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ABSTRACT. Let R be a ring. We give some new characterizations of QF under the special
annihilators condition. Some known results are obtained as corollaries.

1. Introduction

Throughout this paper, all rings are associative with identity and all modules
are unitary. As usual, we use J(R), Z(gR), Z(RRr), Soc(gR) and Soc(Rp) (briefly
J, 2y, Z,, Si, S )to indicate the Jacobson radical, the left singular ideal , right singu-
lar ideal , and the left socle and right socle of the ring R, respectively. The left and
right annihilators of a subset X of R are denoted by I(X) and r(X), respectively.
We use N <., M to indicate that N is an essential submodule of M.

Recall that a ring R called right mininjective[l] if every right R-homomorphic
from any minimal right ideal of R into R is given by left multiplication by an element
of R . A ring R is said to be right simple injective if every homomorphism from a
right ideal of R to R with simple image can be given by left multiplication by an
element of R [2].It is clear that right simple injective rings imply right mininjective
rings.

A ring R is called quasi-Frobenius, briefly QF , if R is two-sided Artinian
and two-sided self-injective ring, or equivalently, if R has the ACC on right or
left annihilators and is right or left self-injective. The class of quasi-Frobenius
rings is one of the most important classes of rings, which was introduced as a
generalization of group algebras of a finite group over a field(see[3]). There are
three open conjectures on QF' rings, which have attracted many people to work on
them. One of the three conjectures is the Faith-Menal conjecture. Faith’s conjecture
is an outstanding problem about quasi-Frobenius rings , which has been intensively
investigated by various of authors(see[4] and [5] for more). There is a great deal
of research devoted to improve this result by weakening the Artinian condition or
the injectivity or both. Nicholson and Yousif[l] proved that any right and left
mininjective ring, right Artinian ring is QF'. In [6], Nicholson and Yousif extended
the condition from Artinian ring to a semilocal ring with AC'C' on right annihilators
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such that S, <. Rg.

Because of these results, it is natural to ask whether these results are also correct
when weaker condition of Noetherian ring or ACC' on left annihilators. For this
purpose, we will consider the following condition for a given ring R:

(¥) The ascending chain r(S;) C 7(5251) C --- terminates for any sequence
{51,852, } CR.

Obviously, Artinian rings, Noetherian rings and ring having ACC' on left anni-
hilators satisfy (x).

First we show that if R is a right mininjective ring and R satisfies (x) such that
Sr <c Rg, then R is semiprimary . From this, we have (1) if R is a left and right
mininjective ring with J2 = 0 and R satisfies (x) such that S, <. Rg, then R is
quasi-Frobenius; (2) if R is a right simple injective ring with J? = 0 and R satisfies
() such that S, <. Rg, then R is quasi-Frobenius. General background material
can be found in Anderson and Fuller[7].

2. Ring of satisfies condition (x)
We start with the following lemma.

Lemma 2.1. Let R be a ring satisfies (). Then the following hold:

(1) For any sequence ay,az,--- € R, there is a positive integer n such that r(an4+1)N
an---a1R=0.

(2) If a right ideal K of R is right T-nilpotent, then K is nilpotent.

(3) Z, is right nilpotent.

Proof. (1) By hypothesis, there is a positive integer n such that r(an41---a1) =
r(an---a1) =---. For any t € r(an41) Nay - -+ a1 R, then there is r € R such that
t = ap---arr and r(a,41)t = 0 and so apqq---a1r = Ojie, 7 € r(apsr---a1) =
r(ap-+-a1). Thus t = 0 and so r(ap+1) Na,---a1 R =0.

(2) Assume that K is not nilpotent, then K™ # 0 for any positive integer n. By
hypotheses there exists a natraul number m such that r(K™) = r(K™*1) = .... So
there exists 0 # a; € K™ such that K™a; # 0. Therefore, K?™a; # 0. Similarly,
there exists 0 # ag € K™ such that K™aga; # 0. Continuous this proceeding,
there exists ay, ag, - € K™ such that ana,_1---a; # 0, a contradiction. Thus, K
is nilpotent.

(3) If there is a sequence a1, as, - - - € Z, such that a,a,—_1 - -- a1 # 0 for any positive
integer n, then apa,—1---a1 R # 0. Since r(an+1) <c¢ Rg, r(ant1)Nay - -a1 R # 0.
This is a contradiction by (2). O

Lemma 2.2([8]). Let a — aca is a regular element for all a,c € R, then a is a
regular element.

Lemma 2.3. If R is a right mininjective ring and satisfies (x) such that S, <. Rpg,
then R is semiprimary.

