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ABSTRACT. By using the improved Euler-Maclaurin summation formula and estimating
the weight coefficients in this paper, a new dual Hardy-Hilbert’s inequality and its reverse
form are obtained, which are all with two pairs of conjugate exponents (p,q), (r,s) and
a independent parameter A. In addition, some equivalent forms of the inequalities are
considered. We also prove that the constant factors in the new inequalities are all the
best possible. As a particular case of our results, we obtain the reverse form of a famous
Hardy-Hilbert’s inequality.

1. Introduction and preliminaries

If ap, by > 0, and 0 < > a2 < 00, 0 < 3. b2 < oo, then the well know
n=0 n=0
Hilbert’s inequality is written in the following form(see Hardy et al. [1. Ch.9]):

(1.1) sz+n+1< {Z Zb2}2

n=0m=0

where the constant factor 7 is the best possible. We also have a classical extension
of Hilbert’s inequality with a pair of conjugate exponents as follows [1]:

1 1
If an, by, >0, p>1, — + — = 1((p,q) is called a pair of conjugate exponents),
P q

oo} o0
such that 0 < > af <00, 0< > b < oo, then

n=0 n=0
a 1 e 1
1.2 mr v bila
(1.2) ;)mzom”“ Sm {Za}{;n},
where the constant factor — 72”) is the best possible.
sin(Z
P

Inequality (1.2) is the famous Hardy-Hilbert’s inequality, which is important
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in analysis and its applications [2]. In recent years, many results [3]-[9] have been
obtained in the research of Hardy-Hilbert’s inequalities and Hilbert-type inequali-
ties. In 2006, by introducing a pair of conjugate exponents (p, ¢) and a independent
parameter A, Yang [10] gave a dual Hardy-Hilbert’s inequality, which is a new ex-
tension of inequality (1.1):

1 1 LS
If by >0, p>1, —+-=1,0<A<1,0< Y (2n+1)P"12a? < o0,
p q n=0
0< Y (2n+1)77172p¢ < oo, then
n=0
>3 G
n=0m= O
p—1-XA_p q 1-Apg1 s
(1.3) 2Asm {Z (2n+1) al}s {;) (2n+1 b},
where the constant factor 2/\%(” is the best possible. (1.3) has a equivalent form
in(Z
P
as follows:
9 1 (p—1)-1 dm p
nzo(?” {Z BT Pt e
T oo

1.4 P> (@n+ 1)1 ek

(14) <oty D en + 77 Nl
p n=0
where the constant factor [#n(ﬂ)]p is still the best possible. Letting A = 1, we
P

can find that (1.2) and (1.3) are all the extensions of (1.1). They are all related to

T
the same best constant factor ——
sin(7)

By using the improved Euler-Maclaurin summation formula and Beta function
to estimate the weight coefficients, the main objective of This paper is to build a new
extension of (1.3) and its reverse form. Which are all with two pairs of conjugate
exponents (p, q), (r, s) and a independent parameter . In addition, some equivalent
forms are considered. We also prove that the constant factors of the inequalities in
this paper are all the best possible. As a particular case of our results, we obtain
the reverse forms of inequality (1.2).

For these purposes, we introduce the improved Euler-Maclaurin summation for-
mula [11] and Hélder's inequality [12] as follows:

and (p, ¢)-parameters, but different.

The improved Euler-Maclaurin summation formula If for i« = 0,1,2,3,
(1)1 fD(z) >0, z € [0,00), fP(00) =0, and [;° f(2)dx < oo, then we have

(15 S fn) < [ fa)de+ 370) - 151 0)



A New Dual Hardy-Hilbert’s Inequality with some Parameters and its Reverse 495

%) 0o 1
(1.6) ;f(np/o F@ydz + 3 f0)

/ 1 1
Holder s inequality: Assume that p > 0, —+ - =1, F;G > 0 and F €
p

q
L?(E), G € L1(E). We have the following Holder’s inequalities:
(1) If p > 1, then

(1.7) /E F()G(t)dt < ( /

E

FP(t)dt) ¥ ( / GY(t)dt)7;

E
(2) if 0 < p < 1, then

(1.8) /E PGt > ( /E FP(1)dt) ( /E GI(t)dt)s,

where the equalities hold if and only if there exist real numbers A and B(A2+ B2 #
0) such that AFP(t) = BGY(t) a.e. in E.

