, g. as: fu(z) = ge(z) = 0, for z € (0, 1);
fe(z) = m%7%71795(:§) =22 i forz € [1,00).

(a) For p > 1, if there exists constant 0 < k < kx(A, B,C), such that (11) is
still valid as we replace ky(A, B, C) by k, then in particular, we have

(w)ge(y)dody
k = ¢k
cHl| el lollo, > 2 [ [ Amax{xx,ymmucy

A
6/ z2 5!
1

Setting u = x/y in the above integral, by Fubini’s Theorem, we obtain

e8] T 2+5—1
k > 5/ xe ! / Y
1 o Amax{u* 1} + Bu? —|—C

> wrt iy vour iy
= ¢ z B+ Aoy T (AL B>+ C
1 o Bur+(A+C) 1 (A+Bur+C
Lt S (foo x—a—ldw)u§+g—1

= ), Berr@a+o) %) A+Buw+c M

dz.

-1
y2 ‘4
/1 Amax{x/\,y/\}—i—Bx’\—i—Cy

dz

dx}

_ Uourti gy +/°° w27 du
- Jo B+ (A+C) )y (A+Bur+C°

For ¢ — 0T, in view of (7) and (8), we obtain k > ky(A,B,C). Hence k =
kx(A, B,C) is the best constant factor of (11). If the constant factor in (10) is
not the best possible, then by (16), we may get a contradiction that the constant
factor in (11) is not the best possible.

(b) For 0 < p < 1, if there exists K > ky(A, B,C), such that the reverse form
of (11) is valid as we replace ky(A4, B,C) by K, then we have
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= fe()ge(y)dady
K g € . <
eK||f Hp’%Hg g bq 5/0 /0 Amax{z*,y*} + Bz* + Cy*

o) —1
A_e_1q
6/ Y2 a
1
£ __
P

s/oo 3—£-1 /oo 25! dx
1 4 o Amax{z* y*} + Bz* + Cy*

! w5 L du N ° w5 L du

o Amax{u* 1} + Bu* +C 1 Amax{u* 1} + Bu* + C

=
[

A_ e
xr2z p

d
/1 Amax{z*,y*} + Bx* + Cy? v

dy

IN

dy

1 3-£-1 ) A1

| soria® [ armeradt

o Bur+(A+C) 1 A+Bur+C
For ¢ — 07, in view of (9), we obtain K < ky(4, B,C). Hence K = k\(4,B,C) is
the best constant factor of the reverse form of (11). If the constant factor in the
reverse form of (10) is not the best possible, then by the reverse form of (16), we
may get a contradiction that the constant factor in the reverse form of (11) is not
the best possible. The theorem is proved. O
% = 1,A >
oo Ay 1
0,f,9 2 0,0 < [|fllps, = {fo =) fP(a)da}r < o0 0 < |lgllgs,

{5 290-2)~1ga (m)dm}% < oo, and the constant factors are the best possible are
omitted. We obviously have the formula that

In the following corollaries, some words that p > 0(p # 1)7% +

|z —yl = 2max{z,y} — x —y; min{z,y} =2 +y— max{z,y}.

Since max{z,y} — a|z — y| = (1 — 2a) max{x,y} + ax + ay, setting B =C =a >
0,A=1-2a>—min{B,C} = —a, in (5), we find 0 < a < 1 and

4
7arctan1li,0<a<1
Ky(a) := kx(1 — 2a,a,a) = i a(l —a) l-a

X, a=0.
By Theoreml, it follows

Corollary 1. Forp > 1,0 < a < 1, we have the equivalent forms as:

= BA_ = f(x)dx : P P
(20) / v </ max{z&yk}—auk—w) dy < KXl

= f(@)g(y)
@) [ sy dady < K@)l ol
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Since max{x,y} +amin{z,y} = (1 — a) max{z,y} + ax +ay, setting B=C =a >
0,A=1-a>—-min{B,C} = —a, in (5), we find a > 0 and

4

K\ (a) :=kx(1 —a,a,a) = i‘\/&
X, a=0.

arctan+/a, a > 0

By Theoreml, it follows['?

Corollary 2. Forp > 1, a > 0, we have the following equivalent forms:

Y f(x)de v .
22) /0 Y </0 max{z&yk}-pamin{x)\’y)\}) dy < K \P(a)llf]

@ [ e < K@l s

p .
p,%p’

Q:d)q'

Since ax + by + clx — y| = 2cmax{z,y} + (a — ¢)x + (b — ¢)y, setting B =
a—c>0,C=b—c>0, A=2c>—min{B,C} = —min{a, b} + ¢, in (5), we find
—min{a, b} < ¢ < min{a, b} and

Kx(a,b,c) :=kx(2¢,a — ¢,b— c)

a—c b—c
2 aretan y e + il AL ,—min{a, b} < ¢ < min{a, b}
AMV@a—cb+e)  b-c)atc)
2 1 1 s
_ X bJrC—&—\/marctan oo ,a=c¢,b>c>0
2 1 + ! arctan a-c b=c,a>c>0
)\_a—l—c V2c(a—c) 2¢ |’ ’
%7a:b:c>0.

By Theoreml, it follows

Corollary 3. For p > 1, —min{a,b} < ¢ < min{a,b} , we have the following
equivalent forms:

[e%e] A ] d p -
ey [T ) v < Rl

azx® + by* + clz* — y?|

<[ f(z)g(y) ~
2 K .
(25) /o /0 az* + by + clz? — yA|dxdy < (@bl llp 0, lolla.e,
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Since ax + by — cmin{z,y} = cmax{x,y} + (a — ¢)z + (b — ¢)y, setting B =
a—c,C=b—c>0,A=c>—min{B,C} = —min{a—¢,b—c} = —min{a, b} +c,
in (5), we find ¢ < min{a, b}, a,b > 0 and

K (a b,c) :=kx(c,a—c,b—c)

a—c¢ b—c
9 arctan \/T arctan
z a ,a,b > 0,c < min{a, b}
A V{a—rc)b (b—rc)a
— g-l arctan“b_c a=c,0<c<b
= )\ b \/7 ) ]
2 1 t \/m b O0<e<
i arctan , b=y¢, c<a
)\ a \/ﬁ
4
o’ c>

By Theoreml, it follows

Corollary 4. For p > 1, ¢ < min{a, b}, a,b > 0, we have the following equivalent
forms:

o0 oA [e'e) d P '
o) [ (/ Se)da )dyw @b,

az* + by — cmin{z, y*}

(27) /0 /0 ax/\—kby{(x)g(y.) dedy < K, (a,b, ¢)||f]

— cmin{a?, y*} oo l19lla.,-

Remarks. (i) For 0 < p < 1, we have the reverse forms of (20) -(27) with the best
constant factors. (ii) For p =¢ =2,A=11in (11),if A = B = C = 1, we obtain
(3);if A= —1,B =C = 2, we obtain (4); if A =0,B = C = 1, we obtain (1); if
A=1,B=C =0, we obtain (2). Hence we give a new inequality (11) with a best
constant factor, which is a relation between (1) and (2). Also it is an extension of

(3) and (4).
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