Proof. Since R is right mininjective, S, C S;. So J C I(S,). But S, <. Rg, so
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1(S,) C Z,. Note that R satisfies (x), then Z, is nilpotent by lemma 2.1. Therefore
Z, C Jand so J = (S,) = Z, is nilpotent. Next we show that R = R/J is regular.
If @ # 0,then there exists a nonzero right ideal K such that r(a)NK = 0 by J = Z,.
Since S, <. Rp, there exists a minimal right ideal bR C K and So r(a) N bR = 0.
Define f : abR — bR by f(abr) = br for all r € R. Tt is clear that f is well-defined.
Since R is right mininjective and abR is a minimal right ideal, there exists ¢ € R
such that f(abr) = cabr for all r € R. Thus b = cab and so b € r(a — aca)\r(a).
If a — aca € J, then a is a regular element. If not, let a; = a — aca. In the same
way we get az = a; — ajciaq for some ¢; € R and r(a1) C r(az). Repeating the
above-mentioned process, we get astrictly ascending chain

r(a1) C r(ag) Cr(as) C -+,

where a; 11 = a;—a;c;a; forsomec; € R,i=1,2,--- . Let by = a1,bs = 1—aqc1,b3 =
1 — ag€a, - 7bi+1 = 1 — Q;Ciy then ay = bl,ag = bgbl,ag = bgbgbl, e ,CLH_l =
bi11b; -+ - baby, - - -, whence we have the following strictly ascending chain

’I“(b1) C T(b2b1> C ’I"(bgbgbl) cC---y

which contradicts the hypothesis. So there exists a positive integer n such that
any1 € J, then @ is a regular element of R by lemma 2.2. Therefore R is von
Neumann regular ring. Finally, we show that R is semilocal. By the proof of [9,
Theorem 3.4], R is semisimple Artinian. Therefore R is semilocal. From above R
is semilocal and J is nilpotent. So R is semiprimary. d

Theorem 2.1. Let R be a left and right mininjective ring with J?> = 0 and R
satisfies (%) in which S, <. Rr. Then R is quasi-Frobenius.

Proof. By Lemma 2.3, R is semiprimary. Thus, R is QF by [6,Theorem 3.40] O

Remark 1. None of the conditions is superfluous in Theorem 2.1. For example,
the ring of integers Z is a two-sided mininjective and noetherian ring with S, = 0.
But it is not a QF ring. Example 2.5 ([6]) indicate that a right mininjective and
left artinian ring R is not left mininjective. In fact, R has ACC on both right and
left annihilators and so S,., S; are both essential. It is well known that left PF is
not right PF | and so it is not QF'. Indeed, Such ring satisfies the conditions except
the chain condition in Theorem 2.1.

MoreoverJ? = 0 is needed. For example, If R is a field, the ring R = ( lg ? )

is a right and left Artinian ring with J2 = 0, but R is neither right or left minin-
jective. And Example 2.6([6]) indicate that a commutative, local, mininjective ring
with J2 = 0 and satisfies () such that S, <. Rp that is not QF.

Corollary 2.1([6,Theorem 3.31]). Let R be a semilocal, left and right mininjective
ring with ACC on right annihilators in which S, <. Rg. Then R is quasi-Frobenius.
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Theorem 2.2. The following are equivalent for a ring R:

(1) R is right and left mininjective , right Noetherian, and S, <. Rg.

(2) R is right and left mininjective with J* = 0 , right finitely cogenerated, and R
satisfies (x).

(3) R is quasi-Frobenius.

Proof. (1)=(2) and (3)=-(2) are clear.

(2)=(3) By lemma 2.1, Z, is right nilpotent. and so Z, C J. Thus R is semilocal
and J = Z,. by [6, Lemma 8.1]. However, R is semiprimary and so R is QF by
Theorem 2.1. (Il

Since right simple injective ring is right mininjective ring, We can extend The-
orem 2.1 to the following theorem:

Theorem 2.3. Let R be a right simple injective ring and satisfies (x) in which
Sy <¢ Rr. Then R is quasi-Frobenius.

Proof. By Lemma 2.3, R is semiprimary. Then R is left P-injective by [6, Theorem
6.16], which implies that R is left mininjective. Thus R is QF by Theorem 2.1. O

Lemma 2.4. Let R be right P-injective and satisfies (x). Then the following hold:

(1) R is right perfect ring.

(2) If J is right T-nilpotent, then J is nilpotent.

(3) R is left perfect ring.