1 1
Lemma 1.1. Ifs>1, -+ -=1,0< A <1,
r s

2z +1)51
(2z + 1) + (2m + 1)V’

then fm(x) satisfies (1.5) and (1.6).

x € [0, 00),

(1.9) fm(x) =

Proof. Set g(u) = %, and u,(r) = 2z + D> + 2m + DA, hp(z) = g(um(x)), by
0 < A < 1, we have hp,(z) € C3[0,00) and (—1)'h%)(z) > 0 for i=0, 1, 2, 3. And
by g —1<0, 50 fm(z) = hpn(z) - (22 + 1)~ satisfies the inequalities (1.5) and
(1.6), the lemma is proved. O

1 1
Lemma 1.2. Ifm € Ny, s > 1, — 4+ - =1, 0 < XA < 1, defining Ry(m,r) as
r s

follows:

(1.10)
1 1 A, 21 A
R (m 7“) o i/(2m+1)>\ yE_l n (2m+ 1)7( 53 — 1) _ (2m+ 1)7)\
AT =593 ), 1+y™ T oM @m+ 1) 6L+ 2m+ 1)

then we have Rx(m,r) > 0.
Proof. Using integration by parts, we have
/M y%_ldy _ s(2m+ DR /mmim dy =1
0 Tty " 1+ @2m+1)  14s )y (1+y)?
s(2m + 1)+ s2(2m+1)7
1+(2m+1)*  (1+s)[1+2m+ 1)

(1.11)
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Then in view of (1.10) and s > 1, for 0 < A < 1, we have

@m+1)* s 2-1 (2m+1)7 52 A
24 s -1 _Z
BAm) > S e A T 3 ) T emr ) E NI 3"
by
A
s -1 (Bs—=A)(s—A)
24 s 1=\ 7
3 3sh
52 _5_382—)\2(14-8)>3S2—(1+8)>0
AML+s) 3 3X1+s) — 3M1+s) '
The lemma is proved. (]

1 1
Lemma 1.3. Ifm &€ No, r > 1, —+ - =1, and 0 < X\ < 1, defining wx(m,r) and
r s

wx(n, s) as follows:

(2m + 1)~ 1
2m+ DA+ (2n + DA (2n 4 1)~

(1.12) wx(m,r) = Z

& (2n+1)% 1
(1.13) wx(n, s) = Z 2m+ 1>+ (2n+ DA (2m + 1)1~

Then we have

1 o [( 2177114»11))\]%—% B 1 00 1
(1.14) (1) wa(m,r) = T nz:% é&jﬁﬁ R T;hm(n, 2
(L15)  (@us(m.r) < 3B 7) = o = kalo)
(1.16) (3)wxa(n,s) < ﬁn(l) = ka(r) = kx(s).

00 (2n+1)771(2m+1) 1—X
Proof. (1 = (2m+1)r Y 2l
oot (1) ax(omr) = ()} 5 S — =

(2) By the definition of (1.9) and using Lemma 1.1 and (1.5), we have

Zh(

wr(m,r) = (2m+ 1)~ me

1 .

(1.17) <(2m+1%/ fon(x)dz + fm() 13 /m (O]
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2 1 2 1 1
Setting y = (2:;;_ 1)A7 we have d(%ii 1) = Xyﬁ*ldy and
1 o y%—l
/f’” T 1A/11+dy
A(2m+1)7 s Y
1 1
1 11 @minx ys L
(1.18) :7@3(7,7)_/(2 R ———]
22(2m + 1)~ s'r 0 1+y
In view of
1
1.19 m(0) = ———,
( ) fm(0) 1+ (2m+1)»
' -2\ 2(2 —
() = e
1+ (2m+ 1)} 14+ (2m+1)
y (1.17), (1.10) and Lemma 1.2, we find
B(1 ) B(3,7)
wr(r,m) = (2m+1)~ me — Ra(m,r) < o
we have (1.15), so does (1.16). The lemma is proved. O

1 1

Lemma 1.4. Letr > 1, —+ - =1, 0 < A < 1. And let wy(m,r), kxr(s) be defined
r s

by (1.12) and (1.15), respectively. Let

@y yiol B (2m+1)7
1+ T+ em+ 1)

(1.20) nwm:—iﬁlé 1

2kx(s) " A

then we have

(1.21) (1) wa(m,7) > ka(s)[1 = na(m)],

(1.22) MOGMW<%W<M%M=M;@AfIJW
1
(1.23) (3) m(m) = O(m) (m — o0).

Proof. By forms (1.9), (1.12), Lemma 1.1 and forms (1.6), (1.18) and (1.19), we
have

wr(m,r) = (2m+ 1)~ me 2m—|—1%/ fm(x)dz + fm( )]

1 o7 1 /(2m+1>A ys~! (2m+1)7

= = d .
2Asim(Z) 2\ ¥ im0
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(1.21) is valid. And in view of (1.11), by

/(znnirl)A yéfld _ 3(2m+1)A*§ 52 /(mil)* dy=t1
0

1+y™Y T 11@m+1)> 1+ 1+y)?
we have

(2m + 1)% 1 /1 ys 1
1.24 0< s—A) <m(m) < dy,
(1:24) )T 2m 1 & TN <mm <5 L T
and

1 (2m}rl)>‘ 1 S 1

1.25 m) < 7/ Sy = :
U2 <@, YT e
The forms (1.22) and (1.23) are valid. The lemma is proved. O

1 1 1 1
Lemma 1.5. Letp > 1, r>1, —+- =1, -+ - =1, and 0 < XA < 1,
P q ros

)\ £
0<e< p—, and let ky(s) be defined by (1.15). Set that a, := (2n + 1)7_5_1,
r
by = (2n+1)5 7771,
Ii= e 10 (2n o+ PO tan) s - {30 (2n 4 00D,

n=0
Qz+1)7 5 2y +1)5 i}
I = dzd
2 E/ / 2:17+1) + 2y + 1)* ey,

then we have

(1.26) (1) I; <e(1+ 2—16),

(1271) () L= %k,\(s) +o(1) (e = 0M).

Proof. By the definitions of a,, and En, using the strictly monotone decrement of
the sequence “(2n +1)717¢, n € N”, we have

I = s{Z(?n +1) e {Z(?n +1)7 =y @n )T
n=0
=e{l + Z 2n+1)"1 ) < {1 + /00(2x + 1) Cda}

n=1

1 —e |00
:5{1—2—8(2x+1) “15° T
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2 1 A
(1.26) holds. Setting u = (251_1)*, by 0 <e < pT, we have
c ) oo u%*p%*l
Ih=— 2 1)~t=¢ —— duld
? 2/\/0 2y +1) [/; 14+u uldy
@y+1A

o) £ _1 1 1_ e _q
£ ur  px @y+1)> ur  PA
= 2y +1)71¢ —du— - du]d
22X Jo (2y +1) [/0 14+u Y _/0 14+u uldy

1 1 e 1 = e [™ @Y 1
> B(-——~,-+—)—>7 [ Q+D7! Fmex L duld
SRS ST 2)\/0(y+) [/0 u uldy
1 1 e 1 € €
= _—_B(- - = 4 -
4N (r p\ s p/\) 4)\2(%_29%)2
Letting € — 07, we have (1.27). The lemma is proved. 0

2. Main results

1 1 1 1
Theorem 2.1. Ifp>1,r>1, - +-=1,-+-=1,0< A <1, and a,, b, >0,
P q r s

such that 0 < ZO(Qn—Fl)”(l*%)*la{’L <00, 0< 20(2714— 1)90=2)-1p8 < o, setting

(2.1) Aamibn) =) 2m—|—1 (2n+1)

nOmO

then we have
A 1 e A 1
(2m+ 1P e 3o ) "(2n 4 1)90 )bl b,

0 n=0

NE

(2.2) H)\(C(,m,bn) < k,\(s){

3
]

where, the constant factor kx(s) = is the best possible.