Proof. (1) Assume that for all a; € Ry = 1,2,---, Ra; 2 Ragsa; 2 ---

is descending chain of principal left ideals of R. Thenr(a;) C r(aga1) C
Since R satisfies (x), then there exists a natraul number n such that

r(an - -a2a1) = r(ant10n, - - - agaq). Since R is right P-injective ring, Ra,, - - - aga; =

lr(ap---aga1)) = l(r(ans1 - -aga1)) = Rapyq---aga;. Hence R is right perfect

ring .

(2)By hypotheses there exists a natraul number n such that r(J™) = r(J"!) = ...

Assume .J is not nilpotent, thenJ"+! = 0 for any n € Z*. So there exists z; € .J

such that J"z; # 0. Therefore, J"T1x; # 0. Similarly, there exists x5 € J such

that J""lzox; # 0. Repeaing the process to obtain xy,zs,--- € J such that

T @1 € J\ 7(J"), a contradiction. Thus, J is nilpotent.

(3) By(2), R is right perfect ring. Hence, R/J is semisimple and J is right T-

nilpotent. By(3), J is nilpotent. So R is left perfect ring. O

Theorem 2.4. Let R be a right P-injective and satisfies (x) with J is a right R-
module which have finite Goldie dimension, then R is Artinian ring.

Proof. By lemma 2.4, R is left and right perfect ring, J is nilpotent. So R/J is
semisimple Artinian. Let J" =0, J"~! # 0, then J" ! is semisimple R/J-module.
By hypotheses, Goldie dimension of J"~! is finite. Hence J"~! is semisimple Ar-
tinian R/J-module. Since J-J"~2/J"~1 =0, Jn=2/J"~! is semisimple R/.J-module
and Goldie dimension is finite. Thus, J"~2/J"~! is semisimple Artinian. But R/J-
submodule of J"~1, J*=2/J"~! coincide with R-submodule of J?~t Jn=2/jn-1
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Hence J"~1 and J"~2/J"~! Artinian R-module. Since short sequence of R-module
0= J" = g2 g2/t 50

is exact. Thus J"~? is Artinian R-module.

Since J - J*73/J"2 =0, J*73/J""? is semisimple R/J-module and Goldie
dimension is finite. Thus, J"~3/J"~2 is R/J-module and so is Artinian R-module.
By short sequence of R-module

0= J" 25 J" 2 5 JV 302 =0

is exact. Thus J" 2 is Artinian R-module. Continuous this proceeding, we get that
J is Artinian R-module. Therefore , By short sequence of R-module

0—-J—=R—R/J—0

is exact. Hence R is Artinian ring. g

Theorem 2.5. The following are equivalent for a ring R:

(1) R is right simple injective , right Noether ring with S, <. Rg.

(2) R is right simple injective, right finite dimensional, and satisfies (%) with
Sr <e RR-

(3) R is quasi-Frobenius.

Proof. (3)=(1)=(2) are clear.

(2)=-(3) By lemma 2.3, R is semiprimary. Since R is right simple injective , R
is right self-injective. Thus, R is Artinian ring by Theorem 2.4. So R is quasi-
Frobenius.

In general, R is a right P-injective and satisfies (%) need not be QF(see [10]). In
the next theorem we show that a right 2-injective and satisfies () with J is a right
R-module which have finite Goldie dimension is quasi-Frobenius. O

Theorem 2.6. Let R be a right 2-injective and satisfies (x) with J is a right R-
module which have finite Goldie dimension. Then R is quasi-Frobenius.

Proof. By Theorem 2.4, R is left Artinian ring. Then R has ACC on right annihi-
lators. Thus R is QF by [10, Corollary 3]. O

Corollary 2.2. R is right F P-injective ring satisfies (x) and J is a right R-module
which have finite Goldie dimension, then R is QF .

A ring R is called left min-CS, if every minimal left ideal is essential in a direct
summand of Rp.

Theorem 2.7. Let R be a left min-CS, left P-injective and satisfies (x) with J is
a right R-module which have finite Goldie dimension. Then R is quasi-Frobenius.

Proof. By Theorem 2.4, R is right Artinian, then R is a left GPF ring. So R is left
Kasch and S, = S; = S by [6, Theorem 5.31], then Soc(Re) is simple for each local
idempotent e € R by [6, Lemma 4.5]. Thus (eR/eJ) =2 I(J)e = Sre = Soc(Re) is
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simple for every local idempotent e € R. Since R is semiperfect, each simple right
R-module is isomorphic to eR/eJ for some local idempotent e € R by [7, Theorem
27.10]. Hence R is right mininjective by [6, Theorem 2.29]. From above, R is a
two-sided mininjective and right Artinian ring, then it is QF by [6, Theorem 3.31].

O

Corollary 2.3([11, Theorem 2.21]). If R is right Noetherian left CS and left P-
injective, then R is QF. vspace0.2in
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