T
2Asin(%)
Proof. By p > 1, using Hélder's inequality (1.7), then we have
Hk(amabn)
2 (2m + 1)(1=)/a (2n+1)A-2)/p
Z (2m + 1)* (2n +1)* (2n + 1)(173)/17 am][(gm + 1)(17%)/11 "

0
co o0 2m+1) 1 p(l_é)_l .
mz nz (2m + 1)» (2n+ A (2n + 1)17%](2m+ 1) 7 ab v
N (2n+1)% ) L
— 70 2m—|—1 P+ @2n 41D 2m 4+ 1)1

(23 = {Z rlm, ) om 4 DD a3 (3w, )2+ DDl

m=0 n=0
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where wy(m, ), wi(n, s) are defined by (1.12) and (1.13), respectively. In view of
(1.15) and (1.16), we have (2.2).
If there exists a positive number K < ky(r), such that (2.2) is still valid when we

A
replace ky(r) by K, in particular, for 0 < e < — pa , setting: @, :== (2m+ 1)~ _7_1,
T

7 A_e_q
by :=(2n+1)s"¢" ", m,n € N, we have

eHA (G, bn) < Ke{D_(2n+1)PA=D71ays - (37 (20 + 1)1 9152 }s = KT,
n=0 n=0

But by (1.26), (1.27), we have

> KI; > eHy(am, by)

Qz+1)* 5 2y +1)s it
> / / Y 3 dxdy
2x+1) +(2y+1)

K-(E-‘r%)

= IL> 51@(7’) +0o(1), (e = 0™).

Letting £ — 0", we have K > ky(r), it follows that K = ky(r). Hence the constant
factor kx(r) in (2.2) is the best possible. The theorem is proved. O

1 1 1 1
Theorem 2.2. Letp>1,r>1, —-+-=1,-4+-=1,0< <1, anda, >0,
P q r s

such that 0 < S (2m+1)PA=2)"1aP < oo, and let kx(r) be defined by (1.16), then

m=0
we have
SRS .
o m:O (2m+ 1)A (2n—|—1)
(2.4) <Ky (r ) (2m+1) P1=3)=14p

=0

where the constant factor kX (r) is the best possible. Inequality (2.4) is equivalent to
(2.2).
Proof. Since 0 < 3 (2m + 1)?=2)"1gP < oo, then there exists ko € N, such for

m=0

K
any K > kg, that 0 < > (2m + l)p(l‘%)_lafn < 00, then by setting

m=0

K
bn(K) = (2n + 1)%_1[2 (2m + 1)» I(Qn + 1))\]17—1’
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and using Hélder's inequality (1.7) as in (2.3), we have

(2n + 1)90-2)-1p1 (K)

] >

0<

i
o

K
(@2n + 1)T_1[mz (2m +1)» j: (2n + 1))\]1)

K b ()
Z 2m+1 + (2n+1)*

- 119

n=0m O
K A 1 K A 1
(2.5) <Eam){D_@n+1P0= D715 13" (20 + 1)70- D718 (K)o
n=0 n=0

Hence we have

K K K
2n + 1)10- ) 1p2 (K)} 5 = 2n+1)% P s
{;( ntl {Z:: nt DT 2m + 1) (2n+1) <1

m=0 m:O
K A 1
(2.6) < k(M _@n+1)P0D ek}
n=0

Letting K — oo, it follows that 0 < 3 (2n + 1)70=3)=1p2 (c0) < oo . Hence by
n=0

(2.2), (2.5) keeps the form of strict inec]uality when K — oo, So does (2.6). Thus
inequality (2.4) is valid.
On the other hand, if (2.4) is valid, by Hélder s inequality (1.7), we have

H)\<am7bn)
>° A 1 e 1 A
[(2n+1)"% M +1)5 by
HZ:O nt mZ:O 2m + 1)» (2n+1) sll2n+1) ]
(2.7)
< (2 P (2n + 1)70=2)"1p )y
{Z ntl mgo 2m + 1> (2n+1 S {Z nt ks

where, the notation Hy(am,,by) is defined by (2.1). Then by (2.4), we obtain (2.2).
Inequality (2.4) is equivalent to (2.2).
Since the constant factor in (2.2) is the best possible, we may show that the
constant factor in (2.4) is also the best possible by (2.7). The theorem is proved.
O

1 1 1 1
Theorem 2.3. If 0<p<l,r>1, —+-=1, - 4+—-=1,0< A <1, and a,,
P q r s
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by >0, such that 0 < 3. (2m+1)PA=9)"1gP < 00, 0 < 3 (2n 4 1)40-3)"1p1 <

m=0 n=0
00, then we have the reverse inequality:
(2.8)
H(am,byn) > kx(r {Z m)](2m+1)P0=%) 1afn}%{Z(2n+1)Q(1—%)—1b%}%,
m=0

where, the notation Hy(am,bs), nx(m) are defined by (2.1) and (1.20), respectively.
And the factor nx(m) satisfies (1.22) and (1.23). The constant factor kx(r) =

ﬁn(%) 18 the best possible.

Proof. By 0 < p < 1, using the reverse Holder' s inequality (1.8), we have

H)\(amabn)

(2m+1)A=/a  (2p 4 1)A-2)/p
- Z Z [ A am PN bn]
(2m + 1)A ( +1)A (2n +1)0-2)/p (2m 4+ 1)(=2)/a

nOmO

2m—|—1) 1
>{Z (2m + 1)* +(2n—|—1) (2n + 1)1

2
p

](2m + 1Pl 1y

A
s

== 2m+1>‘—|—(2n+ DX (2m + 1)1

(2.9) = {Z wx(m,7)(2m + 1)PA=2)=1g2 15 {Zo.»\(n, s)(2n + 1)20=3)~1pa g

m=0 n=0

where, factors wy(m,r), wx(n, s) are defined by (1.12) and (1.13), respectively. In
view of (1.21) and (1.16), by ¢ < 0(0 < p < 1), (2.8) is valid.

If there exists a positive number K > ky (r), such that (2.8) is still valid when we
—1

)

replace ky(r) by K, in particular, for 0 < & < —q—, setting: @, = (2m + 1)%75
'
b, = (2n + 1)%’371,m,n € N, using (1.23), we have

H/\(amu,gn)

> K{D 1= na(m)]2m + 1)P0= D71 45 {3 (20 + 1)70- )7 1pi )

n=0

= K{) 1 —mm)]Em+ 1) > @n+ 1)1
m=0

n=0
- K{i 1 i O(;)}%{i ;}%
(2m 4 1)1+e — (2m + 1)1+5+§ — (2n 4 1)1+e
(2.10)= K Z S ——- > S SN i O(——— )}
= (2m 4 1)t = 2mA 1)t L (o i+t
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On the other hand, by (1.14) and (1.15), we have

oo oo £_1

. 2m—|—1 (2n+ DR
H

e’} [e%e] 2271111) ]*—q%—%
= (2m+1)7¢2 mn
mz 2
> 1 > 1 ¢
= 2m+1)7! B (n, = — —
m:o( mE+DT +1§) ( q/\)
1 1 &1 . 1
2.11 < —B(-——, -4+ — S S—
(2.11) 2 (s g r+q/\)mz::0(2m+1)1+5

letting e — 01, we have K < ky(r), then K = ky(r). That is what the constant
factor ky(r) is the best possible. The theorem is proved. O

1 1 1 1
Theorem 2.4. Let 0 <p<l,r>1, —+-=1, —+-=1,0< A < 1, then we
P q r o8

have -
(1) Ifa, >0,0< 3 2m+1)PA=2)"1g2 < oo, then

m=0

oo

>+ D)* Z 2m + 1) (2n+1)k]p

n=0 0

(2.12) > k(r) [1_77>\( J(2m+ 1) a,,

m=0

(2) If b, >0,0< > (2n+1)10=2)~1p8 < o0, then

n=0
oo 1— (e}
Z 2m—|— 1 (1= )]qil[z bn ]q
— 1 —nx(m) < (2m+1)* + (2n + 1A
(2.13) < Kki(r Z (2n 4+ 1)70=2)~1pa

where, inequalities (2.12) and (2.13) are both equivalent to inequality (2.8). The
factor ma(m) is defined by (1.20), kx(r) is defined by (1.16). The constant factors
kY (r) and k§(r) are both the best possible.
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. A1 X _ . .
Proof. (1) Letting by = (2n+ 1) 3 grreryerys]'™", using the notation
(2.1), by (2.9), (1.21), (1.15) and g < 0, we have

oo

> (@2n + 1)1

n=0
i 2n + 1

(2.14) > Ea(r){ D [1 = ma(m))2m + 120D 1a 15 {37 (20 4 1)70- " 1pa 1,
m=0 —

oo

Z (2m+1)’\—7:(2n+1)/\]p :H)\(am,bn)

m=0

It follows
(215) > (@n 1) DT > B (r) YO [1 = (m)](2m + 1)POT D el
n=0 m=0

If Z (2n + 1)90-2)"1p = o0, by 0 < Z (2m + 1)PA=9)"1gP < oo and (1.22),
=0 =0
(2 15) takes the strict inequality, then mequahty (2.12) holds. If

Z (2n+1)70-2)=1p8 < 00, (2.14) is a strict inequality by (2.8), so does (2.15). we

=0
have (2.12). And it follows that (2.8) implies (2.12). On the other hand, by (2.12)
and ¢ < 0(0 < p < 1), using Holder' s inequality (1.8), we have

o0 (oo}

ol bn) = 7;)[(271 o m=0 (2m + 1)A 1(271 + 1),\][(2” +1)7 7= by
> {;(mﬂ)%—l; - I(Zn—kl)’\]p};
n=0

then (2.8) holds . It follows that (2.8) and (2.12) are equivalent.
(2m 4 1)1-P1=2) by

1 —na(m) =0 2m+ 1>+ (2n+ 1)*
Hoélder s inequality (1.8), we have

(2) letting a,, = | ]971(> 0), using

0 < Y [1-mm)@m+ 10Dy,
m=0
y~((2m+ ) - e by q
) . = Hy(am, b
L e e

(2.17p w){z [1— ma(m)](2m + 1P~ D712 1o {37 (20 + 1)70- 9 1pa ),

m=0 n=0



A New Dual Hardy-Hilbert’s Inequality with some Parameters and its Reverse 505

In view of 0 < p < 1,¢q < 0, we find

(218) D [ —m(m)](2m+1)r0- g (1) D" (@2n+1)70= 9715 < oo,
=0 n=0

m
y (1.22), it follows

oo

0< Z (2m+1)P= "1, < NG ;[l—m(m)]@mﬂL PI=2)"1ar < oo,
and shows that (2.8) is valid, hence (2.17) takes the strict forms. So does (2.18).
(2.13) holds . So does that (2.8) implies (2.13). On the other hand, by ¢ < 0(0 <
p < 1), using the reverse Holder s inequality (1.8), we have

m=0

H)\(anmbn)
_Solemm) e Gma D0
= {[(2m+1)1—p(1—%)] R N
Z (2m + 1)A (2n—|—1)>‘}
R S
m=0
2m+1 P q—1 3 b “}a
X{mZO (m) | [ngo (2m+1))‘+(2n+1))‘] "

By (2.13), we have (2.8). It follows that (2.8) is equivalent to (2.13).

If the constant factor k% (r) or £ (r) in (2.12) or (2.13) is not the best possible,
by (2.16) or (2.19), we can get a contradiction that the constant factor ky(r) in
(2.8) is not the best possible. The theorem is proved. O

3. A particular case

For r =s=2, A=1, by (2.8), (2.12) and (2.13), we have

1 1
Corollary 3.1. If0 < p < 1, — + — = 1, then we have following equivalent
p

q
inequalities
(31)
> [1— J(2m+1)% (2n+1)% b1}
S50 o S (a1 (3 + D)

32 S (n+1)E- [2%7"157#’21—771 J2m +1)5 a2,
m=0

m+n+1
n=0
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= 2m+11" = b =
3.3 a-1 — 19« q? 2n 4+ 1)z 1p,
(3.3) ZO T m(m —_— [;)ernH] 7r;::o(vw)

where the constant factors w, P, ©1 are all the best possible. By (1.20), (1.24)
1 1 _1 1

and (1.25), the factor m(m) = ;{f(fm“ ?{Jrz dy — %} satisfies inequality:

(2m+1)2 < m(m) < 2

— m) < ——

2r(m+1) n m(2m+1)2

(3.2) and (3.3) are both equivalent to (3.1).

Remark 3.2. For r = p, s = ¢, inequality (2.2) and (2.4) reduce to (1.3) and (1.4).
It follows that inequalities (2.2) and (2.4) are the generalizations of (1.3) and (1.4),
respectively.

. Inequalities (3.1) is a reverse forms of (1.2).
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